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A Turbulent Sldn-Friction Law for use at
Subsonic and Transonic  Speeds

- By -
J. F. Nash and A. G. J. Macdonald

A proposal is made for a skin-frictctlon  law suitable for use in
two-tienslonal  flow at Mach numbers up to about unity. In mcompressible  flow
the law reduces to a slightly modified form of that suggested. by Nash'.
Compressibility effects are taken into account on the lines induxated  by
Spalding and Chi*.
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List of Symbols

x9 Y

u

M

P

Y

T

6

Cl*

0

H

G

Tw

UT.

%
K

co-or&mates  measured along and normal to the surface,
respeotlvely

mean velocity in x-direct3.on

Mach number

aermty

kinematic viscosity

static temperature

boundary-layer thickness (equation  (13))

displacement thudmess:-

momentum thickness:-

shape factor:- H = 6*/e

shape factor:-

ICo  be-u)’  as
1 0

G = -. I
U

T

i
Yue-u) w

0

in incompressible flow:-

I-

wall shear stress

"friction  velocitg":- u: = rJpe

velocity appearing ~tl equatxon (13)

constant appearing in equation  (13)
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A, B constants appearvlg in equalzon  (1) (see also equation (3))

R function of G appearmg in equation  (1)

Subscript

e value at edge of boundary I.QEZ

Note

!Che  symbol f( ) denotes any arbltrsxy function.

1. Introduction

The requirement for a reliable skin-fnctlon  law for use at subsonic
and transonic  speeds has arisen  in cmnectlon  mth calculations  of the turbulent
boundary-layer growth on two-dimensional aemfods.

The present suggestmns  are based on the first author's work in Ref. 1,
and on the work of SpaJdmg and &iii2 which latter related only to the
constant-pressure case. The ususl assmptlons  are implicit?, namely, that

(a) the law of the wall is valid

(b) the mean velocity profiles form a ixvo-parameter
family.

The law would be expected to fail in strong negative pressure grabents  and also
close to separation. Nevertheless the aim has been (as in Ref. 1) to ensure an
extrapolation to physically plausible values of slan-frxtion  near separation.
!Che  effects of surface roughness and trsnsplrat~on are not consldemd;  nor are
the effects of heat transfer.

2. The Skin-Friction Law in Incompressible Flow

For mcompressxble  flow the proposed skin-friction law is of the form

TW
-=

4

~th(~)+B+K(G~, .  . . ( I )

where G is the shape factor based on the velocity defect profile and the other
symbols have them  usual meanings (see list at the begming  of this paper).
Agam for incompressible  flow, G can be related to H and the wall shear stress
by

. ..(2)

Equation (1) is a slightly modrfled form of the law derived in Ref. 1.
It was decided to base the "flat plate"  part of the expression (i.e., mth X = 0)
on u,i5l/v  rather than  ue6*/v after making comparuons  with the widely used

flat-plate/
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flat-plate skin-frxtmn  law of Spalding and Chi2. The values of
i~w/(pu',)]~ predicted by their method vary almost lmearly with 8n(u,O/~),  and

taking

A =  2’4711

B = 4-75,
. ..(3)

equation (1) (with K = 0) represents an empirxal  fit to their values whmh is
accurate to better than  + 1 percent over a range of Reynolds number (u,~/v) from
140 to IO7 (see Table 1).

Following the approach indicated in Ref. 1 the function K(G) m
equation (1) is derived empirically. Equation (I)! with the values of A and B
quoted above, is used as a basis for correlating &m-friction  measurements and a
plot of K against G, correspondmg  to Fig. 2 of Ref. 1, 1s presented in Fig. 1
of the present paper. The collapse of the' pomts  is within about + 10 percent
of the value of TJ(m',). An anplrxal  fit to the data III  Fig. 1, which also
satisfies  the requirements:-

(a) K = 0 when G = 6.5 (the flat-plate case),

(b) (dR/dG)  -+ I.5  for G + 03

is given by

i724
K =  1*5G  +

2’ + 200
- 16’87. . . . (4)

The specification of the value of (dK/dG)*- in (b),above,  leads to a value of
H = 3 at separation (see Ref. 1).

3. Compressibility Effects

The extenxon,  to compressible  flow, of the skin-friction law for the
constant-pressure case, is straightfozmrd. Spalding and Chi2 have suggested
that if

7- LIB
W=f  e

PU,’ ( >V

represents a flat-plate skin-friction law m incompressible  flow, a valid
relation for cmpressible  flm is given by

Fc - 2 = f(FR.$),
e e e

:.. (5)

where F, and FR are both functions of Mach number and wall temperature.
For zero heat transfer the following empirical  expressmns  represent the

dependence/
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dependence of Fc and FR on Mach number, and apply for values of Me up to
about 2:-

& =
c 1 + 0'066 $ - 0'008  tie e

3
'FR = 1 - O-134  "R, + 0.027  $e

. ..(7)

Equations (I), (6) and (7) specify the skin-friction  law for a constant-pressure
boundary layer (K = 0). ,There are lnsufflclent  data to assess the effect of
Mach number on the function K(G) and some provxsional assumption must therefore
be made to enable calculations to be performed.

Two plausible suggestlow,  can be made. Equation (6) can be
generalised to

which implies

. ..(8)

c

. ..(Y)

mth a suitable definition for G in compressible flow.
equation (9) can be modified to

Alternatively,

-lJL = [Fi{*4n(FR.y)+~}  +K(G)~  .
pe":

. ..(lO)  .

llhe uncertainty as to whether the functign K should (equation (9))
or should not (equation  (10)) be multlplled by F,T (or whether neither approach
1s adequate) can only be resolved by experunent. Nevertheless It will be shown
later that equation (10) gives a plausible variation of r
near separation. At a Mach number, Me, i

(p u”) with H
of 1 equations  (9 an; 710) give

virtually the same wall shear stress for values of G up to 20.

4. Relation between G and H in Compressible Flow

The shape factor G can be carried over conveniently into
compressible flow if we retain its definition  UI terms of the velocity defect
profile:-

rm

G=- PC0 9 . ..(n)
5 / be-u) aY

Jo -
the/

3 ____-______________---------------------
This  form of the skin-fnctlon  law was used for the calculations  of Ref. 3.
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the only ambiguity sm.ses  in connectmn  with the density appearing in I+ It
would probably be correct to take sme mean density for the outer layer but x.n
the present workwe  have used P,. The vsxlations in densxty are, in any case,
not large up to Me = 1.

Some assmption about the velocity profiles is required m order to
relate G to H smce  the simple relation

G = . ..(12)

is vald only m incompressIble  flow. Some calculations have been &me using
Coles'  family of proffieskwith  the wake function approximated by a cosine:-

Y
u = Ln -+ll- W "\.1 + cos 7c - . ..(13)

K 6 e 2\ 6/

The value of K was taken as 0'41 over the range of Mach numbers considered.
The velocity "p can be related to u and G, by performing the integrations
m equation (11) (numerically), and th& to G, 'Me ma uee/ve ~slng the
skin-frxtion  law (equation (IO) was used). The following relation was assmed
to exist between p and u in the boundary lsyer:-

" = {l+~178~(l-~)~. . ..(14)

'e

Equation (14) implies a recovery factor of 0'89.

The results of these caloulatlons are d.lust?.ated  in F'lg.  2. It is
found. that the values of H are given to a good appro-tlon  by

H = (g + I)(.1  + O-178  tie) - 1, . ..(15)

with E = ( 1 - Gf‘T',
\ ue  ’

except at Me = 1 for the larger values of
up to 2 percent in H. Equations (IZ), (15)
at Me = 0.

In the present work we have assumed

H where there is a deviation of
and (16) are, of course, consistent

that equations  (15) and (16) are
numbers of interest. on thisvald. up to separation over the range of Mach

basis, the sti-fnctlon  law is of the form shown in Fig. 3. The &.fferences
between equations (9) and (10) are only slgniricsnt  at these Mach numbers for
values of G greater than 20. On balance we favour equation (IO) because it
implies a more plausible vsriatlon of H at separation with Mach number; it
must be pointed out however that we can offer no experimental justification  for
this choice.

. . . (16)

Tabulatea/
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Tabulated values of r/(&eu;)  and H for Mach numbers of 0, 0.5 and
1.0, based on equation (IO), are presented in Table 2.

5. conclusions

A skin-friction law suitable for use in two-dimensional turbulent

bN3
ary-layer calculations has been constructed on the basm of the work of
and spalaing and c&12. The law should  be valid. for Mach numbers up to and

slightly exceedmg unity, and. applies to adiabatic smooth walls.

The skin-frxtlon  law 1s specxfied by:-

where Fc and FR are functions of Mach number (see equations (7)). The shape

factor -G can be related to the ratio, H, of displacement to momentum thlckness
by:-

H = (E + I)(1 + 0.178 tie)  - 1,

where

Experimental data  are urgently required to check the assumptions,
regarding the effects of compressibility under con&Cons  removed from the
flat-plate case.

Table I/
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-
Y

140'4

177.6

233.0

319'4

462'3

716.0

1208

2283

5030

1.386  x Iti

5'425x Id

3'955 x I@

I.086  x IO7

-a-

Table 1

Incompressible FlatlPlate Skin Friction

uL*
-

Y

2.796  x Id

3'9ul x IO4

5'679 x lti

8.697  x 104

1'417 x 16

2'492  x I@

4'828  x 106

1.062  x 106

2-778 x 106

9.340  x IO6

4.651 x lo7

4'610 x 10s

5'758 x IdO

rw/(q$)  :-

Spamng
and Chl.

Es.  (1)
Difference
(percent)

0~0070 0~00695 -0.78

0.0065 0*00649 -0.09

0*0060 o*oo603 0'42

0'0055 9'00554 0.73

0*0050 0.00504 0' 88

0.0045 o-00454 O-84

0' 0040 0'00403 0.68

0.0035 0~00351 0.37

0*0030 0.00300 0.07

~0025 0.00249 -0.24

0'0020 0'00199 .i.o*40

0*0015 0~00149 -0.47

0' 0010 0*000997 -0.30

*
L is equivalent run c$? turbulent boundary layer

2/Table
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Table 2

Calculated Values of Skm Fnctlon and.  H; Me = 0

ue
2 = 500

V
= I d

T
PI

SW",

x 103

H

5.908
5.555
5.237
4'949
4.685

;z

4.015
3-823
3-644
3.477
3-173
2.703
2.662
2.447
2.253
2.080
1.922
1.779
2.650
l-534
1*oyo
O-806
0.617
o-485
0.371
0.322
0'228
o-170
o-+31
0.104
0.085

1.373 4.943 l-331
1.408 4.672 1.362
l-443 4.426 l-373
I.478 4-201 1.424
1.512 3.995 l-455
l-547 3.804 1.486
I- 581 3.627 l-517
l-615 3.462 l-547
l-649 3.308 l-577
1.682 3-164 1.607
l-715 3.028 1.637
1.780 2.780 1.695
1.842 2.558 l-752
1.902 2.358 1.806
I.960 2.178 l-859
2.014 2.015 1-909
2.065 l-867 1.956
2.114 l-732 2.001
2.159 1.610 2.044
2.202 1.499 2.084
2.241 1.378 2.122
2.402 l-008 2-279
2.515 o-754 2.394
2.595 0.581 2.479
2.653 0.460 2.544
2.697 0.373 2.594
2.732 O-308 2-634
2.781 o-220 2-695
2-815 O-164 2.738
2.837 O-128 2.770
2.858 0.102 2.794
2.873 0.083 2.824

= Id

l-
-2%
$P$

x 103

3.004
2.874
2.754
2.643
2-539
2.442
2.350
2.264
2.182
2.104
2.030
1.892
1.766
1.650
l-544
l-445

:::;7
1.194
l-122
l-056
0.793
0.611
o-483
0.370
0-321
O-269
0-196
0.148
0.117
0.074
o-077

H

1.240 2.016 1.189
1.263 l-945 1.207
1.286 1.878 1.225
1.307 I.815 l-243
I.332 1.755 1.262
l-355 1.699 1.280
l-378 1.646 1.298
1.400 1.595 1.316
l-423 1.546 I.,334
l-445 1.500 l-352
1.468 1.455 1.369
1.511 l-370 1.404
l-554 1.292 1.439
I.596 1.219 1.473
I.637 1.151 1.506
1.676 I.007 1.538
l-714 l-028 1.569
I.750 0.972 1.599
1.785 0.920 1.629
l-818 O-872 q-657
l-851 O-826 l-685
1-991 O-640 1.809
2-103 0.506 1'712
2.192 0.408 I*999
2.266 o-335 2.073
2-327 0.279 2.136
2.378 0-236 2.191
2.460 o-175 2.283
2.523 o-135 2.386
2.572 o-107 2.414
2.612 0.087 2.463
2.659 0.072 2.504

= 105

T
w
$PU",

x Id

H

1

contd./
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Table 2 (con'&)

Calculated. V,e.lues of Skin  Fnctmn  and H; Me = 0'5

ue
* = 500
ve

H

5.760 l-472
5'426 l-508
5.113 l-544
4.835 1.580
4-581 1.615
4.347 l-651
4.131 1.686
3.932 1.721
3.746 l-755
3-572 I.790
3.410 I.824
3.114 1.890
Z-851 1.954
2.617 2.016
2.407 2.075
2.218 2.132
2.048 2.185
i-894 2.235
I.755 2-281
1.629 2.326
j-514 2.367
l-079 2.535
o-799 2.653
0.612 2.737
0.482 2.799
o-389 2.846
0.320 2.883
0.227 2.936
0.169 2.973
0.131 3.000
0.104 3.020
O-085 3.036

4.618
4- 558
4.320
4.203
3.904
3.719
J-5@
3.389
3.240
3.100
2.968
2.727
2.511
2.316
2.141
l-982
l-837
1.706
1'587
l-478

zz.
0.746
o-576
0.459
o-370
0.306
0.219
0.164
0.127
0.101
O-083

=

i-
w

3PeU:,

x IO"

104

H H

=

T
-2x-
& P &

x Id

l-429 2. 924 l-336 1.971
l-461 2.800 ?.360 1.893
l-493 2.685 l-383 I.828
1.525 2.577 l-407 1,768
l-557 2.477 l-430 1.711
1.588 2.384 1.454 l-657
1.620 2-295 q-477 1.605
1.651 2.222 1.501 1.556
l-682 2.333 j-524 I.509
l-713 2.057 i-547 l-464
l-744 I.986 l-570 I.421
1.803 1.852 1.615 l-340
1.862 l-730 l-659 l-264
1.918 1.618 1.702 l-193
l-972 IL524 l-743 1.102
2.023 l-419 i-784 1.066
2.073 1.331 1.823 1.008
2.119 l-249 l-861 o-954
2.163 1.174 l-897 0.903
2.205 1.104 l-931 0.856
2.244 I.040 1.964 0.812
2.408 0.782 2.110 0.630
2.528 0.601 2.226 0.499
2.617 0.478 2.320 o-403
2.686 O-386 2.397 0.331
2.739 0. 318 2.461 0.277
2.782 0.267 2.515 0.234
2.846 o-194 2.601 o-174
2.892 0.148 2.667 0.134
2.927 0.216 2.719 0.107
2.954 0.094 2.762 0.087
2.975 o-077 2.797 0.072

IO5

H

I.283
1.302
1.320
l-339
l-358
l-377
l-395
l-414
l-432
l-450
1.469
l-505
l-540

:'E.
1.642
l-674
l-707
l-736
l-765
l-794
1.922
2.029
2.119
2.196
2.263
2.321
2.416
2.492
2.554
2.606
2-649

contd./
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Table 2 (contd.)

Calculated Values of Skin Frlctmn ails3  H; Me = 1-O

u0
e = 500
V-

5.386 ‘I -769
5-079 1.808
4.800 1.846
4-546
4.314
4'100
3'903
9 719

:'::i.
3.238
s2.964
2.720
2.501
2:304
2-127
1.967,
i-822
1.690
1.571
I.362
l-047
o-779
0.598
O-472
0.382
o-315
0.224
0.167
0.129
O-103
o-084

I -885
l-923
l-962
2.000
2.038
2.075
2.112
2.149
2.221
2.291
2-358
2.423
2.484
2.542
2.597
2.649
2.698
2-743
2.931
3.065
3.163
3.236
3.292
3.336
3.402
J-447

::';":
3.644

= I d = IO4 = 1 6

4.507 1.722
I4-267  1.757

4.049 1.792
3.852 1.826
3.670 1.861
3.502 I.895
3'416 I-929
3.200 1.963
3.063 1.996
2.934 2.030
2.813 2.063
2.590 2.128
2.390 2.191
2.209 2.252
2.045 2.311
l-896 2.367
j-762 2.421
I.638 2.472
l-525 2.520
l-422 2.566
I.308 2.607
0.966 2.792
0.726 2.936
0.563 3.030
o-447 3.109
0.363 3.172
0.300 3.222
0.215 3.299
0.161 3.355
0.126 3.397
0.100 3.430
0.002 3.456

2.728 1.622 1 .a23
2.611 1.648 I.761
2.507 1.674 I.704
2.410 1.699 1.649
2.320 1.724 I.598
2.235 l-750 1.549
2.154 j-775 1.502
2.078 I. 801 I.458
2.006 1.826 l-415
3.937 I.851 1.374
4.872 1.875 1.335
I.750 1.924 1.261
1.637 1.972 1.192
1.534 2.019 1.127
I.438 2.064 I.066
1.350 2.108 I.009
I.268 2.151 o-956
1.192 2.192 0.906
1.122 2.231 0.859
1.056 2.269 0.815
0.996 2.305 o-774
0.753 2.466 0.604
0.584 2.596 0.480
0.464 2.701 0.389
0.376 2.788 0.321
0.311 2.861 0.269
O-260 2.923 0.228
0.191 3.023 0.170
0.145 3.100 0.132
0.314 3.161 0.105
0.092 3.212 0.085
0.076 3.253 0.065

'1.565
!1.606 l-586

'1.626
1.646
l-667
I.687
l-707
l-727
1.747
>I.766
1 .a05
A.844
1.882
l-919
l-955
l-990
2.024
2.057
2.089
2.120
2.261
2.380
2.480
2.567
2.642
2-707
2.816
2.903
2. 975
3.034
3.085

References/
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lmes  tilcated by Spaldmg and Chl.

A.R.C. C.P. No. 948
July, 1966.
Nash, J. F. and Madonald,  A. G. J.

A TUEBULEN!I SK!X-FRICTION  LAW FOR USE AT SUBSONIC
AND !mANsoNIc  SPEEOS

A proposal 1s made for a skm-fnctmn  law suitable
for use zn two-dmens~onal  flow at Mach numbers up to
about unity. In lncompresslble  flow the law reduces to
a slqhtly modified form of that suggested by Nash.
Compressxbdlty  effects are taken mto account on the
lines lndlcated by Spaldmg  and Chr.

,

A.R.C. C.P. Noo 948
July, 1966.
Nash, J. F. and Macdonald,  A. G. J.

A TLTRBULEUT  SKIN-FRICTION LAWFOR USE AT SUBSONIC
AND TPANSONIC  SPEEDS

A proposal is made for a dun-frlcticn  law suitable
for use in two-dmenslonal  flow at Mach numbers up to
about uzuty. In mcompresslble  flow the law reduces to
a slqhtly modified form of that suggested by Nash.
Compresslbddy  effects are taken mto account on the
lines zndxated by SpaMing and Chl.







C.P. No. 948

0 Crown copyright 1967
Prmted  and published by

HER  MAIWTY’S  STATIONERY OFFICE

To be purchased from
49 High Holborn,  London w c 1 -.
423 Oxford Street, London w.1
13~  Castle Street, Edmburgh  2

109 St. Mary Street, Cardlff
Brazennose Street, Manchester 2

50 Farfax Street, Bristol 1
35 Smallbrook, Rmgway, Bnmmgham  5

7 - I1 Linenhdll  Street, Belfast 2
or through any bookseller

Pmted in England

C.P. No. 948
S 0 Code  No 23-9017-48


