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SUMMARY

The equations of notion for flexible sircraft With or wthout sutomatio
systems exposed to excitation by harmonic gusts or control movements

control
The response to transient excitation of step formis found by a

are gi ven.
Fourier transforn process.

Cdomputer programnes {0 Solve these equations are described, together

Wi th supporting data preparation and enelysis programmes., Manual data prevara=~
tion i S minimised, Detailed progremme specifications are given in Appendices.
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1 INTRCDUCTION

The devel opment of large digital conputers has enabled far more rigorous
and rapid analyses of the dynamic response characteristics of aircraft to be
made than were previously possi bl e2  Mre degrees-of -freedom can be included,
allowing a better representation of the flexibility of the aircraft structure.
The serodynamic forces on the aircraft can be calculated by various lifting
surface theories that cover a range of planforms, Mach nunbers and frequency
parameters.  The equations of notion can include elenments of the automatic

control system if such a systemis fitted to the aircraft.

Despite these advances many problems do still exist, of which the nost
serious are non-linear effects (for exanple, of aerodynamc forces at large
incidences, Of control systens, or of undercarriages); transonic aerodynam cs
and aerodynamic interference; lack of understanding of the danping in such
complex Structures as nodern aircrafty effects due to pilot-induced oontrol
movenent s; and, for excitation by random processes, fundamental theoretical
problens when the process is non-stationary or the aircraft oharaoteristics are
non-|inear.

However, the more rigorous analyses now possible do allow calculation of
the dynamc responses of aircraft to turbulent air that show good quantitative
agreenment with experinments (at l|east for cases where non-linear system behaviour
and pilot control movements are negligible), to such an extent that the [argest
unknown is often the description of the excitation.

To undertake such analyses involves handling large amounts of data in
digital form To enable this to be done quickly and accurately it is quite
essential that conputer prograrmmes should require a mninmumof data to be
prepared by hand, and that where a series of programmes i S used the outnut
from one should be compatible mth the input to the next.

This Report describes a series of Heroury Autocode COnputer programmes
witten at the Royal Aireraft Establishment, Farnborough, for the cal culation
of the dynamic response of flexible airoraft to atnospheric turbulence and to
control novements.  Section 2 outlines the equations of motion for the system
and Section 3describes the conputer programes devel oped to solve the equations.
These programmes cal cul ate either the harmoniec response to harnonic excitation
or the transient response to transient excitation, the tinme history of which is
a steo function. The flexibility of the structure is represented by a nunber
of nodes (which need not be normal) and aerodynam c data fromany source oan be
used.



The response progranmes are not restrioted to use on aircraft. They
could be used for any linear nulti-degree-of-freedom second order system
acted on by non-conservative forces that can be represented as linear functions
of the system response.

2 THE EQUATI ONS OF MOTI ON

2.1 General

The aircraft is assuned to be represented by a linear system Axes are
taken with the origin moving along the undisturbed straight flight path at the
constant flight speed, as shown in Fig.?. The origin coincides with a fixed
point on the aircraft in steady flight, but not when the aircraft is disturbed
fromthis condition, The x axis iS along the steady flight direction, positive
towards the rear: the y axis ishorieontal, normal to the flight path, positive
to the right; the z axis is normal to the x and y axes, positive upwar ds.
Forces on the aircraft needed to maintain steady flight (including all forces
in the x direction) are ignored, and the equations of notion witten in terms
of the forces tending to perturb the aircraft fromthis state. The response
paraneters are those describing the perturbation novenents of the aircraft
about the steady flight state,

Mtion of the aircraft is represented as the linear conbination of a
finite nunber of degrees-of-freedom Some of these (heave, pitch, sideslip,
yaw and roll) represent rigid body notions and are shown in Pig,1. Structura
flexibility is usually represented by a number of calculated normal nodes or
measured natural vibration nodes.  Finally, degrees-of-freedom are required to
represent control novements and oontrol systens. The nodes are described by
their shapes and their associated generalised nasses, dampings and stiffnesses.

Unl ess there is asymmetry of the aircraft the moticns may be separated
into symmetric and antisymmetric, which in practice are usually analysed
separately.  The programmes described here are witten to allow both symetric
and amtisymmetric degrees-of-freedomto be included si mul t aneously. Further-
nore, as structural ternms coupling degrees-of-freedom gan be included the
programmeg are not limted to freedons renresented by normal modes.

The equations of notion are witten in matrix formand are derived from
Lagrange's equation, displacements in rigid and flexible modes being used as
general i sed coordinatess. Associated with the modes are generalised inertia,
danping amd stiffness forces due to the structure, and al so generalised aero-
dynamic forces. The structural forces are assumed to be linear functions of
the generalised coordinates representing perturbations of the aircraft from
its steady flight path.



The aerodynanmic forces are of two types. The first are the forces which
Sre linear functions of the generalised coordinates. These only exist when
the aircraft is disturbed from its steady state and so are called the response
esrodynamic forces. They do not depend directly on the excitation, but only
on the response to it.  The second set of aerodynamc forces are those acting
on the aircraft to cause the disturbance. These are not in any way related to
the response of the aircraft, and are called the excitation forces. They can
be considered to be the forces on the aircraft if it were exposed to the
excitation while being restrained against responding. The two sets of forces
can only be separated for linear systens,

2.2 Harnonic nmotion with fixed controls

Consi der the aircraf't exposed to harnonio excitation at a circul ar
frequency w rad/sec which started |ong enough ago for any starting transient
responses to have decayed to a negligible level. The harmonic excitation
force could be due to harmonic motion of the control system or due to flight
at velocity V through an array of harmonic gusts of wavel ength A = 2aV/w. The
aircraft response is a sustained harnonic notion, also at a circular frequency
w, but normally the various generalised coordinates will not be in phase with
each other, wth the excitation force or wth the excitation parameter (gust

velocity w or control angle).

At time t the jth gereralised coordinate qj has a val ue

a = Re (aype ™) (1)

wher e % is the response generalised coordinate representing freedomj and 20
is in general conplex. Wth each generalised coordinate 2 s associated a
mode Shape fr‘ such that when the displacement at the reference point for the
mode IS & the displacement at some point zis efrj, where & is a reference

| engt h.

Let the aircraft have n degrees-of-freedomrepresented by n medess Each
pair of modes has associated with it a generalised mass %k defined by

(2)

all values of r

wher e m, is the mass of the elenent of the aircraft that is collected at the
point »o The nx n matrix [A] of which A.kis an element is symetric and is
positive definite. If the nodes represented by f‘r.j and £ are ort hogonal



wth respect to mss then A . = 0 unless ] = k, end the matrix reduces to one
of diagonal form  The colum-matrix of the =n generalised inertia forces is
given by [Al {g}. (The notation here is that [ Jis a general matrix, {}is
a colum matrix and ??_is a row matrix.)

Simlarly the mtrices of generalised damping and stiffness forces are
given by [B] {&} ana [c] {q}. The coefficients Bﬁk and Gy CAN be eval uat ed
from the work done by the dissipative and stiffness forces, but in general

these are found by an approximate nmethod that is only strictly valid for

negligibly danped normal nodes. If this method is used, and the systemhas a -
natural circular frequency w, in mode jthen
o2

Ifthedmmmginmﬁejisafrmﬂonyjﬁcﬂtmm t hen

B,jj = ZYJ‘Ajj w5 (%)

The aerodynami ¢ oscillatory generalised forces in nmode | due to harnonic
notion of the aireraft inN mode kK are, in the notation of Ref.4,

Qult) = P58 g ¢ (@) + b QR 0)) (5)

where p is the atmospheric density, Vis the flight speed, §is a reference
ar ea, n!k(v) and vQ“k(v) are the in phase and quedratiwre conponents of the
non-di mensi onal oscillatory aerodynamc generalised force in mode j due to
harmoni ¢ notion in mode k, and v = wg/V i s the frequency paraneter

Let -t he exoitation oscillatory aerodynamc generalised forces in node |
be given by

2,(t) = p¥se e o (2)(v) + 1 810)) (6)

Nmreeoisarmmdnmnmonm excitation anplitude (control angle or gust
vel ocity w/V) and é&(v)=and ég(v) are the in phase and. quadrature conponents
of the non-dimensional oscillatory aerodynam ¢ generalised force in node |j
due to harmonic excitation of the type represented by e .
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For the ecase Of excitation by harmonic gusts the excitation forces,
represented by the matrix {&(v)}= {2 (v)} + i {8"(v)} of which @5(\0) and
Qg(v) are typical elenents, are caused by the passage over the aireraft of
waves of harnonio downwash.  Calculation of these forces cannot be done
directly by existing lifting surface aeredynamic force programmes Since these
are Witten to accept only nodes that are looated on the giroraft, while the
gust node convects back along it at the flight speed, This problem can be
overcome by the use of two synthetic nodes that the programme can acocept,

whi ch when combined generate a travelling downwash wave?. The-forces due to
the synthetic modescan then be conmbined to give the force In the gust mode.

The method by which this can be doné, and the shapes of the synthetic nodes
(which are funotions of frequency), are given in Appendix A of this Report

(page 23).

For harnonio notion at circular frequenoy @

- eiwt _ -(.02 eiwt
q = q‘jO

ith
-]

(7)

jw qu

The equation of notion for the harnonio response of the aireraft to
harnoni o excitation of anplitude e, and circular frequenoy o can be witten

(~’[4] + 3u(B] + [C]) fa (v)} oWt

= o2 56 &M% ([ )1+ v [0()D) La )1+ o7 8¢ e o ([21()] + 1fe"(v)})
L (®)

wher e Iqo(v)} is amtrix of which a typical elenent is qu' It is convenient
to reduce this to non-dimensional formby the substitutions

[e] = [Al/psed ; [v] = [Bl/pse?v ; [c] = [Clpsev: .  (9)

This gives

(-v*[a] + wib] + [o]) fa,(v)}
= (Lo + iv [@()]) {g (W)} + eo;(Ié'(v)l + 1 fe (v)D)



or

(«v¥[a] + v [b] + [o] = [0*()] = i [2"(»)]) fq,(v)]
= e, (fa'(v)] +1 {&"(v)}) (10)

?
and the colum matrix of transfer functions representing the harnonic responses
of the generalised coordinates to unit excitation of the type considered is

fa (v)]
(T ()] =2

q 3

z(~v?[a] +iv b+ (e}r[Q(]=iv [QV)])" x
x ({8'(w)} + i fe"()}) . (1)

fT (w)}is a colum matrix with el enents Tq (v)-which are in general conpl ex
J
nunbers.

In addition to evaluating equation (11) for the transfer function it is
prudent to calculate the latent roots of the matrix
(-v2 [a] + iv [b] + [e] ~[nv(v)]-iv [o"(v)]). This is to ensure that the
modal Systemrepresenting the aircraft is stable at the flight cordition
oonsi dered. Instability can be detected froma vector plot of the transfer
function but this requires some experience and could possibly be mssed.

To obtain the dimensional response at a point rthe nodal displacenents
fr‘ nust be nultiplied by the generalised coordinates % ard a summation over
all' the medes taken.

n

iwt fort

2z, = Re (zro e ") = Re (?0831 Z frj Tg. (v)) . (12)
J=£ ’

If a nunber of noints are involved the relation becones
(2,3 = Re (e 2™ [£] {2 (v)D) (13)

where [£] is a matrix of modal displacements, Of which f rs is a typioal elenent.
Simlarly, the relation for acceleration is

{2} = Re (-e, %2 & V2 [1] ARSI O (14)

390



The transfer functions for other quantities of interest can be deduced
from the modal transfer function matrix. These quantities mght be pressures
at points on a wng, forces on elements of the wing, or shear forces, bending
nomenta ad stresses at points in the structure.

Take for exanple the sumof the aerodynamic and inertia foroes on the
elements of a wing. The aerodynam c forces, which could come fromtheory or
measurenents, are given by

[Poero(t) = 075 o) & ([p(0)] + 2 (')
+ p¥2 s e e ([p'() +i [p"(V)]). iTq(v)I (15)

where {p*(v)} and Ip"(v)} are matrices of the in-phase and quedrature
conponents of the non-dimensional osoillatory aerodynamc forces on the

el ements of the wing, due to harmonic exoitation, of which typical elenents
are 51'_ and 5;; [p*(v)) amd [p"(v)] are matrioea of the in phase end quadrature
conponents of the non-dinmensional oaoillatory aerodynamc forces on the

el ements of the wing due to harmonile motion in modek, of which typical

el enents are p,;‘k and Pl identifies the elenent..

F

The inertia foroea on the elenments are given by

Py pertialt)} = & %2 e, e** [n] [£] iTq(v)I (16)

where [m] is a diagonal matrix of element masses. Thus the total harmonio
foroea on the elements due to the response of the aireraft to harmonic
excitation is

P(6)} = pvP5 e, o™ (15! (W)]+ 1 (")} + ([p(MI+ 1 [p(v)]) 2 ()])
- wz%’-z e, X [n] [£] 2,3 . (17)

The only significant difference between calculating the |ocal response
fromthe modal response (equation (43))ad calculating the response forces
from the nodal response is that in the latter oaae the weighting matrix'is
oonplex and frequency-dependent.
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2.3 Harnmonic controlled notion

Mdern aircraft are often fitted with automatic flight control systens
which nodify the response and stability of the basic aircraft. Consi der a
system that noves a control surface when a response paraneter at some point
on the aircraft is disturbed from the value it would have in steady flight,
the amount of control novenent being proportional to the size of the
di sturbance (Fig.2).

Including the control surface in the dynamc system that represents the
aircraft has two effects on the characteristics of the aircraft. Firstly,
increasing the nunmber of degrees-of-freedom used to represent the aircraft
will allow new forms of response or modify the previous response characteristics,
For exanple, control surface flutter will now be possible. Secondly, closing
the feedback loop from the aircraft response to the control surface allows the
response characteristics to be tailored by a suitable ghoice of feedback gain
and phase, both of these being in general frequency-dependent.

The power control systems generally used are designed so that a signa
from the control colum or autopilot represents a control surface position.
The power control wunit jacks, which have sufficient force capability to over-
cone aerodynami ¢ loads in the normal flight regime, nove the control surface
to the required position and then stop.

Consider initially the aircraft with a control surface held in position
by a flexible Jack, but with no control novenent signals applied to the jack.
The equation of motion is still that given as equation (10)

(-v? [a] + iv {6] + [o] = {@'()] - iv [Q"()]) {a )}
= e, ({&'()} + i fe"(v)}) (10)

where the degrees-of-freedom include ocontrol surface rotation against the Jack
(treated as a linear spring and damper) and, if necessary, control surface
elastio distortion nodes.

Next consider a control systemthat can detect |inear and angul ar
nmotion at sone point r on the structure ad generate a demand for a contro
movenent Ny Let

= &
T]o = (01 + iy 02) Z‘ frk qko + (03 + v CL'.)I_). Frk qko (18)
k=1 k=1

n
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wher e Py is the slope in mode k at point r and the gains c, to Gu are real
nunbers that are functions of frequency. For exanple, in a-system that made
the demand signal equal to the linear acceleration at point r and had the

seme gain at all frequencies ¢, would be v® and G to C4 woul d be eero.

Equation (18} can be sinplified to

n
Z ey + iv G (i) g (19)
k=1.
where ] )
Gl'c(v} = 0y £+ 03 F o
(20)
G"(v) = Cp £+ C By

This demanded oontrol angle can be superinposed on the natural osoillatory
control rotationinequation.(10).and t he flexibility already .in-the equation
will allow blowback of the surface against jaok flexibility and, if the
neoessary degreea-of-freedom are included, elastio distortion of the surface.

The non-di nensional oscillatory aercdynamic generalised foroe in node j due to
a harmonic control surface rotation of anplitude m is (Q' (v) +iv Q"; (v)n o?
wher e Q' (v) ard vV Q" (v) are the in phase and quadrature oorrponents of the
non- di rren5| onal osci ljl atory aerodynam ¢ generalised force in node j due to
harmonic motion of the control.  The equation of notion beoones

(«v? [a] v [b] + 0] = [2'()] = v [Q"()]) {q ()]
2o, (['()f+1 ("G)) + (T} + Q) m, (21)

wher e {05(“)} and [Q;(v)} are matrices of whioh typical elements are al (v) and
am (v) Now substitute for ", in terms of the response coordinates from

eguatl on {19},
~ [a] + iv [b) + [o] = [Q'()] = iv [Q"(»)]) Lg )} +
= e, ([0O)]+1 8GN+ (U + & [ONEEN + 00 T fa )]

. (22)
where the el enents of {67(v)} + iv {&"(»)} are Gl':(v) ard G;(v}. Col | ect
terns in {qo(v)} to give
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(-v?La] + vDb] + [o] - [0' ()] = [ Q(»)] - ({010 )3 + 1w {Qu(¥)})

x ({er(}+ wie"(VI) {o (W)} = e (le*(i+ife"(G:)}) | (23)

The transfer functions for the harmonic responses of the generalised
coordinates representing the aircraft with an active control system to harnmonic
excitation are obtained fromequation (23)

iTq(v)l = (v?[e] + w[b] + [0] = [Q'(¥)] = w[Q"(»)]
- ({ot(n)d+ wion(v)}) (er(v)i+ {e" ()™ (fer ()] + 1le"(v)])

oo (20)
Thus the automatic control system appears in this form of the equation of
mtion as an additional set of aerodynamc response forces. These will be
frequenoy- dependent, as are the normal response forces. However, as well as

depending on the-geonetry and Mach nunber of the aircraft the control system
forces depend on the conplex gain ofthe systemand so can be changed
relatively easily to provide the desired aircraft response.

Al the analysis of this and the preceding section has been based on a
nunber of assunptions.  These are that the airoreft can be represented by a
l'i near dynamic Systemconsisting of a finite nunber of degrees-of-freedom
that perturbations from the steady flight path are small, and that the flight
speed is constant. If the disturbance is sufficiently large for the controls
to reach their limts (automatic control systems have limted authority for
safety reasons) or the aerodynamie forces can no |onger be represented by
l'inear functions of the response coordinates, then the whole set of equations
representing the notion of the aircraft become non-linear ard a different form
of analysis is required. Indeed, the concept of the transfer function only
exists for |inear systens.

2.4 Transient response to step excitation

For a linear system the response to transient excitation by some process
can be obtained fromthe harmonic response to harnonic excitation by the same
process, and vice versa. . Consider a system for which the transfer function
for the response to exoitation by' harnonic gusts is {T(w)}. Apply to the
system transient exoitation'by a gust with velocity history wt), which has
a Fourier transform
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-

7]

§

ww) = foo W(t) g lut at . (25)

-0

Then the Fourier transformof the transient response 136

faw) = ir(@)] ww) . (26)

{T(w)} is a general transfer function matrix, not necessarily that for medal
displacements, The transient response at time t is given by the inverse
transform

e}

la(t)} = 'él,',-ej f3(@)} ** aw (27)

=00

This is a powerful. nethod of calculating transient responses, in that it
allows for lags of the excitation and response aerodynanm ¢ farces in the time
domain if the frequency dependence of the corresponding foroes is included in
the frequency domain.

A specific applioation of equation (26) is to the transient response of
an aircraft entering a step gust. This is not a practical &sign case, as
for these the gust always has somefinite gradient length, but the response
to a step gust can be considered to be the fundanental transient solution for
the aircraft (at the specified flight conditions). From this fundanmenta
solution, denoted iqstep(t)}, the response to a gust of velooity history w(t)
(Wt) =0, £<0) can be found by the use of Duhamel's superposition integral®

{
)} + f f{q

0

stop - 3¢ (5) av . (28)

fa(t)] = w(o) g

step

Thus the response to transient excitation of step formis inportant.
Consider a gust with a velocity history

wt) =0, t <0 w0 o 1 = t>0. (29)

The Fourier transform of this is
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1L 3

The Dirac delta function dees not pose a problemin practice, as the transfer
funotion {T(w)} nust tend to zero as w tends to zero if the transformresponse
fa{w)} is not to become infinite at w= 0. Thus the integra

00

f {T(w)} 8(w) dw (31)

-0

for this class of transfer function is zere and the transformof the transient
response to a step gust is

la(w)} = 2@l (32)

iw

For the response of aireraft to harmonic gusts it is found that in the
transl ati on modes (heave and sideslip) the transfer functions for displacenment
abd velocity have non-zero values at zero frequency, as do those for displace-
ment in the rotational modes (pitch, yaw and roll). The physical explanation
f;r this is that the response paraneters concerned do not return to their
undi sturbed values (zero) a long tine after the aircraft has entered the step
gust. The translation velocities and angul ar displacements settle at some
fgnite value (for a stable aircraft) while the translation displacements continue
t0 inorease W th increasing tine after entering the gust.

For this reason the programmes described in this report are witten in
terms of the response transient accelerations. If other response paraneters
(velocity or displacenent) are required they can be recovered by integrating
tbe accel eration solution in the time domain. Transforms of the responses of
structural | oads to excitation by a step gust do exist, so that these Ioadings
can be evaluated direotly.  For the case of excitation by a step elevator move-
mgnt all acceleration response transforns except that for heave exist. This
1 because, after astep elevator movement, t he airecraft piteh vel ocity
stabilises at some finite value and the incidence increases with increasing
time. The lift, and hence the heave acceleration, is proportional to this
incidence.  The transformof the rate of change of heaving accel eration
exists and IS identically equal to the transfer function of heave acceleration

2.5 Random response

It is often desirable to calculate the statistical properties of the
response of a system to excitation by a process that can only be described
in statistical terms. Provided the systemis linear and the execitation has
the properties of ergodioity, stationarity, isotropy and honogeneity the
theory is well establishedé.
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Let the system have a transfer function T(o) when excited by some
process occurring harnonically, and | et the same system be exposed to the
sanme process occurring randonly.  The distribution of the power of the
exoi tation process ag a function of frequency is called the power spectrum
and @E(w), the value of the spectrumat a given frequency, i S the power
spectral density at that frequency. At a circular frequency w the power
speotral density of the response is given by

t,(0) = [n(w)l? 2 () . (33)

Qther statistical quentities that can be obtained fromthe spectral
density are the root mean square value ad, if the probability density
distribution of the prooess is Caussian, the frequency of zero crossings and
frequenoy with which specified response |evels are exceeded.

+.The rms ofa process hating a power spectral density &(w) i s givenby

the integral.
[~ 9]

o = [ 8(w) dw . (34)

(]

If the process has a Guasgian probability density distribution then the
frequency of zero crossings (in one direotion only) is

o0

= ok ([ F 8 dw)‘” (35)

o eERY

and the frequency with which a level R of the process (which has an rms o) is
exceeded is then

2
NR) ° N /2 (36)

[+}

3 COMPUTER PROGRAMMES

3.1 General

Seotion 2 of this Report has given the equations of motion for the
response of a flexible aircraft, represented by the sum of a finite nunber
of modes, to harmonic and step excitation. To solve these equations the
-following digital computer programmes have been written.
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RAE 299A Harmonic response to harnonic excitation (equation (1)},

RAE 299B  Harnonic response to harmonic excitation with a feedback |oop
connecting one control to the response (equation (24)).

RAE 299C  Transient response to step excitation (equations (11), (32) and (27)).

RAE 299D Transient response to step excitation with a control feedback Ioop
(equations (24), (32) and (27)).

These programes are witten in Meroury Autocode for use on the Ferranti
Mercury and ICT Atlas conputers. In addition to the response programes that
solve the equations listed above, supporting programmes have been witten.

These prepare data for the programmes that cal culate the generalised aerodynam c
forces, sort the output from these progranmmes into a form conpatible wth the

input to the response programes, transformthe modal output fromthe response
programmes into response paranmeters of more practical interest (accelerations

of points on the structure, foar exanple), and obtain the responses of these
parameters when the aircraft is exposed to excitation either of a known transient
form or of a random nature with a known power spectrum

These latter are relatively trivial tasks, but they nust be automated if
‘tl':1e whol e cal culation is to be done quickly, accurately and with a mnimum of
effort.

3.2 Calculationchain

The response programes described in this Report can be used on their
own, but to achieve the maxi numease of caleulation they shoul d be regarded
as a part of a calculation chain.  This chain uses a number of progranmes,
some not witten by the author, to calculate the aerodynanmic forces on the
aircraft, the medal responses and the responses of derived parameters to
specified excitation. ~ Mnor programes are used to link the major ones
together.  The rest of this section will describe the chain used when the
oscillatory generalised forces are palculated by Davies's |ifting surface
theory® progranmed as RAE 16i A This is the chain of which the author has
mos:t experience, but it is in noway the only possible one. Aerodynamc
data could cone from experiments or fromother programmes. The various
l'inking programes woul d need modification, but the principle of a sem-
automatic chain nonitored at a nunber of stages would remain.

Any calculation starts with the data defining the system In this
case the data required is the external geonmetry of the aircraft (canber,
twist and relative inoidences of the various lifting surfaces are not necessary).

35%
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Also needed is sufficient structural stiffness and mass data to allow the

' alroraft's normal vibration modes to be calculated. Since standard programmes
exist for the caloulation of normal modes it will be assumed that the shapes
*and frequencies of these are known,

Wth the geonmetry and nodal data as the starting point the calculation
flow chart is shewn in Fig.3. The calculation can be broken into the fol | ow
ing steps;

Preparation of data for the calculation of the aerodynamc forces.

Calculation of the aerodynamc forces.

Preparation of data, including the aerodynamc forces, for the response
programe.

Cal cul ation of the response in modal form

Calculation of the responses of the derived paranmeters to specific
excitation,

Use of progranme RAE 161A is described in Ref.7. It enploys a colloca-
tion point method and the nunber of cellocation points nust be chosen. A
guide to this is given in Ref.8; the author commonly uses 25 or 36 points on
a half-wing. The positions of the collocation points nust be salculated and
the slopes and displacements of the mode shapes found at these points. |f
control surface modes are used equival ent snooth rmodes shoul d be cal cul at ed
to remove disoontinuities at the control hinge-line. This can be done by
anot her programre, RAE 213A9.

Finding the slopes and displacements ofthe elastic nodes at the
eollooation points can be done in a nunber of ways. A curve fitting inter-
polation programe can be used with both calculated and measured nodes (the
fit being texact! in the first case and 'least squares' in the latter).
However, in the latter cage it is often preferable to draw out the node
shapes by hand and interpolate graphically. This makes it possible to allow
for the effect of the structural layout on the mede shapes and avoids trouble
with waviness of the fitted node.

Finally the nmode shapes for the synthetic gust nodes nust be caleulated
for each frequency at which RAE 161A is to be run. The programme to do this,

RAE 3004, i s described in Appendix A (page 23).

The data tape for RAE 161A is prepared. This consists of the geometry

of the lifting surface, the Mch nunber and frequency paraneter, and the
sl opes and displacements of the rigid body, elastic, control and gust modes
at the collocation points.  This has to be done for each Mach nunber and
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frequency paraneter conbination for which results are required. However, only
the gust nodes change with frequency so that the data tapes can be oopied from

a master tape, inserting the gust mede data fromthe output tape of programme
RAE 300A.

Qutput fromRAE 1644 is in the formof the square matrix of oscillatory
aerodynamc generslised forces for one frequency, eaoh conplex elenment
Qak + v Q“k being presented as the two nunbers th and ng. These matrioes
are repeated for each frequency at which the forces are caloulated.

The response programe takesg in the aerodynamc excitation and response
force coefficients in g different order. The order is that of increasing
frequency for each coefficient in turn. Thus, if the aerodynamc forces are
caloulated for three frequencies the input to the response programme iS in
the order . . . . QHEH)(”}): ink(m’ ijk(vz), ng(vB); ng(v‘l), A (v2),

gk(vj): Qs(k+1) vi), ... . The reason for this order is that it mkes easy
the deteotion of a numerioal error, as this stands out fromthe smoth varia-
tion of values wth frequency

Two programmes, RAE 300B and RAE 300C, have been witten to read the
output fromRAE 161A and sort this into the order required for the response
programmes. |hese aocept forces ON a wWing and on a wing and a tailplane
respectively, combine the forces due to the synthetic modes into those due to
the travelling gust, conbine the forces on wing and tailplane into a single
set (scaling some for downwash effects, if required), ard omt nmales that are
not required for the response caleculation. These programmes are described in
Appendix B (page 26).

Structural data for the response programes consists, for degrees-of=-
freedomrepresented by normal nodes, of diagonal matrices of generalised
inertia, danping and stiffness coefficients, These, plus the aerodynamc
exoitation forces (due to harmonio control movements or qusts), the aerodynanic.
response foroe coefficients (which are independent of the nature of the
excitation), and the complex gains of the feedback |oop to the gontrel surfaces,
are the data needed for the response progrsmes. The detailed speoifioations of
the programmes are given in Appendix ¢ (harnonio response, page 30) and
Appendix D (transient response, page 35).

Qutput of results formthe response programmes is in modal form The
harnmonic response programes output the response at the frequencies for which
it has been demanded, while the transient response programmes output both the
harmoni 0 response at specified frequencies and the transient response at the
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times specified by the user of the programme., These outputs can be on tape and
are conpatible with the input to subsequent programes.

The final stags of the calculation is to obtain the responses of para-
neters of practical interest that can be derived fromthe modal response by a
linear transformation.  One programme, RAE 300D, does this for harmonic response.
The el ements of the transformation matrix can be conplex and frequency-dependent.
When the power spectrumof a random excitation process is given RAE 300D
calculates the power spectra, rns and frequencies of zero crossings for the
responses of the derived parameters to this excitation. Thi s programme iS
described in Appendix E (page 39).

A simlar progranme, RAE 300E, cal cul ates the responses of paranmeters
that can be derived from the transient rmodal response, and their responses
when the excitation has a particular transient form In this case the elenents
of the transformation marix cannot be functions of time. This effectively
limts RAE 300E to calculating | ocal transient accelerations. |[f the transient
response of other paranmeters (structural loads, for exanple) are required,
RAE 300D can be used to calculate the harnonic response of the paraneter and
the transient response found by a Fourier transformation as outlined in
Section 2.4. Programme RAE 300E is described in Appendix E.

[t wll be seen that the chain of programmes described in this section
are intended to enable the forced response of aircraft to be calculated
quickly.  However, the programmes are not so automatic that all understanding
of the problemis lost. At each inportant internediate stage the results to
that stage are output for inspection. This allows, for exanple, aerodynamic

forces to be adjusted to agree with tunnel or flight measurenents, or nunerical
errors to be detected before they contamnate later parts of the calculation.

3.3 Details of the response programmes

O the programes formng the conplete chain the only one witten by the
author that may have some intrinsic interest is that to calculate the transient

response to step excitation by using equations (i (32) and (27). This
section describes the procedure which was adopted for this.

The problem is to set up the matrix equation (11) ( in which all the
matrices have elenents that are conplex and frequency-dependent), evaluate
the transfer function matrix, divide the result by iw, and carry out a nunber
of Fourier inverse transforms on this new matrix of solutions.

Equation (41) can be rewitten in terms of the real and imaginary parts of
the transfer functions.  This makes the equation, given below, a real algebraic

one.
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.\N

~ -1
Re(T (v)) 2v2a +0=0'(v) -vb + w0 [@‘(v)
! (37)

Im(Tq(v)) vh = vQ" -v2a +0=Q(V) Lﬁ"(u)

—

The el ements of equation (37)are still frequency-dependent.

The flow diagramfor the progranme is shown in Fig.h. The aerodynanic
forces, which are frequenoy-dependent, are read at a small number of frequencies
and fitted by sinple polynomal functions of frequency. The real and inaginary
parts of the transfer function matrix are then calculated at a large number of
frequencies using values of the aerodynamic forces obtained fromthe fitted
curves.  These transfer functions are output as they are being cal cul ated. They
are algo stored and later are divided by the frequency parameter to give the
response transform the relation between the transfer function and response
transform bei ng

Re(al Ta(T (v))/

In(3g) J -Re(Tq(v N/

(38)

The transformis found at intermediate frequencies by linear interpolation

The transformation is then a nunerical integration carried out separately
on the real and imginary parts, This should yield the sane answer from each
part, the difference being a neasure of the numerical and truncation errors.'
The process is described in detail in Ref,t0, Cheoks on the acouracy o this
part of the programme suggest that for smooth functions this is about %, and
that for very erratic functions not nmore than *12%,

L DI SCUSSI ON

The set of programmes described in this Report illustrates the way in
whioh | arge and conplicated programmes witten by different authors can be
conbined into a single oaloulation chain. Wen this is done by neans of
smal| programes linking the larger ones these offer the additional advantage
of allowing the csloulationto be nonitored at internediate stages.

The specific set of programmes described are designed to calculate the
response of flexible aireraft to aerodynam c exoitation, but there appears to
be no reason why they should not be used for other dynamic systems. In the
aireraft application the part of the oaloulation that the transient response
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programmes treat nore rigorously than other nmethods (for exanple, step-by-step
integration of the equations) is the inolusion of unsteady aerodynamc effects
in the response aerodynamc foroes.

To allow for these effects the variation of the aerodynam c foroes vdth
frequenoy nust be known. |f the aerodynamic forces are calculated by a [ift-
ing surface theory this neans that the lifting surface programme nust be run
a nunber of times at different frequencies. Since these prcgrammes are usually
| onger to run than the response progranmmes it is often found that the galcula-
tion of the aerodynamc forces accounts for over three-quarters of the total
computing tine in a given problem

It mght be felt that this is a geod reason for ignoring the variation of
aerodynamic forcesw th frequency. A nunber of recent oal oul ations have shown
that for the aircraft considered (all of |ow aspeot ratio swept or delta plan=
form this variation of the response aerodynamio forces has a small effect on
the aircraft response, but that the variation with frequency of the excitation
forces has a large effect.  Since to know the latter variation the lifting
surface programme has to be run at a nunmber of frequencies it is no nore
expensive to include variation of the response aerodynam ¢ forces at the sane
time. This provides a safeguard against the aircraft for which the response
IS sensitive to variations with frequency of the response forces.

A further general result that has been shown by specific ecaloulations i s
that a very high standard of both strustural and aerodynamic data is required
for the accurate calculation of the sub-critical response of the aircraft.

Finally, prcgrammes of the type described here can produce a large
nunber of results in a short tine. This is one reason for the need to automate
data handling between prcgrames. In addition, care is needed in the presenta-
tion of the final results. Fromthis point of viewthere is considerable merit
in the oaloulation of the rmg of the randomresponse of the aircraft to random
exoitation, Or the peak val ue of the response to a discrete gust. In these
oases the final result is a single nunber for each response parameter. This
Is an advantage if variation with flight conditions or with some design variable
(control system gain, for exanple) is being studied.

5 CONCLUSI ON2

A set of Mercury Autoocde programmes has been developed to calculate the

harmonic and transient responses of aircraft to harnonic and step excitation
by gusts and control novenents. Automatic control systems can be included in

the aircraft. The programmes can be applied to dynamc systens other than
aircraft.
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The. programmes are Sem-automatio and keep the preparation of data by

hand to a mninum while allowing the calculation to be nonitored at intermediate
stages

The set of programmes described show how | arge and complicated programmes
witten by a number of authors can be integrated into & single caloulation
chain,

L
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Appendix A
SYHTHETIC MODES TO REPRESENT HARMONI C GUSTS

I ntroduction

An array of harnonio gusts oonveoting pest the airoraft at flight speed
induoes a downwash at a point x that is given by

W = woei“( '%) (A1)

where w = 2x /A, A is the gust wavel ength and v Is the gust velocity
amplitude.  On a wing the node shape that, when pgeillated at a oiroular
frequency w, W || generate this downwash distribution is

e M (e FEasing) (22)

Thi s mode shape is conplex and SO cannot be used directly as input data for a
lifting surface programme.  However, if it is split into its real and imaginary
oonponents these can be used separately as mode shapes for suoh a programe.
These are

cos (Aj)

<
%
§
I
N

02 = _x
Zsin Z

The non-dinmensional osoillatory aerodynam o generalised forces due to
t hese hDdes are {Qéos(”) + 4y Q;oa(v)] and ;Q;in(v) + dv Q;in(u)j. The °°
generelised forces due to the array of harmonio gusts ecan be obtained from
these by combining them as

fer(v)l + 1 fa"(W)} = [Q

cos

W) + v Q)] + 4 b @ (0) = gty ()} . (A
In order to use the lifting surface programme RAE 1614 to oaloul ate the
generalised foroes in the modes of a lifting surfaoe passing through har noni ¢

gusts the programme nust be prodded with the nodal slope and dlsplacenent
data for the nodes of the surfaoe. I'n addition the sl opes and displacements
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at the downwash points in the two synthetic gust modes nmust be included, but
the displacements at the |oading points may be entered as zeros. The reason
for this is that the generalised forces required are those in the surface
modes due to the synthetic modes, and not vioe versa.

A programme, RAE 3004 GUST MAE SHAPES, has been written to caleulate
the sl opes and di splacenents at the downwash points for the nodes

ity
f
1
Saly
L)
o
@
o

(45)

2 _ X in¥X
A A )

whi ch are the same as those of equation {43), but witten in terms of the
frequenoy paraneter v, and with the tern eI onitted. The output from this
programme i S suitable for use direotly as part of the data tape for programme
RAE 1614,

Programme specification

Title RAE 3004 GUST MAE SHAPES

Pur pose
To caloulate the modal Slopes and displacements at the collocation down~
wash points for the modes

14 p. Vv
. T T e T
% X VX
T I T

g

k  nunber of frequencies at whieh calculation is to be performed
m nunber of spanwise stations
n nunber of chordwise points

VyrVpy e siim Yy values of the frequency parameter at which the oaloul ation

is to be perfornmed
x/t (1,1), =/ (1,2),¢ s x/8 (1,n) ocoordinates Of the downwash points.
/e (2,4),x/¢(2,2), ¢ o x/2 (2,n) x/¢ (r,s) 1s a nunber equal to the
‘‘‘‘‘ val ue of x/¢ at sparwise station r
/¢ (my1), %€ (ny2), 40+, %/ (m,n) and ohordwise | ocation s.
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output

vy frequency parameter

an n xm matrix of nodal slopes in the cosine mode

ann xmmtrix of modal deflections in the cosine mode
an nxmmtrix of medal slopes in the sine mode

an n x mnmtrix of medal deflections in the sine mode

This output is repeated for eaoh of the k values of the frequency
parameter in turn.

Not es

(1) Limtations k < 20; mn € 90.

(2) The programme will read data for a further case (starting with
k, m n) on completion of one oal oul ation.

25
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Appendi x B
AFRODYNAMIC DATA PREPARATION PROGRAMMES

I ntroduction

The lifting surface programmes are expensive, in terns of conputing tine,
to use. Mst of the running tine is spent in formng the influence coefficients
and SO the run time is virtually independent of the nunber of nodes for which
general i sed forces are caleculated, Thus it is efficient to run a lifting
surface programre once for one vehicle/flight condition conbination, including
all the nodes that are ever likely to be needed. Then for any particul ar
response calculation the forces for the nodes concerned can be selected.

The programmes desoribed here do this selection, conbine the generalised
foroes due to the two synthetio modes into a single generalised force due to
harmoni ¢ gusts, ad sort the generalised forces calculated at a nunber of
values of the frequency paraneter into the order needed for input to the
response progranmes.  Two versions of the data preparation programmes exist.

One of these, RAE 300B, handles the forces on one lifting surface only. The
other, RAE 300C, accepts forces due to two separate surfaces (wing and tail)
and conbines theminto a single set of foroes, sealing those fromone surface
if this is speoified.

|f these programmes are to be used the order in whioh modes are
speoified in RAE 161A nust be;-

Rigid modes; heave, pitch or slip, yaw, roll.
Fl exi bl e nodes,

Control rotation modes.

Synthetic cosine mede,

Synthetic sine mode.

Programre specification

(i) Programme for one wing only.

Title RAE 300B AEROCDYNAM C DATA PREPARATI ON

os5e

To rearrange the generalised forces on one w ng caloulated by RAE 161A
for a number of frequencies into the order required for input to the RAE 299
series of response programes

3
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k  number of frequencies for which RAE 16thas been run

I nunber of rigid plus elastio modes for which RAE 1é1Ahas been run
3 nunber of oontrol rotation modes for which RAE 161Ahas been run

n number of nodes required for response progranme

P nunber of controls used as exoitation inthe response programe

Vis Vore cim ¥y val ues of the frequenoy parameter for which RAE 161A
has been run

Output from RAE 161A(omtting geonetric data, Machnunber and frequency
paraneter) in the order

104) U (vy)
Ualry) Ualvy)
Yatnsin(s) sinsin(1)
94 0vp) 11(v)

Modesnust be in the order rigid, elastio, oontrol, cosine and sine nodes.

out put
The gust aerodynamio forces are printed first, in the order

B1vy) 5 2lvy) s eee s 030) 5 (v ) 5 B0,) ,  eee s BV

e3(vy) o 8(v,) ey, B3(v) 5 B0v), B5(vy) s e, B5(v))

(5]
-

8(v,) 5 B0,) e & v, ) ai(v,) 5 vy - .o 2(v, ).
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These are followed by the control surface exoitation forces, in the order
above, for p sets of oontrols. Finally, the response aerodynamc forces are
printed in the order

Q.{c‘(”n‘) b Q_;1(V2) N L Q.;.l(vk) ; Q""1(V1) B ?1(”2) ey Q‘?l(”k)
Q;2(V1) , Q‘;Z(vQ) P Q‘;Z(vk) H \ "1'2(\,1) , ;‘2(\’2) y s Oélz(vk)

LR N N

)L QL) s e, O @) () e @ ()
Not es
(1) Lintations i €50; k £20; 1%k < 10000

(2) When n nodes are seleocted for output these will be the first nin
the order of the input (i.e. rigid, elastio, control). Thus with the present
programme it iS not possible to obtain the aerodynamc forces for a contro
surface that is included in the response freedonms wthout obtaining the forces
for all the rigid and elastic modes as wel|l. However, once the coefficients
ij for all frequencies have been grouped into a single blook on the output
tape any subsequent editing of this tape is not a tinme oonsuming process.

(ii) Programme for two lifting surfaces.

Title RAE 300C AERODYNAMIC DATA PREPARATION

To combine t he generalised forces on two |iftingsurfaces, calculated
separately by RAR 1614 at a number of frequencies,.and to rearrange these in
the order required for input to the RAE 299 series of response programmes.

The forces for the second surface, can be scaled, so that the total is typically

1 - Q! . Foov(v) .
Qa‘k(")total PAb )wmg T Tk Vi wing
one two

where the scaling factor Fk depends on the mede in which notion is occurring.
Tnput

k nunber of frequencies for which RAE 1614 has been run

i number of rigid plus elastic modes for which RAE 1614 has been run

J  nunmber of control rotation modes for wing one
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Jv nunber of oontrol rotation nmodes for wing two
n  nunber of modes required for the response programme

P nunber of oontrols on wing one used as exoitation in the resnonse
programe
p' nunber of oontrols on wing two used as exeitation in the response

programme

F1,F2’- : " soale factors

Y F(n+p
Vs Vps o mma Yy val ues of the frequenoy paraneter for which

RAE 161 A has been run.

Qutput from RAE 164A (onitting geometric data, Mach nunber and frequenoy
paraneter) for wing one in the order given in the specification of programme

RAE 300B.
simlar output fromRAE 1614 for wing two.
Modes nust be in the order rigid, elastio, control, cosine and sine.
out put.
As for programe RAE 300B.
Notes

As for programme RAE 300B, exoept that 1% < 5000.

29
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Appendix C

PROGRAMMES TO CALCULATE THE RESPONSE OF
Al RCRAFT TO HARMONI C EXCI TATI ON

Introduction

Once the aerodynam ¢ and struck-al data are available for the aircraft
its response can be calculated.  The programmes specified in this Appendix
read the structural data (which is independent of frequency) and the frequency
dependent aerodynam c data at a relatively small nunber of, frequencies, |f
the aircraft has an automatic control Systemthen the systemcoefficients are
read at the sane values of the frequency parameter as the aerodynamic dat a.
The progranmes then set up and eval uate equation (44) (for the aircraft with
controls fixed) or equation (24) (for the aireraft With an automatic control
systemj. This is done for a number of frequencies, at which the aerodynamc
ard Systemooeffioients are eval uated by polynomal interpolation

Programme specifications
(i) Controls fixed
RAF 2994 Al RCRAFT TRANSFER FUNCTI ON

i =
—
@D

ose

Thi s programme sets up and solves equation (for selected frequencies.

Ingut

n  nunber of nodes

k nunber of frequencies for the aerodynamc data

& number of frequencies for which response is required

Vys Vos eees Vp val ues of the frequency parameter at which aerodynamic
data is Gven

By Bos eoey Uy values of the frequency paraneter at which response

IS required.

Structural generalised mass, danmping and stiffness data is then input in the
or der
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11 11 11

asasea

a1n b1n °1n

831 Ypy O

L N N NN
a b o
nn nn nn

Next are the excitation generalised forces (either due to gusts or controls)
in the order

@;(\)1) 2 <§1'(v2) 3 see 3 @_:(vk) H Q:(V.') 3 i:"("z) ? eee ‘;’l“(vk)
@é(\’,‘) ] Qé(vz) ] ess 3 éé(vk) H @'2'(”1) ? @;(vz) ] e ; Q;(vk)

(AR NN E )

Q;l(".‘) ’ §;1(v2) s ser él"l(vk) H Q;(V.,) ’ @;(Vz) 3 eee y qj:l(vk)

Finally the response aerodynamc generalised forces in the order

Q;,; (V1) ) Q‘;" (Vz), LE R B Q;.' (vk); Qf;-' (\)1) ' Q.’{.' (”2) ) LA I Q'.;'l(vk)
OO W) e L0050, L AL, L, Q)

(AR R RN N

Q;ln(v"l)’ Q;m("z)' see Ql!ln(vk); :m(v‘l ) Q;,'m(v2) = 86 e = 'r'm(vk)

It mll be noticed that the order in which the aerodynanic generalised forces
are input to RAE 299A is the sane as that in which they are output from
RAE 300B and RAE 30CC.
out put
Qutput is on tw channels; on Mercury these are 1 and 2, on Atlas 0

and 1.
Channel 1 (Meroury) or O (Atlas)

This consists of, for each response frequency in turn, the value of
the frequency parameter, the real and imginary parts of the response
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acoelerations, and the moduli Of the displacements and accelerations in the
response freedons.  Thus for the first frequency is printed

My
Re(§,) Im(q) lqf [g]
Re(Y) Ta(3) ol I5,]

Re(§) Im(q) o 4]

and this output is repeated for each frequency in turn.

Channel 2 (Mercury) or 1 .(Atlas
k|

This consists of the real and inmaginary parts of the displacements of
the reéﬁonse freedoms. For the first frequenoy'this is

By
Re(q,) In(q,)
Re(qz) . Im(qz)

LN NN

rRe-( qn) M( qn)

and this is repeated for each frequency in turn. The output tape from this
channel is used as input to programmes RAE 300D and RAE 300E.

Not es
(» Limtations k 2 2, n €8 (Mercury) or 20 (Atlas)

(2) .To avoi d spurious results vy 2,

(3) The programme Will read data for further oases, one at a tine, on
completion of the oaloulation on the first oase. This data starts with
n, kK, €« There is no limt to the nunber of oases that ean be run
oonseout i vely.

(4) The Mercury Autocode contains an optional print faoility known as
query printing. If this is selected When the programme is run this results
In the cutput .on channel 1 (Mercury) of the aerodynsmio generalised force
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coeffioients at eaoh response frequenoy in addition to the output specified
above,

(5) Progranmme definition (for Atlas). The title by whiohthe programe
Is called inis RAE 2994,

For n =8, k=8, ¢ =50the store required is 25 bl ookswith a conputing
time equivalent to 5000 instruction interrupts.

(ii) Wth automatic flight oontrol system

Title RAE 299B ATRGRAFT TRANSFER PUNCTION WITH CONTROL MOVEMENTS

[ ]

Pur pose
Thi s programme sol ves equation (24) for selected frequencies.

Input
Frequency, structural and aerodynamc data is as for programme RAE 299A
Control systemgain data follows the response aerodynam c data in the order

G"{(\H) ' G'.I'(vz) , eee G',;(Vk)
ei(v) o G(v,) o een s 6y (v, )
63(v,) - G3lvy) « v oy Gi(v, )

GI';(»1) , G-"(vz) ..... G;;(Vk)

out put
This is identical with that from RAE 299A.
Notes
(1) Linmtations are as for RAE 299A

(2) The programme can only treat one active control system Rotation
of this control surface nust be insertgd as the |ast of the n response nodes
i n the caleulation,

(3) The programme will read data for further oases fol | owi ng conpletion
of the first case.
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(4) Programme definition (for Atlas). The title by whioh the programe
IS called in IS RAE 2VYB.

Storage and conputing time requirenents are as for RAE 299A
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PROGRAMMES TO CALCULATE THE RESPONSE OF ATRCRAFT TO EXCI TATI ON
BY A STEP GQUST CR STEP CONTROL MOVEMENT

[ntroduction

In Seotion 2.4 of this Report is described a method by whi oh the response
of an aircraft to excitation by a step gust or oontrol nmovenent can be
caloulated once the transfer function giving the harnmonio response of the air-
craft to exoitation by harnonio gusts or harmonic control novenents is known.
The programmes described in this Appendix calculate the response of the air-
craft (with oontrol surfaces either fixed or moved by an automatic oontro
system) to harmonio excitation in exaotly the same wsy as those described in
Appendix C. They then go on to use the relations given in equations (32) and
(27) to caloulate the response of the aireraf't to Step exoitation. The results
of the transformations of both the real and imaginary parts of the transfer
funotion are given separately, together with their average. .Lagk of agreenent
between the transforms of the real and imaginary parts indicates | ack of
reliability of the results, This can be due to the transfer notion not being
caloulated at enough frequencies to describe the systemadequately. If the
aircraft is unstable either as a rigid body or as a flexible structure then the
results will be completely spurious.

Programme specification
(i) Controls fixed.
Title . RAE 299C TRANSIENT RESPONSE TOSTEP EXCITATION

Pur pose

To set-up and sol ve equation (11) for the harmonio response of the air-
oraft t0 harmonic excitation, and then to use equations (32) and (27) to
calculate its transient response to step excitation

InEut
n  number of nodes

k  nunber of frequencies for the aerodynam c data
¢ nunber of, freguencies for which the response is required
m number of tines for whioh the transient response is required

g integration parameter (see notes)
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Vg3 Yoy . ...V Values of the frequency paraneter at which aeredynamic
data is given

Hys Hos eoes By val ues of the frequency paraneter at which harnonic
response is required

S15 Sps seey 8 val ues of the distance parameter (s = Vt/€) at which
transient response is required.

I nput of structural and-aerodynamc data is as for programme RAE 2994,

out put
Channel 1 (Mercury) or 0 (Atlas)

The first part of the output on this channel is identical to that from
programme RAE 2994, After the output of the harnonic response at frequency
e is printed the transient response at each value of the distance paraneter
in turn.  This takes the form

-q‘lr . .(i"fi %(a‘lr M a‘li)
Gy %y 3Gy, + Gyy)

A

wher e an is the transient acceleration in mode n obtained by the transforna-
tion of the real part of the transformed response, and qm is that fromthe
i maginary part.

This output is repeated for each specified value of the distance
paranmeter in turn,

Channel 2 (Mercury) or 1 (Atlas)

Qutput on this channel is identical with that from RAE 299A.,
Not es

(1) Linmtations k » 2, v, < =/(508), v, < %/(8 s)).
Mercury: n € 8, né & 150
Atlas: n <20, né& <2000

g is the integration paraneter which sets the integration step length and
limts. It should be chosen to satisfy the limtation given in notes 1and 2.
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(2) To avoid spurious results the followi ng [imtations should be
observed. |f the highest frequenoy parameter at which the transfer function
is varying rapidly (say that for resonanoa in the highest frequency node) is
Vs then

v, < 12/g | vy < 75/8, .

These linmtations arise fromtwo causes. The first two ensure that the
transformation integration is oarried to a frequency beyond the highest at
whioh significant information exists. The | ast reoognises that the pol ynom a
interpelation method used to evaluate the aerodynamc data at internediate
frequencies Will give wildly inaoourate results if it is used to extrapolate
the data to frequencies beyond the highest forwhioh the data is provided

(3) For the transformation integration the transfer function is
determined by linear interpolation at frequencies between those at which it
is calculated. Tine frequencies forwhioh the response is calculated nust be
chosen to give a good desoription of the transfer funotion. Thus response
frequencies shoul d be close together in regions where the transfer function
IS expeoted to vary rapidly, and may be morewi dely spaoed where little change
with frequency is expected.

(4) The programme will read data for further oases, starting with
n, k, €, m g, on oompletion of the first oase, There is no limt to the
number of oases that can be run oonseoutively.

(5) Sel eotion of query printing (see Appendix C, note 4) results in
the output on channel 4 (Mercury) of the aerodynam ¢ generalised foroe
coefficients at each response frequenoy in addition to the output specified
above.

(6) Progranmme definition (for Atlas). The title by which the programme
IS oalled in is RAE 299C.

Forn =7, k=9, £ 2 50, m = 30the storage required is 24 blooks and the
oonputing time is equivalent to 7000 instruction interrupts.

(i) Wth automatic flight oontrol system

Title RAE299DTRANSIENT ' RESPONSE TO STEP EXCl TATI ON WITH CONTROL
MOVEMENT
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Purpose

This programme sets up and sol ves equation (24) for the harnonic response
to harmoni ¢ excitation, and then uses équations (32) and (27) to calculate the
transient response to step excitation.

| nput

Frequency, distance, structural and aerodynam ¢ data is as for RAE 2WC
Control system gain data follows the response aerodynamic data in the order
given for RAE 299B,

out put_

This i s identical to that from RAE 299C
Not es

(1) Limtations are as for RAE 299C

(2) The programme can only treat one active control system Rotation
of this control surface nust be inserted as the last of the n response modes
in the calculation

(3) The programme will read data for further cases follow ng completion
of the first case.

(4) Progranme definition (for Atlaa).— The title by which the programe
is called is RAE 299D

Storage and computing time requirenents are as for RAE 299D
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Appendi x E
SUPPLEMENTARY PROGRAMYES

[ntroduction

The programmes desoribed in Appendices ¢ and D caloulate the noda
responses of aireraft exnosed to excitation of unit anplitude harnonio or
step form  However, for design purposes the paraneters of interest are
likely to be ones that can be derived fromthe nodal responses. Exanples
are the displacements, vel 00ities and aooel erations at points on the struoture;
pressures at points on the wing; stresses or loads in the structure.  Wth.
the assunptions of this analysis all these quantities are linear funotions of
the modal responses, and for the case of harmonioc notion are given by the
general  expression

{Tr(v)} = b [BY(v) +iv H' (V)] {Tq(v)] " (B1)

wher e {Trﬁv)] is the transfer funotion of the derived responses, {T (v)}is the
transfer function for the medal displaoenents, [H(v)] is a transformation
matrix, the elements of which may be conplex and frequency dependent, and b

is & soaling faotor.

In the case of the indioial responses of the derived parameters (that
is, the responses to transient excitation by & prooess having a history of
unit step forn the equation oonneoting the nodal and derived responses can
be written '

{r(a)} = v [#] {4(s)} (E2)

where {r{a)} is the matrix of derived responses, {4(s)} is the mtrix of noda
accelerations, [H is a transformation matrix amd-b is a seale faotor. 8is a
neasure of time and oan be either dinensional or take the non-dinenéional form
s = Vt/&, Wen the equation is witten in the formof (E2) the elements of -
[H] cannot be tine dependent.

Por SONe derived paraneters (any invol ving serodynamic pressures or forces,
for exanple) the elements of [H are time dependent. In this case the transfer
function of the derived paraneter ean be found using equation (El) and the
indicial response eval uated by the method described in Seotion 2.4.
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Once the transfer function for some derived parameter is known the
statistical characteristics of the random response of that parameter to random
excitation can be calculated, as was shown in Section 2.5. Simlarly, if the
aircraft is exposed to some general transient excitation e(t) having
e(t) =0, t £0, then the response history of the derived parameters is given
by Duhamel's superposition integral

{
re(%)': f ot ~7)  e(t) ar (E3)

0
wher e re(t) .is the response to excitation e(t).

To obtain the derived responses i s thus straightforward mathematically
but tedious in practice, and has been automated. For this purpose two further
programmes have been witten. These are:

. (i) RAE 300D DERIVED CONTINUOUS RESPONSE. This calculates the
transfer functions for derived parameters using the output fromthe RAE 299
programmes as i nput data. The transformation matrix [H] can be conplex and
frequency. deperdent, |f a description of an exoitation power spectrum is
given the programme oal oul ates the spectral density, rms and frequenoy of zero
or 0SSi ngs for the derived responses that result fromexposure of the aircraft
to excitation by a stationary random prooess having the given power Spectrum
and a CGaussian probability density distribution,

(i1) RAE 200F DFRIVED TRANSIENT RESPONSE. This oal oul ates the indicial
response of the derived parameters using the output from programmes RAE 2VYC
and D as input data. The elements of the transformation matrix {H} cannot be
time dependent. If a history of a transient exoitation prooess e(t) is given
the programe calculates the transient derived responses to this exoitation at
speoi fied tinmes.

Programme specifications -

Title RAE 300D DERIVED CONTINUOUS RESPONSE

Pur pose

To eval uate equations (El), (33), (34) and (3.5) using the output from
the RAE 299 programmes as input data.

| nput
n nunber of nodes used. in nodal response programe

m nunber of derived response paraneters
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3 nunber of values of the frequency (c/s) at which the exoitation
power speotrum iS defined. § oan be 0; otherwise § 2 2

k- nunmber of values of thefrequency paraneter at whioh the transforna-
tion matrix [H'(v) + iv H'(v)'] is defined. k oan be 0; otherwise
k»?2

a scale factor for frequency, £ = av 0/a, a = V/(2n¢)
b scale factor for response

If 3§40 the excitation power speotral density is given next as a
function of the frequenoy (o/s).

£, @(f‘1)
£, @(fz)
f‘j @(rj)

If j =0 this data is omtted.
Next is given the values of' the-frequency paraneter at which the
transformgion mtrix is defined.
v1, Vz’ soe Vk
if k =0 this data is omtted.

This i s followed by the elements Of the transformation matrix, in the
order

By (vy) o By 0p) AR AU

-e

H:,‘(\H) , H,;.'(VZ) , see ) H1'1(Vk)

: * 1]
Ho(v) o BL0p) o B0 5 ) HR(,) L By,
1 ' 1
HY (v,) o B Op) o HOW) 5 H(v), HL(v) L, E (v).

-e

$4v) B (v,) , eee, HL(W) By, (vy) , HY,(v,) , e, H5(v).

L E AR XS]
+ 1.

B (v,) n;n_(‘;'z) L E (),

-

H;nn(v_‘) , H&n(”2) g vev ) H;m(vk)
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If k =0 the above data i s repYaced by the fol | owi ng

H11, H12’ tevy H1n'
* |

Hap 0 ops weeey Hppe

Pt 18gpr eves Hppe

The nodal displacement transfer function is then red in, directly from

the channel 2- (Meroury) or channel 4 -(Atlas) output fromthe RAE 299 programmes.
This is in the order

Hy frequency parameter for transfer function rea
Re(q1) Im(q1) and i magi nary parts of the modal transfer

function
Re(g,) In(a,)

cobae e

Ro(q,) Ta( a,)

*

This is repeated for each response frequenoy parameter in turn. The order
must be that of ascending frequency. The data nust be terninated by the

character # . This will cause the progranme to print the caption
rms NO

fol l oned by the values of the rms and frequency of zero crossings (o/s) for
each of the derived paraneters in turn. The programe then reads data for a
new case, starting with n, m, j, k,

out put

The cutput takes the following form First are printed. thefrequency
(o/s), real ad imaginary part of the transfer function of the derived
paraneters in turn, the modulus of the transfer function and the spectral
density.  These.are in the order .

£

Re(éx"i"(f‘l )) Im(fr‘f (f‘l )) ITr‘I (f“ ) l §r1 ri (%1 )
Re(Top(2))  TalTp(£,))  [T(80]  2p,5(2)

Re(T_(£,)) * Ta(2; (7)) I (e el ()
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If no excitation spectrumis given the last ecolumn iS omtted.

This output is repeated for each frequency in turn until the oharaoter ¥
is read, when values of the rms and No of the derived parameters is output.

s No
0-1‘1 N'91'1
°'r 2 No::'2
o3 No
rm rm

Not es
(I') Limtations n € 20, m 6 20, nm=< 179, j € 10, k 6 10,

(2) The programme will read data for further oases, one at a tineg,
starting with n, m j, k. This data is oalled in by the oharaoter #

(3) The excitation power speotrumis defined dimensionally as this then

applies to a nunber of different aircraft having different values of the

typical length & In the programme the spectrumis fitted by a kth order

pol ynom al in logarithmie ooordinates. Selection of query prints (see Appendix C,
note 4) results in the printing of the value of the dinmensional power spectral

density following the frequency.
RAE 300E DERIVED TRANSIENT RESPONSE

Title

Pur pose

To eval uate equations (E2) and (E3) using the output from prograsmes
RAE 299C end D as input data.

Input
n nunber of nodes used in the medal response programme
m number of derived response paraneters
a scale factor for tine. t = as, a = ¢/¥
b scale faotor for response

The transformation matrix is given in the order
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117 in
Hoys Hops o wey By
Hm1s Hm2’- . Hmn

The modal indicial response is then read in, directly from the channel 1
(Mercury) or channel O (Atlas) output from RAE-299C or D. This is in the order

8

e e -1_. a0 (1]
T T R T
G Uy 2(4,, + "izi)

(1] " _1_. . 1)
Ge G B+ )
This is repeated for each specified value of sin turn, in order of increasing

s, for the f values of s at which response data is read in

The nodal indicial response data nmust termnate with the character  if
details of some specific transient excitation follows, or the character +if a
new case i s to be read.

|f the character # has ended the indicial data the details of the specific
transient excitation history nmust be provided. These take the form

3 nunber of times at which the transient excitation history is defined-.
k an integer (see below

o the integration step length (in seconds) for the evaluation of
Duhamel's integral

If k = 0 the excitation is defined by the slope of the "gust velocity profile
at specified times. In this case the input is of the form

dw/at(t1) t is in seconds and dw/dt in the appropriate
acceleration units. dw/dt at internediate

t dw/d't(tz) . , , , , .
times is determned by linear interpolation

t dw/dt(tj)
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If k =1the excitation is speoified by the gust velocity at specified times.
The input is then

t, w(t1) The gust velooity a times intermediate between tp
t, w(tz) and tp+ﬂ is. foqnd by polynonial interpolation. A

polynonial is fitted through w(t_ ), w(t ),
"""" w(tp+1), and w(tp+2). The sl ope dw/dt(t) is the
ts w(td) sl ope of the polynomal at ¢.

Finally times are read at which the transient response to the specified
disorete gust is to be calculated.

t These times in seconds.

rl? trz’ 'l
Output_

The output takes the following form First are printed the responses to
a step gust of the m derived response paranmeters at eaoh tine for which the
modal transient responses are given.

t(s= 51) If there are five or fewer derived response
parameters these are printed in a row instead
r,(s,)

of a colum.
r2(31)

Following the responses to a step gust are printed the responses to the specified
gust, at the speoified times.

tr‘i

T (tr‘l)
rz(trd)

rm( tr1 )
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This output is repeated for each response time tr specified.

Notes
(1) Linitations n €20, mg 10, f < 30, nf € 300, nm € 100.

(2) The programme will| read data for further specific gusts starting

with sk, e,. . . This data is called in by the character * . The character
£ calls in data for a new case, beginning n, m, a, b.

(3) If the nodal response is gerp at s = 5, then cal cul ation of the
response to a specified gust may be perfornmed for tinmes greater than the
maxi mum for which imdicial response data has been provided.
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SYMBOLS (Main‘text only)

non-dimensional generalised inertia matrix
generalised inertia matrix

non-di mensi onal  generalised danping matrix
generalised danping matrix

non-dimensional  generalised stiffness matrix
generalised stiffness matrix

amplitude of harnonio excitation paraneter

modal displacement Matri X
nmodal sl ope matrix

oontrol system gains'
V1
referenoe length

mass distribution matrix

nunber of degrees-of-freedom

frequency of zero orossings

non-di mensi onal oscillatory aercdynamic |o0ad distribution matrix
transfer function for |oad

matrix of complex generalised coordinates during harmonio notion

th

instantaneous value of the |~ "generalised ooordinate

non- di mensi ona
forces

i nstant aneous val ue of the aerodynani ¢ generalised force in node
j due to harmonio motion in nmode k.

response | evel

non-di mensional tinme g = %;
reference area

tine

general transfer function

transfer funotion for thedisplacemerdta of thegersralised
ooor di nat ea

flight velocity

gust velocity

ooordinates (see Fig.t)

fraction of oritical danping

Dirao delta

oontrol angle

oscillatory aercdynsmo response generalised
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SYMBOLS (Contd)

harmonic gust wavel ength

frequency paraneter y = %ﬁ
atnmospheric  density

rms val ue

tim

instantaneous value of the excitation aerodynamc force
power speotral density of excitation

povwer spestral density of response

non- di mensi onal aerodynam ¢ excitation oscillatory generalised
force
circular frequency

conpl ex val ue of harnonically varying quantity
mode identification
| ocation identification

denotes the Fourier transform of a quantity
general matrix
colum matrix

row matrix
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COPUTER PROGRAMMES TO CALCULATE THE RESPONSE OF
FLEXIBLE AIRCRAFT TO GUSTS AND CONTROL MOVEMENTS

The equations of motion for flexible aircraft with or without automatic
control systems exposed Lo exclitation by harmonic gusts or control move=
ments are given, The response to transient excitation of step form Is
found by a Fourier transform processe

Computer programmes Lo solve these equations are described, together with
supporting data preparation and analysis programmes. Manual data prepara=
tion 1s minimised, Detailed programme specifications are given in
Appendices,
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FLEX IBLE AIRCRAFT TO GUSTS AND CONTROL MOVFMENTS

The equations of motlon for flexible aireraft with or without automatic
control systems exposed to exclitation by harmonic gusts or control move=
ments are glvenh, The respense to transient excitation of step form is
found by a Fourler transform process.

Computer programmes to solve these equations are described, together with
supparting data preparation and anelysis programmes, Manual data prepara=
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Appendices,
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The equationg of motion for flexible alreraft with or without automatic
econtrol systems eXxposed to excitation by harmonle gusts gr control moves
ments are given, The response to transient excitation of step fomm {s
fond b y aFourier transform processs

Computer programmes tC smlwe these equations are deseribed, together with
supporting data preparation and analysis programmes, Manual data prepara=
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