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SUMMAHY

The study of scatter in oreep is facilitated by using a previously
developed formula to provide mean values of cresp properties. Soatter
can then be determined not only from the relatively few sets of tests
repeated under identioal conditlons, but also from the far more numerous
sets of tests performed under different conditions, Earlier studies
suggested that scatter was, to a first approximation, distributed acoording
to the Gaussian normal error form,

In the present study, it has been found that the distributions
‘are often multimodal , and oan be resolved infto two or more component
distributions each of which 1s Gaussian, Multimodal distributions show
regularities in that, for a given composition, tho standard deviation in
temperature and the mean spacing in temporature between components 1s the
same in each oomponent distribution and in cach ocast.

The presont study of Nimonics 80, 80A and 90, end of 18=12-lNb
alloy supports the previous agrcement of the formula with experimental
data in finer detail and further validatoes the formula as a means of
extrapolation. Multimodal scatter is identified as a problem of
practical oconocern,
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1.0 Introduction

A limited study of the scatter of experimental creep data was
previously maded in order to assess the fit of a creep formula proposed by
A. Graham'»2A and to establish the validity of the formula as a means of
extrapolation on a statistical basis. This study suggested some interest-
ing regularities and its extensions to cover a wider range of material in
greater detail was undertaken. The results, summarised in Reference 36,
are described in detail in the present Paper.

1.1 Creep formula

The creep formula proposed on the basis of experimental evidence and
general considerations by A. Graham!,24 represents creep strain e as the sum
af a number of power law terms in stress o, time t, and temperature T thus:

= Pgk fg K k
€ C.ofgp 1+ Cozp 2+ ... Cro'ﬁr¢r r veeel1)

where the time-temperature parameter ¢ in each term takes the form*

S
L}

t(T' « T)7%% when T' > 7
r r

¢r

©
il

(T - T£)2° when T > T!
The exponents k and P are taken from the seguences:
k = l'%, 1, 3, LI )

1, 2, 4, 8, 16 ...

[

£/k

while the quantities C and T' are constants for a particular sample oi
material, being evaluated by fitting Equation (1) to the experimental data.
From this formula, curves of log strain versus log time, log stress versus
log time and log time versus temperature can readily be calculated. The
formula can also be used2 to represent rupture data. When the constants
have been chosen to give the closest fit to a set of experimental data, the

oThe parameter ¢ in the first form, with Tt > T, was proposed2 to represent the observed increases

with temperature of the slope (© log t/OT) of some log time versus temperature graphs, an Increase
not represented by other parameters. It was convenient to use 1e24 In the secend form for those
other graphs whose slope decreased with tempersture. In this second form it is indistinguishable

in practice from the Dorm parameter t exp ("YR1).
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family of curves - described below as a fitted family - is considered to
represent the mean properties of the material.

1.2 Previous comparison of individual sets of data with formula

In previous work, comparisons of fitted curves with experimental
creep curves and their cross-plots indicated agreement to within the
apparent scatter for 164 out of 178 sets of data referring to 50 different
materials e.g., Nimonic alloys, stainless and lew alloy steels and aluminium
alloys. The remaining 14 sets are considered in Section 5.3. Much of
this work was reported in Reference 2A but some of the more recent com-
parisons have not been reported.

For the few sets of data for which replicate tests were available a
more precise indication of the agreement of the formula with results was
obtained by a numerical comparison of the overall scatter of experimental
points with the scatter of replicate tests. For this purpose the scatter
was assumed to be Gaussian in log time and the comparison was made between
the respective stendard deviations. (The assumption is examined in detail
in Section 2.1 below.)

The standard deviations, of which a sample 1s shown in Table II,
agreed tg within their statistical confidence limits. The comparison was
extended3*4 to tests of extrapolation, 1n which formula 1 was fitted to
short time experimental data only and then compared with long time data.
Figure 1 taken from Reference 3 is a sample of the results which show that
gcatter in the extrapolated region is no greater than in the directly fitted
regilon.

In these analyses however some relatively small anomalies were noted
which suggested that scatter was not simply Gaussian. For example, the
scatter oglves A and C in Figure 1 appear to have a non-Gaussian tail.

Such anomalies could not be effectively studied from replicate data alone,
since there was too little of it. However, the agreement between the
scatter determined from fitted curves and from replicate tests justified
the use for this purpose of data containing no replicate tests, and so the
range of materials and test conditions for which scatter could be studied
was considersbly increased.

1.3 Previcus comparison of data from several casts of a
single material with the formula ~ common family

Detailed comparisons between different casts of a single alloy were
made possible by the observation that when Equation (1) was individually
fitted to the data for different casts of any one Nimonic alloy, the fitted
curves did not appear to differ significantly in shape, and it appeared
possible to refer the data for all casts to a common family of fitted
curves, Common families were therefore constructed by trial for all the
alloys for which adequate data was readily available, namely 18-12-Nb steel,
Nimonie 80, Nimonic B0A, Nimonie 90. Common families of log stress versus
log time curves for rupture of the four alloys are presented in Figures 2 to
4; the corresponding families relating to the creep curves of the last
three are in Figures 16 to 18 and 22 to 24.
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While the common family may be considered to represent approximately
the mean properties of the casts examined, no special attempt was made to
find the precise mean of casts, since *he family is used essentially as 2
datum to which each cast is separately referred. As g datum, it was
expected to represent closely the trend of properties with stress and
temperature, since 1t was generally derived from several hundred test
results; as a mean of casts it had little statistical signifigance because
of the small number (3 to 9) of casts from which results were drawn.

It appeared that the data for any one cast could be related to the
corresponding common curve (whether for a component of creep or for rupture)
merely by en overall displacement AT in temperature (where AT is the mean
of the deviations of individual poin%s from the common curve). The scatter
about the displaced common family as measured by the standard deviation was
no greater than the standard deviation about a family fitted individually
to the particular set of data.

A few points were discrepant whether referred to the common or the
individually fitted family, and were prevasionally attributed (Reference 3
Section 5.2) to multimodal creep.

These earlier comparisons of scatter have not been presented in
detail because they are largely superseded by the results of the present
study, but they served to establish the common families shown in Figures 2
to 4, both as representing the mean properties of a material and as a
promising basis for detairled analysis of scatter.

1.4 Scope of present Note

The present report examines the results of the previous work in
greater detail by means of a detailed study of scatter and its departures
from a simple Gaussian form. It considers 26 casts of the four alloys
mentioned above together with a single cast of 18-12-Mo steel. Each cast
of the four was compared with the appropriate common family, but for
18-12-Mo steel only the individually fitted family for the single cast was
avallable. The study has both indicated regularities in the scatter and
provided additional evidence of the agreement of the scatter from fatted
curves with that from replicate tests., The agreement of formula 1 with
experimental data and the validity of common families are thereby supperted
more closely.

2.0 Expression and analysis of scatter

In the previous studies, scatter (cf. Section 2.2) was assumed
without detailed study to be both uniform in log time and distributed
according to the Gaussian law, Moreover, no distinction was made between
the different stages of creep. It is now appropriate to examine these
assumptions in some detail.

2.1 Choice of variables

When three of the experimental variables - stress, strain, time and
temperature - are specified, the deviation of experimental points from the
fitted curves can be expressed in terms of the fourth variable. If the
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deviation is to be uniform, the fourth variable must be chosen so that, for
the widest possible range of data, its average deviation is independent of
the values of the other three.

It is desirable to use a common measure for creep curves and foxr
rupture, hence the quantities stress, time, and temperature are to be
preferred to strain. A choice is also possible between the absolute devia-
tion &x and the relatave deviation 8x/x or 8(log x). The range of stress
and time is sufficiently large to reveal significant differences between
absolute and relative deviations, but the range of temperature is much
smaller. Hence a choice must be made between five quantities which may be

bt b
7,

denoted 6t, &c, 8T, Y A cursory examination of creep data is

sufficient to reject &t, since, for example, a deviation of 10 hr would be
far too large for tests of 10 hr duration or less, but far too small for

tests of 10,000 hr. 4 choice between b, %}, and %g:involves some study

of the more extensive sets of data e.g,, that in Figure 5. This data, for
the creep rupture behaviour of 5.590 alloy, hes been fitted with a family of
curves, and the deviations of individual points from the curves measured, in
terms of each quantity. The data has been arbitrarily divaded into five
regions covering the siresses 1+1 to 4+5, 46 to 14+1, 112 to 22, 23 to 31,
32 to 45 t.s.d. In each region the algebraic sum of the deviations was
substantially zero (confirming that the curves represented average pro-
perties), but the deviations averaged without regard to sign varied from one
stress range to another, see inset Table in Figure 5. Inspection of the
Table indicates a systematic change with stress for 'both 8¢ and 8¢/0, but

the variations of-%? are not systematic and are small encugh to be

statistically insignificant: thus the scatter in these data may be con-

sidered uniform in %} or in & log time). The final choice between log time

and temperature is less easily made, since according to the formula

a 1 :
Slog v _ _ __20 v (2)

T [T' -T]

end this ratio does not change rapidly unless the testing temperature T
approaches T'. In the present report the set of dats in Reference 25 is
the only one that provides definitive evidence. In this set tests at
1000°C are only 16°C from the T': this data favours a constant deviation
in temperature. None of the other sets of data deny it.

Thus an the analysis that follows, deviations in temperature are
generally reported. As data for replicate tests is more immediately avail-
able in terms of log time, it has for convenience been plotted in this way,
From Equation (2), since replicate tests are all at the same temperature,
the ratio between deviations in log time and deviations in temperature is
constant.
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2.2 Resolution of creep curves

Since an experimental creep curve may lie to one side of the fitted
curve at short times, cross it at some intermediate time, and lie to the
other side at long times, the scatter of an experimental creep curve cannot
be expressed by a single number. However, any creep curve can be repre-
sented by formula 1 which, for constant stress and temperature, reduces for
the materials considered below to

e-€ = (€é>% + (ﬁ%) + C%:)a ees(3)

Equation (3) with indivadually chosen values of ti, t, and t, fits the
experimental creep curves concerned with an error3substantia11y less than
the difference between repeated tests. It follows that the scatter of
experimental creep curves may be adequately represented by the scatter of
the quantities t1, t. and t_. Bach of these quantities can be plotted
against stress and témperature in the same way as rupture fimes, and its
scatter in temperature about the fitted curve, which is the estimated mean
curve, determined.

2.3 Homogeneous sets of data studied

A group of test specimens is regarded as homogeneous when there is
ne known difference, prior to testing, between them. Groups in which some
specimens had a markedly different heat treatment from others, or in which
specimens were from dafferent casts, or from significantly different loca-
tions in a cast or forging, were not considered homogeneous in the present
analysis.

The scatter values obtained from a homogeneous group of specimens
for any one of the quantities t1, t_, t, or rupture time are regarded as a
homogeneous set of values charadteristic of the cast from which the specimens
were taken. Homogeneous sets that were sufficiently extensive to be
statistically significant have been analysed in the manner of Sections 2.4
and 2.5 below.

The number »f casts studied was 1 of 18-12-Mo steel, 4 of 18-12-Nb
steel, 4 of Nimomic 80, 8 of Nimonic 804 and 10 of Nimonic 90, a total of
27.* TFor the first two materials only rupture data were available. For
the latter three, 9 casts provided either creep families or rupture data and
the remaining 13 provided both. In princaiple each family of creep curves
would be expected to provide three sets of scatter data, one for each of the
quantities ti, %, and ty in Equation (3); however 3 families were so small
that they dePined only t,, and 1 family defined only ti and t,. For one
cast28,29 two families of creep curves were available From independent tests
at two laboratories. Thus the 27 casts provided 74 independent homogeneous
sets of scatter data.

2.4 Graphical presentation of the distribution of scatter
within a homogeneous set

Deviations of individual points from the datum curves of a common
family (cf. Section 1.3) may be summarised in a graph of frequency af

Gy Em ek e v s e A m e Gt S e b B Gl gy Gl Bl g Ml mp G M em S s am W TE R an mR A e e o e

®The deota quoted for these naterials, end particularly for Nimonic 80. end
end Nimonie 90, is old end of si_nificantly lower order than thet of
current production.
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occurrence of deviation versus magnitude of deviation in the form of a
histogrem Figure 6A in which the scale of deviation is divided inte intervals
of arbitrary width, and all values within an interval are represented by a
single ordinate of frequency.

An alternative presentation 1s a graph of cumulative frequency
against deviation in the form of an ogive Figure 6B which is effectively the
integral of the histogram. It is however convenient for subsequent cal-
culations to use arithmetic probability scales e.g., in Figure 6C, upon
which a Gaussian distribution is represented by a straight line whose slope
is proportional to the standard deviation. In the particular application
of this method here used (Appendix IT), it is not necessary to divide the
data into intervals, since each point on the ogive can be plotted at its
observed deviation. The method is more efficient for small samples of
data.

2.5 Method of analysing the scatter distribution within a
homogeneous set

Examination of the histogramsfor individual homogeneous sets showed
that some sets e.g., that in Figure 6A had only a single most probable value
or "mede", with the frequency diminishing on either side, and that the
higtograms could be represented by the Gaussian "normal exror" distribution.
Other sets (e.g., that of Figure 74) elearly had two "modes", and appeared
to be composed of two Gaussian distrabutions superposed. The remaining
gets (e.g., Fagure 8A) were too irregular, or formed too small a sample,
for the nature of the distribution to be clear from the histogram.

Examination of graphs like Figure 6C suggested a general method
(Appendix I1) of enalysing multimodal distributions. When this method was
applied to distributions like that of Figure 8A it resolved them into two
or more components, each represented on the graph by a straight line
i.e., each component was of Gaussian form. When the method was applied to
ogives Figure 6C and 7B corresponding to the definitive histograms Figure 6A
and 74, it resolved the distributions into one and two straight lines
respectively, in agreement with the indications of the histograms. In
view of this agreement, and the greater resolving power of analysis based on
the ogive, the method of Appendix II has been ajopted for all subsequent
analysis.

2.6 Common value of standard deviation for a single
homogeneous get

0f the 74 sets of scatter data plotted in the manner of Section 2.4,
21 could be fitted by a single straight line as in Figure 6C indicating that
only one Gaussian distribution was present. Of the remaining 53, 9 sets
were found to be sufficiently extensive to distinguish lines corresponding
to the component distributions of multimodal scatter and also to define the
slopes of at least two of the lines as in Figure 7B. For 8 of these 9 the
slopes were the same and for the ninth the apparent difference in slope
between its two components did not prove to be significant (cf. Section
4.3.1, Table VII). In each of the remaining 44 smaller sets, only one of
the component distributions contained enough observations to establish a
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slope, but the slope was accepted by the points for the remaining component
or components of the set.

Thus, for cach set of data, whether for rupture or for the i, t, ox
t, component of creep in any one of the 27 casts examined, the standard
deviations of all components appeared to be the same.

Each of the terms in Equation (3) was assumed to have a different
standard deviation, as also was the time to rupture: the separate values
are conveniently denoted Si, S5,, S, and 5p.  Observed values of these
quantities given in Tables IV to VIII, range from 1:4°C to 24°C.

2.7 Deviationg of each mode of a distribution

For a unimodal set of data compared with 1is own best fitting curves,
the deviation of the mode is, by definition, zero. When the same data are
referred to the common family as a datum, the deviation is not zero but
takes the value AT, as in Section 1.3, where AT is regarded as a constant
specific to the cast. For a multimodal set of data the deviation of each
mode from the common family depends upon the scatter distribution as well as
the cast; it is denoted by aTy.

The values of AT, are readily obtained from the lines for indivadual
components of the ogive: e.g., in Figure TB.

3.0 Further regularities observed in scattef. illustrated from
rupture data

The following Sections3.1 and 3.2 illustrate from rupture dats the
regularities observed cf. Sections 4.0 to 4.5 in the data as a whole.
The 1llustration in Section 3.2 is confined to 18-12-Nb steel.

3.1 Regular relations between different casts of a
gingle alloy

Cast to cast regularities have been found in data for the four
alloys 18-12-Nb steel, Nimoniec 80, Nimonic 80A and Nimonic 90. Although
the discussion that follows is limited for convenience to rupture data,
gimilar regularities occur in creep families where indeed they were first
observed.

The data for each cast were separately compared with the appropriate
common family (cf. Section 1.3) and their scatter about this family analysed
after the manner of Section 2.5. The analysis provided both the common
value of standard deviation Sy (cf. Section 2.6) and the displacement AT
(Section 2.7) of the mean of each distribution from the common family.  The
data for 18-12-Nb is presented in Figure 9 and Tables III, IV,

The values of s.d. and spacing presented in Table III were indistin-
guishable from those obtained by referring each of the three casts to an
individually-fitted family.. For the fourth cast, references to the common
family gave larger values of s.d. and the cast has therefore been referred
(ef, Table IV) to its own individually-fitted femily, ‘The dafference
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between the fourth cast and the other three is attributed in Section 4.1 to
a large difference in heat treatment that was observed’® to change both
metallographic structure and creep properties.

In the three Nimonic alloys the heat treatment variations were less
marked, and all sets for each could be satisfactorily referred to their
common family (see Sections 4.2 and 4.3).

For each of the four alloys, Tables III and V show that the different
casts had the same spacing between the component distribution to within the
estimated confidence limits. The standard deviations S, of Nimonics 80A
and 90 varied systematically cf. Figure 10 with date of testing (e.g., for
Nimonic 90 from 5.8 +1-.19C in 1951 to 1:4 +0:1°C in 1963), but corresponding
evidence for 18-12-Nb ateel and Nimonic 80 was not available because the
geveral caste were tested at about the same time. At any one time the s.d.
does not seem to vary between one cast and another, or between one testing
laboratory and anocther,

Some of the values of S, relate to unimodal data (denoted U in
Figure 10) others to multimodal (M) data - it is apparent that both fit the
same curve to within the confidence limits. The relative numbers of test
specimens falling into one distribution rather than another appeared to vary
from cast to cast, but different casts were tested under somewhat different
stresses and temperatures. Since (ef. Section 3.2) the relative numbers
also vary with stress and temperature, the limited deta available was not
sufficient to establish that the variation would still occur if different
casts had been tested under the same conditions.

3.2 Effect of stress and temperature on scattex

Where as in Figure 9 .the several component distributions barely over-
lap, each individual point can be assigned with reasonable confidence to one
distribution or another. Experimental points in the log stress versus log
time graph can be coded to indicate to which distribution they belong. For
example, in Figure 11, which presents the rupture date analysed at the top
of Figure 9, experimental points falling into the low-temperature component-
distribution of Figure 9 are denoted by filled circles, those in the inter-
mediate component by half-filled, end those in the high temperature component
by open circles.

Figure 11 which relates to 18-12-Nb steel shows rather clearly an
effect which can also be discerned (Sections 4.2.2 and 4.3.2) in the other
alloys. The proportion of low, medium and high points varies with stress
and temperature: in particular, points for the low temperature component
occupy a wedge-shaped reglon around 10 t.s.i., with points for the high
temperature component around i1ts boundary.

For any one oomponent, the displacement of individual points from the
family of curves does not vary systematically with either stress or tempera-
ture, as is readily seen by inspection of the intermediate temperature
points whose mean displacement is almost zero: these half-filled points are
seen to scatter randomly about the curves. The absence of any systematic
trend with stress or temperature within a component is further evidence of
the validity of the common family.
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4.0 More extensive analysis of results

This section continues the discussion of Section 3.0 on rupture data
in greater detail, and extends it to the corresponding features of creep
date. Specific features shown by individual alloys and casts are briefly

discussed. '

4.1  Four sets of rupture data for a British 18-12-Nb steel

0f four sets of rupture data7’8'9 each referring to a single sample .
of material, it was found that three could be referred (Figures 11, 13 and
14) to the single common family of Figure 2.

As indicated .in Section 3.1, the three sets show the typical
regularities of a group, ramely a common family (Figure 2), common s.d., and
common spacing between the distributions (see Figures 114, 13A and 144):
the only difference between them wag in the relative numbers of results in _
the three distributions (see Table III, Column 2), The scatter of the
fourth set of date about the common family (5-9°C) was significantly greater
than the ‘average for the three {3+2°C), moreover the individual deviations
‘varied systematically with stress (contrast Section 3.2). Since the set
deviated systematically from the common family it was provided with an .
individually-fitted family in Figure 15. Comparison with the common family
(shown as broken lines in Figure 15) shows at any one temperature &
difference in the average slope of the log stress versus log time curve.

The scatter of the fourth set about its own best-fitting curves, appeared
(see Table IV, Figure 154) to have the same standard deviation and the same
spacing hetween distrxributions as the scatter of the other three sets sbout
the common family,

A discussion of the data in Reference 10 indicates that this fourth
set, which refers to material cut from a steam pips rather than from super-
heater tube or bar, had effectively a different heat treatment to the other
threo, and showed a lower ductility in creep and a different distribution of
niobium carbide precipitates..

4.1,1 Distribution of multiple modes over stress and
* temperature in three of the four setg

The previous discuseion of Section 3.2 indicates that multimodal
creep in the data of Reference 7 tends to ocour in a particular range of
gtress and temperature, namely in a wedge-shaped region around 10 t.s.i.
(see Figure 11)., Comparison with mean ductility values for the alloy
obtained from Reference 11 and transferred to Figure 11 as broken lines
suggested a close correspondence between the region of low (<6 per cent)
ductility and that of multimodal creep.

The remaining two of the three sets of data are plotted in Figures 13
and 14, in which the curves are agein from the common family of Figure 2.
The number of points is too few for detailed analysis, but inspection
suggests that multi-valued creep is distributed in the same general pattern
as Figure 11 but at somewhat different stresses, suggesting that the stress
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for multi-valued creep (unlike the several quantities common to the casts,
Section 4.1 above) is affected by cast to cast variations. Thus the chance
of a test result falling into a long or short-time distribution varies
markedly with stress, to some extent with temperature and apparently also
with the cast.

4.2 Creep and rupture data for Nimonic 80 and Nimonic 80A

For Nimonic 80 (Table VI) four sets of creep curves and two sets of
rupture times, and for Nimonic 80A (Table VII) seven sets of creep curves
and five sets of rupture times, were available. Three of the seven
set818,19,20 are of limited extent and do not define the quantities t1 and ¢,
sufficiently for analysis; and onel® has such a small contribution fRom the
second term in Equation (3) that the quantity t1 is insufficiently defined.

The two alloys were found to have features in common, and are con-
veniently considered together. Thus all casts from both alloys can be
referred with appropriate displacements ATy to the same common families,
Figures 16 to 19. TFigures 16 to 18 are graphs of stress versus the creep-
curve quantities ti, ti and t, Figure 19 is a graph of stress versus rupture
times, the curves Being repeafed from Figure 3. The points in these Figures
refer to a typical single cast of Nimonic 80 (data from Reference 13). The
distribution of scatter in temperature of the points for this cast about
these common graphs is given in Figure 20, The scatter analysis for all
twelve casts is summarised in Tables VI and VII and 1s represented diagram-
matically in Figure 21. The Tables indicate, for each of the quantities %3,
ta end t,, the number of tests in each distribution, the standard deviation®
Si, S,, 5, or Sy (as defined in Section 2.6), and the observed value of AT;.
anfiaence limits, calculated by dividing the standard deviation by the
square root of the number of tests, are given for S,, ATy, and for the
spacing which is the difference of the ATd values.

For these two alloys the 5%, S, and S, do not change significantly
with date of testing (cf. Table VI) and they have therefore been separately
averaged for each alloy. Similarly, the spacings do not change systemati-
cally with date of testing, and these also have been averaged. If the two
alloys are compared, each of the quantities 5, and S; are seen to be common
to both to within the confidence limits (as also e¢f. Table V is the 5., for
rupture), but the S% of 4+5 *+0+5°C for Nimonic 80 is significantly less than
that of 1146 10°9°C for Nimonic 80A. Comparison of spacings for the two
alloys suggests no significant difference for t , t. and t_, but the spacing
in the t3 tern for Nimonic 804 is twice that fo} Nifonic 83.

Values of spacing occur of about twice the mean (e.g., for the t_ term
of References 19 and 22 in Table VII): 1t appears reasonable to attribute
these to the absence of an intermediate distribution.

The main difference between the alloys is that the individual values
of AT, are in general, negative for casts of Nimonic 80, and positive for
Nimonic 80A, in agreement with the ability of Nimonic 80A to bear a given
stress at a higher temperature than Nimonic 80.
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4.2,1 Details of individual casts

For the four casts of Nimonic 80 none of the 14 individual values of
g.d. or 15 values of wpacing deviated from the mean by more than their 95
per cent confidence limits, end most were within the 64 per cent confidence
limits: it thus appears that the four casts had both common values of Sl,
S1’ S and S and common values of the corresnondlng spacings.

For Nimonic 804 however, une value of standard deviation for the t
tern (S, = 11-2 #1:3) fell above the 9999 per cent confidence limits and®
one (Sa = 2+3 $0+4)foll bolow them, Theformer set of data refers to sheet
meterial. The larger scatter of this sheet data may correspond to an early
ttage in sheet manufacture, since a subsequent set of sheet data?3 has a
normal value of s.d., namely 4+4 +0+9°C; no reason can be offered for the
low 8.4. and low value of spacing in the bar date of Reference 17.

s in Section 3.1 no significant difference is found between the
standard deviation of a unimodal set and an 1ndividual distribution of a
multimodal set.

4.,2,2 Distribution of multiple modes over stress
and temperature

No single set of bar data for Nimonics 80 and 80A (nor cf. Section
4.3.2 for Nimonic 90) defines a region of multimodal behaviour as clearly as
the set of data for 18-12-Nb steel in Figure 11. The available rupture
data for Nimonics 80 and 80A bar has therefore been aggregated in Figure 30,
and compared with the common graph. Each cast is identified by a tag while
the three distributions are identified, a3 in Figure 11, by filled circles
for the low ATy, half-filled for the medium ATy, and open for the high ATy
distribution. Since in Table V no moxe than two distributions were present
in each sample of bar material {contrast Table IV), the most numerous
distribution has been taken as the medium 4Ty distribution.

The displacement AT, is a function of cast as well as of distribution.
If attention is given to the proportlon of points that are either filled or
open this is seen to be greatest in the region between 16 and 28 t.s.i. at
temperatures between 600 and 700 Ci.e., & similar stress range but a lower
temperature to the region observed (Section 4.3.2) in Nimonic 90. The dis-
tribution of ‘multiple values in the two sets of sheet data is more complex
and cannot be fully resolved from the evidence at present available, and so
it hag not been reported here.

4.3 Creep and rupture data for Nimonic 90

Most of the discussion of Section 4.2 above applies also to Nimonic
90, for which nine sets of rupture data and ten sets of creep curves were
considered. The common graphs are presented in Figures 22 to 25, the
experimental points referring to the data of Reference 27. The scatter data
for this cast is shown in Figure 26; the scatter of all 11 casts is
summarised in Figure 27. 'The Sl, S, and S, decrease systematically with
date of testing (see Table VIII and Figure 28) With two exceptions noted
in Sections 4.3.1 the 8.d, of the variocus casts whether unimodal ox
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multimodal do not deviate by more than the 95 per cent confidence limit from
the line of s.d. versus date of testing in Figure 28; similarly the
spacings deviate no further from their respective means. The mean values
of spacing are significantly different from those for Nimonics 80 and 80A.

4.3.1 Detarls of individual casts

Deviations beyond the 95 per cent confidence limit occurred only in
the t1 and t_ terms for a set of sheet dats34 to which the remarks of
Section 4.2.? apply. Unimodal and multimodal sets have, c¢i. Sections 4.1
and 4.2.1, similar values of standard deviation. One set (from Reference
22) appeared to have different values of standard devaation for 1ts two t1
components, namely 13°C and 9:5°C, but (cf. Table VII) the statistical
uncertainty of 2°C on each is sufficient to account for the apparent
difference. '

4.3.2 Distrmbution of multiple modes over stress
and temperature

The available rupture data for Nimonic 90 covering the five different
casts of bar material which were tested at a range of stress and temperature
has been aggregated in Figure 29, and compared with the common graph as in
Section 4.2.2. Since each cast has its own overall displacement, it may
happen that, for example, the short-~time distribution of one cast overlaps
the medium time distribution of another. However, if the overall dis-
placement ATy of each cast is disregarded, it is seen that short and long-
time points tend to occur together mainly between 20 and 30 t.s.i. and
around 700°C; a few long~time points also occur amongst the medium time
points at times in excess of 7000 hr. The concentration around 700°C may
correspond to the region of low ductility.

Similar graphs have been constructed for the quantities ti, t, and
t., and multamodal creep appears to predominate in particular regions of
B%ress, but no correlation has been found with duetility. The graphs have
not been presented.

4.4 Single extengive set of rupture data for 18-12-Mo steel

The largest available set of data upon a single sample of material,
that of Reference 6, comprises groups of six repeated tests at twenty-twae
different stresses distributed over three temperatures; no other set had
gubstantial numbers of both repeated tests and tests at different condi-
tions on the same sample. The scatter of this data was analysed by its
authors using standard techniques of determining the mean of each group and
its variance, and combining the variances for the several groups at each
testing temperature. They reported the scatter in log time as being 0+050
and 04048 at 1500 and 1300°F (815°C and 704°C) respectively, but 0-174 at
1100°F (593°C).

The present author re-analysed the data by the procedure of Section
4.1 above, namely by fitting log stress versus log time curves to the data
and determining the scatter sbout the curves. For convenience of com-
parison the measure chosen was log time. The ogives (Figure 124) at 1500
and 1300°F were bimodal, each having one major and one minor mode; the

4



- 19 -

standard deviations S, of 0:052 10-008 and 0-040 *O- -006 correspond closely
to thz directly determlned values of G+050 and 0-.048. This result suggests
that the mean values from the fitted formula correspond very closely to
directly determined mean values.

At the third temperaturs of 1100°F analysis (see worked exemple in
Appendix II) of the ogive Figure 12C suggested three major and two minor
modes. The standard deviation 0:052 *0:010 of the component distributions
at 1100°F 1n Figure 12B is indistinguishable from that at 1300 and 1500°F,

80 that the apparently anomalous s.d. at 1100 °F can be attributed to
maxrkedly maltimodal creep. The distribution of experimental points between
the major distributions i1s indicated in Figure 12 (the minor modes have been
ignored because the few results involved might have been due to experimental
variations); it appears that values at 1500 and 1300°F are essentially uni-
modal and fall into dastribution A with mean deviations substantially zero
(1.e., the points fall evenly on either side of the calculated curve) but
those at 1100°PF are only unimodal at the lowest stress where they fall into
distribution A. At the next four higher stresses a substantial number of
values fall into distribution B and C, which are displaced towards shorter
times. At the highest stress most values again fall into distribution A.

}
5.0 Discussion

5.1 Comparison with previous analyses -

Tables IX, X and XTI offer a comparison between the results of
analysis of data according to the present prineiples wath overall analyses
in the manner of References 3 and 4,i.e., without resolution of multimodal
distributions into components. Comparison 18 made between the common
values S of s.d. (defined in Section 2.6) and the overall s.d. denoted S',
and between the component displacements AT3 and the overall displacements

ATO.

The overall distributions are not in general of Gaussian form, and
hence the estimated value of the overall s.d. depends somewhat on the method
of estimation, The values previously taken in References 3 and 4 are
approximately equivalent to those obtained by setting a straight line through
the unresolved scatter ogive (e.g., the broken line in Figure 8B) and from
it reading off a standard deviation. This method has been used to provide
values of overall s.d. in the Tables,

The S' for multimodal sets of data are seen to be significantly
greater than the S. In Tables IX, X and XI the 5 and S' have been
separately averaged for unimodal and multimodal sets whenever both are
available and it will be observed (cf. Sections 3.1, 5.2.1 above) that while
unimodal and multimodal values of S do not differ slgnlflcantly, the multi-
modal S' 18 sbout twice the unimodal S'.

A further comparison is made in Figure 31, in which 5' has been
plotted against date of testing for Nimonic 804 and Nimonic S0 rupture. It
is particularly apparent for Nimonic 90 that multimodal values of 5', unlike
those of S, lie considerably above the line through the unimodal values,
(contrast Figure 31 with Pigure 10).
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Comparison between the displacements ATy of individual distributions
and the overall dasplacement ATC from the commen family in Tables IX to XI
indicates that while in general none of the de are exactly equivalent 1o .-
the AT, unless the cast is unimodal, the ATd for the most frequently e
ocourring distribution is usually approximately equivalent to ths AT,.

The regularities of standard deviation and spacing which appear enly
after the data has been resolved into its component distributions provide
considerable support for the validity of the resolution.

The regular relations between S for different casts of the same alley
make possible a more precise comparison of the scatter of replicate and non-
replicate tests. In previous work (e.g., Reference 3) comparisons could
only be made within a single cast, and the number of replicate tests avail-
able for a cast that had also been tested over a range of temperatures was
small. Thus cf. Table IIB the largest number of replicate tests for a cast
of Nimonic 90 was 8 - the total for three casta being only 16 - and the
statistical uncertainty in the s.d. (S') for replicate data was therefore
relatively large, with 64 per cent confidence limits ef 8 $2°C,

The data from References 33 and 35 contains large numbers (40 and
200) of replicate tests, which establish the replicate scatter closely (Sr =
2+1 £0-3°C and Sr = 1+4 *0+1°C) while other sets of data contain many tests
at different- stresses and temperatures which closely establish the scatter
about the fitted family. The replicate scatter of one cast, and the
scatter about the family of ancther is indicated by Figures 10, 28 to agree
to within the rather small statistical uncertainty. This agreement
suggests that any departure of the fitted families from the "true" meen
properties of the alloy is significantly smaller than the uncertainty of a
single test: in the largest and most reproducible sets of data, the
departure appears on average to be less than 1°C.

The only set of data (that of Section 4.4) for which aﬁequate numbg@%
of bhoth replicate tegts and tests at different conditions are available on
the same casts alsc indicates a close agresment between replicate and fitted
gcatter and directly supports the formula to the same degree of precision.

5.2 Possible further regularities

Some possible further regularities in the differences between the ATy
are suggested by the data for Nimonics 80 and 80A in Tables VI, VII and for
Nimoniec 90 in Table VIII. Thus for Nimonic 80A the mean spacings of the ti
and t, terms (116 £0:9 and 13 *1-2 respectively) do not differ signifi-
cantly; nor camparing Table VII with Table V do the spdcings for t, and for
rupture times. The Nimonic 80 data is similar except that the t, spacing
appears twice the t%.Spacing. The date for each of these two alloys suggest
one "gquantum" of spacing for t%.and t, terms, and another for t, and rupture.
For Nimonic 90 the 41 spacings of Reference 29 appear anomalously high, and
»nf References 33 and 34 anomalously low: all but the last can however be
accounted for by a "quantum" of 38°C, and this is in close agreement with
the spacing of the t, term. Similarly the t3 and rupture times might
accept a quantum of about 10°C for their spacing.
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The evidence thus suggests the possibility of further regularities in
the scatter of experimental datam, but is not adequate to establish them.

5.3 Apparently discrepant data

The 14 sets of data to which Equation (1) could not be directly
applied included several sets tested over such a wide range of temperature
that metallurgical changes are esither known to oceour (e.g., from ferrite to
austenite in FV.448 around BOOOC) or may be sugpected. All 14 sets of data
could be fitted up to the stage of log time versus temperature crossplots,
but one of the crossplots showed either a discontinuity or a change of slaope
at some critical temperature. Thus e.g., for FV,448 data covering a range
of 500 to 1000°C the rupture crossplot for slope -+ had a marked disconti-
mity at 800°C, with an entirely different value of C and T' above the
discontinuity to that below it. There was apparently no discontinuity in
the other crossplots.

In all 14 sets, if the data were divided into parts at the discon-
tinurty, each of the parts could be fitted to within the estimated scatter

by the formula.,

It is possible that the discontinuities involving change of C and T
nay be multimodal creep in a more extreme form, but data presently available
appears inadegquate to confirm or deny the possibility. .

5.4 Summary of results

For the four alloys 18-12-Fb, Nimonic 80, Nimonic 80A and Nimonie 90
the agreement of Equation (1) with experimental data has been confirmed to
within the confidence limits of the present scatter analysis; for the best
sets of rupture data, these limits do not exceed #1°C.  The validaty of
common families has been confirmed to the same degree of accuracy - the only
cast {one of 18-12-Nb) for which a common family was not appropriate was one
which had been given a markedly different heat-treatment to the others.
Scatter has been evaluated, and the form of 1ts distribution shown to be
basically Gaussian, but generally with more than one mode. Resolution has
been made of multimodal distributions into their components. The qguantities
defining the scatter have displayed regularities, in that to within con-
fidence limits the standard deviation of a component distribution appears to
be common both to all distributions in a cast and, at any one time, to all
casts of an alloy, (1t tends to diminish from earlier to later casts
presumably as the alloy is developed); also the spacing between distri-
bhutione is common fto all distributions and all casts. The regularities
apply equally to rupture data and to the three terms of Equation (3) into
which families of creep curves may be resolved.

Hence the common family, and the spacing between distributions,
appear to be properties of the alloy, and the standard deviation to be
typical of the alloy at a particular date; the deviation AT, of a parti-
cular cast from the common family is a specific property of the cast. The
relative number of tests falling into one distribution rather than ancther
varies with stress and temperature; there appear to be certain regions of
stress and temperature where multimodal creep is common, others where it is



-0 a

-

not. The limited information avallable suggests that regions of multimodal
creep correspond to regions of low ductility and of unsatisfactory behaviour
in service. The relative numbers appear to vary from cast to cast. Apaxrt
from this connection of wultimodelity (with both unusually long, and
wnusually short, rupture times) with ductility troughs, no clear correlation
was found between the time to rupture and the strain at rupture.

Although supporting evidence for other alloys would be desirable, it
appears probable that the creep properties of -an alloy could be economically
establighed by testing a single cast over-a wide range of stress and tempera-
ture, thus establishing a representative family of curves, followed by
determination of the mean displacement AT; for individual casts by a few
tests of short duration. The tests that establish the family should also
establish the current standard deviation.and the spacing between distri-
butions, together with the presence and probable location of multimodal
creep regions. They generally need not extend to the same length as the
service life, since it would appear3 that an adequate defined set of creep
data can be extrapolated without significant error by up to 10/1 in time.
The mean properties of any one cast are then obtained by displacing the
representative family by the amount ATd.

If design stresses fall outside any multimodal regions, the displaced
representative family and the standard deviation may be.used to calculate
stresses and temperatures for a given chance of failure: if however they
fall withan such regions, not only must the mean properties be referred to
the lowest-temperature distribution, but also a risk of premature failure
should be allowed for.

6.0 Conclusion

The regularities observed in the scatter of creep and creep-rupture
data have proved amenable to an analysis similar to that previously used to
estimate mean properties. The previously derived creep formula is found to
represent meen creep properties for Nimonics 80, 80A and 90, and for 18-12-Nb
steel, to well within the statistical wnecertainty of a single test. Its
use for extrapolation has been supported to within uncertainties of similar
magnitude. Analysis by means of -the .formula has been shown to provide
reliable values of standard deviation without replicate tests and to
indicate the presence or absence of multimodal creep. It is apparent that
the individual properties of several casts of any me of these alloys could
have been determined by extensive tests on a single cast to establish the
common family, together with brief calibration tests on each of the others
to determine its individual displacement, AT;. Limited studies of other
Nimonic alloys suggest that common families may be equally valid for these
also, and there is no apparent reason why such families should not be useé
for stainless and low steels when the compositions and heat treatments are
adequately controlled.

For alloys for which common families prove valid, it appears that
design information can be obtained, with only a moderate testing effort, in
sufficient detail to specify the entire course of the creep curve and its
scatter and thus provide a basis for detailed mechanical design.

It is hoped that this study of creep data and its regularlties may
also provide some guidance to the alloy developer.
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Creep and rupture data fitted by formula in present report

TABLE I

Typical composition - main constituents

No. of
Alloy sets

frtted Fe Ni{ Cr§ Coj Ti AL Cu | Mo C Mn Other
Nimonic 80 2 Ou ] 761 20 -] 2.5} 0.6 - - 0.05 | 0.5 -
Nimonic 804 5 03} 771 49 =] 24| 142 - - 0,08 | 0.5 -
Nimonic 90 8 Ouh | 56 20 20| 2.5] 1.2 - - 0.05 | 0.3 -
Red Fox 26 1 67 12| 18 - - - - - 0,10 | 240 -
18-12~Nb 4 69 12 18y -} - - -1 - 0.4 - -
18-8 1 73 9 8} -] - - -] - 0.06 } 0.5 -
48-12-Mo 1 6y, | 121 181 -} = - -1 2 - 2 -
5816 1 3 20F 20} 44} 3.0 - - 4 Oul | 145 W = 3.8
8590 1 25 200 241 19 - - - L. 0.4 1.5 W=
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Scatter’ about mean curves compared with scatter of replicate tests
Scatter data from Reference 3

Standard deviations in loz time except where otherwise indicated

(a) ereep rupture
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'Contldence limits of s.de from six sbgervations

f Group 1 materipls rupture during tertiary (tj) creep
Group 11 during secondary (t') creep

(b) creep curves
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3 gg?::rogf Scatter between Scatter of data
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H repeated s.d 5.4

ﬂ © teosts o ‘_ i B
;'Nlmonlc 804 2 0.5 : 0.14

! Nimonic 80A 2 0.18 0.27

it Nimonic 90 8 0.15 , 0.18 ,
i Nawonic 90 6 0.27 - 0.15 .
: Nimonac 90 2 0.19 : 0.25

Il! * v ‘ . . .

i Weighted mean |log time 0.18 +0, 04# . 0.20 #0,02
;:soatter temp. °C .7 *1.7% - 8 +0.8%c I
: . . . 1 N PR L
' Nimonic 90 only: ] log time L 0.20 20, 05 - 0.20 +04 02 ,
;f mean scatter temp. ©C ‘ 8 2% . 8 +0.8°%¢ !
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*Cmrldence limpit of g.d. from tmenty observations



-30- -

TABLE ‘1T

.+ Standard deviations and deviations‘of means in degrees C -
for rupture of three individual casts of 18-12-Nb steel
referred to the common family of Figure 2
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TABLE V

Standard deviations and devaiations of mean in degrees C

- e

Data from
Reference

12

13

for rupture of individual casts of Nimonic alloys

referred to the appropriate common family

NIMONIC 80 referred to Figure 3

No. of
results in

component
distributions

11

Mean for Naimonic 80

16

17

21

22
(Sheet

* material)

23
(Sheet
material)

Standard
deviation S5,

4.7 +1.2

(01d acte; lower than thet of curremt production)

Deviations of
distraibutions
ATd

~38 $1.9
-27 £1.5

-5.5 *0.7

NIMONIC BOA referred to Figure 3

N =ANs RS, ]

Mean for Nimonic 804

4.9 *1.2

4.5 *0.9

3.3 0.7

3.5 0.5

2.7 0.7

w N
w O
I+ 1+
o =
o

12.2 *

OO e
OO

Spacing
between
component
daistributions

11 22.3

11

12 *

10 ¢

LI ]

P P ek b =k
N O @

[ N N W =Y
w N O R
14+ 1+ 14 14

—_—
X
I+ 14+
k=
g

12,5 +0.7

fa !
St a s (i e
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TABLE V (cont'd)

NIMONIC 90 referred to Figure 4

(Dete lover thon thet of cwrrent production)

L T T T T L L T L LT, ".." ':"'..' e m T T LIl T
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;i No. of . .
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! 2 15 41

' 35 210 1.4 0.1 11 *0.%
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§
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; Mean spacing for Nimonic 90, ignoring Reference 35
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TABLE VI

Standard deviations and deviations of means in degreeg O
-for creep of individual casts of Nimonic 80, . |
referred to appropriate common families

[ T e e e = Sorepmr———— 04 s Sttt v | 44 ottt oot Sttt e el e L —_— - ool e -~ e LT TS - — T T

! Data t% referred to Figure 16 t, referred to Figure 17 t, referred to Figure (8
H L C 1 . & 0 *
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i, A " - T L e T T T e T e T e T T T T T e T T e ST e TR LT I Ll AR L LY a S e W e THTRLLETTTTLI T T H
; 14 -42 +1.7 - 2 ) 10 ~34 *0.8
) 12 7 6.5 1.5 o7 .3 2187 7 933 31 +3 4 301 1 2.5 +0. T Top 11,0 12 2144
i 10 =342 %2 o ‘ 12 -23 1.2 ,
<l e +
1312 3.9 0.8 1644 1.1 0 3 25155 -24 +3 - 11 4.1 20,9 -7 1.2 16 2,7 -
i 2 4.5 1208 - et b
v . ~ 1 - _ - l. 3
' 3 ~53 2 5 ;=63 *5 5 =30 *1.4
. 14 3.5 *.3 26 2.7 1145 £4.7 40 13 3 3.1 #1.1 =20 #1.8 10 *2.3
) 4 -27 1.8 1 ~13 12 N
: 2 -15 =3 ’ | ’ :
j 7 4.7  #1.7 20 #3.5 ° 3 .~11 1.8 ’
G150 g4 0 55 Yy 00 22,5 19 908 2202 -4 22,2 = 4345 40,7 2,6 0.9 14 720
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Ax}"erages 2,"5”:6"5”“" “"“": 20 +”1“ "6"'""'"""1%" 3”?»71“5 TP s T 300 T T12r0e T
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N%, Ny, Ny indicate number of results in each ti, ty, t,; distribution respectively
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TABLE VII (cont'd)

Standard deviations and deviations of means in degrees C
for creep of individual casts of Nimonic 80A

, Data . S ) ! . s ,
from Diff. of Diff. of Diff. of
“Ref. O% S 8a  Tppy o Moo Sa ATq aty s Sa aTq ATy

5 14 2.0 o,

23 16 14.5 2,9 -36 3.6 40 5.8 19 12 +2.5 =35 #2.8 38 16 15 4.4 0.9 1 +1.1 15 .
11 4 t4.4 5 345 3 16 2.5 -
Averages 11.6 0.9 40 +1.8 13 +1.2 42 +2,8 4.2% 0.6 147 +

“omitting s.d. from References 17 and 22
fomitting spacing from Reference 17

TABLE VIIT

Standard deviations and deviations of means in degrees C
for creep of indavidual casts of Nimomic 90
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TABLE XI

Comparisons of s.d. and deviations of mean

before and after resolution into components

Nimonic 90

t: term t; term Rupture
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APPENDIX T

Ligt of symbols

Definition

Natural strain = logs &/, equivalent
to engineering strain (¢ - £,)/¢, up to

about 5 per cent ¢ and ¢, are current
and original lengths of test section
of specimen.

Constant in each term of formula,
but different from term to term.

Natural stress = L/A, where L is the
load and A the current cross-
gectional area. Approximately equal
to engineering stress L/A, where Aq
is original area, up to 5 per cent
strain.

Exponent of stress. Takes predeter-
mined values defined by the series

1

'I% = 1, 2,4.-- 2n0
A time temperature parameter, defined
as

¢ = (T - T)7%° (Tt > 1) or
¢ = t(T - Tr)R° (T > o).
Time.

Temperature of testing.

Reference temperature, constant in
any one term but different in
different terms.

Exponent of ¢ or of t., Takes values
from sequence,

1
roe Fo 1’ 3, ces

A geraes of curves calculated from

Equation (1) after the constants have
been chosen to fit a set of experi-

mental data. Commonly curves of

log stress versus log time for several
ifferent values of temperature.

Units

Non~-dimensional -
per cent

Complex but gener-
ally irrelevant.

t.s.2. or p.s.i.

Non-dimensional.

Seconds or hours.

Seconds or hours.
e,

°c.

Non~-dimensional.
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APPENDIX I (cont'd)
Symbol Definition Units .

Common A family of curves that has been

family fitted, not to a singls set of data,
but to a number of different sets of
data for the same alloy.

AT, Average displacement of data for a C.

single cast from common family.

Homogeneous Data obtained by testing a group of

set of data apecamens for which there is no
known difference prior to testing -
e.8+, specimens from the same cast
taken at random (cf. Section 2.3).

Hultimodal Having several peaks with regions
of lesser probabilaty between them.

Component Set of scatter values which conforms
distribution to the Gaussian law, extracted by
analysis from a multimodal distribution.

ATy Mean deviation of a component distri-
bution from the common family.

Sp Standard devaation for single log time or °c.
component distribution of rupture
data.

Standard deviation for single component

distribution of
1

t .
¥§ term of Equation (3).
31 Standard deviation for single component

distribution of

[#1E

(%i) term of Equation (3).
Sa Standard deviation for single component
distribution of

(LY
;¥—) term of Bquation {3).
\ s, 1

! %]

Time in which the term (f%) of Seconds or hours.
=z

Equation (3) contributes a constant

arbitrary strain (typically 0.1 per
cent) to the overall strain.

oft
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APEENDIX I (cont'a)

Definition Units
Corresponding #imes for terms CEL) and Seconds or hours.
) 1
(%)
t-’.’r
A component of strain which does not Non-dimensional.

vary sigrifaicantly with time.
Commonly used either

{a) for any "plastic! strain on loading
lcading not accounted for by the
time dependent terme, or

(b) for correcting any error in the
estimated elastic strain on
leading.
Apparent standard deviation obtained Log % or 1°C.

by fitting Gaussian law to multimodal
data without prior resolution into
component distributions.
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APPENDIX II

Methed for resolving a multimodal distribution
into 1%s components

The value of AT for each experimental point is determined by comparing
1t with the fitted family of log stress versus log time curves, using linear
interpolation to establish the AT. The observed values of AT are then
entered as marks on the linear axis of a probability graph e.g., Figure 32.
If the total number of marks is N, the number below a particular AT is n,
and the number at the value 1s m, then the corresponding point on the
probability graph 1s plotted at a cumulative probability of

n+ 2
X 100% cee A1

The graph thus obtained 1s the unresolved ogive.

Resolution into components proceeds by trial and error. Often the
first indication i1s given by the distribution of the marks: thus in
Figure 7 of the text where a histogram based on the marks i1s shown, the two
components are approximately egual in number of points, and have a clearly
defined minimum. In such & case the data i1s divided at the minimum value of
AT yielding two sets with total numbers N, and ¥, (where N, + N, = N) and
each set 13 then replotted in accordance with Equation A1, but putting N, or
N, in place of N. The final division of points between the two ogives is
made on the basis of the fit of the lines to the points.

The process of dividing up the data is however better illustrated by
examples for which the histogram provides less evidence. For this purpose
two examples in the test, Figures 11{a) and 12(b), are presented as worked
examples.

The data of Figure 11(a) is reproduced as Figure 32, with the marks,
and the values of n and of n + 4m, entered on the left hand side. The
crosses have been piotted from the latter values. At first sight the full
line appeared a reasonable fit to the crosses, but closer examination showed
that the departures were systematic. Thus, in the central region of the
graph indtv1dual departures were significantly larger than the uncertainty
+(n + $m)%, (a few typicel values of uncertainty are indicated by bars).

The broken line was clearly a much closer fit than the full line in this
region, but deviated markedly at extreme values of AT - thus the values of
AT at which a single result would on average be expected are +10°C and -137C.
These are indicated by horizontal broken lines.

The next step was to assume that all values between these limiis
belonged to a medium AT distribution, and all above or below to high or low
AT distributions respectively. In Figure 33 the data hag been renormalized
en this assumption, each distribution being plotted separately, and the
three sgts fitted with paraliel lines. [Examination of the graph around
AT = 10°C indicated an excess of wvalues in the central distrabution (e.g., at
AT = 12°C the line predicted 3 per cent rather than 10.5 per cent), and a
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deficit in the low AT distribution: a similar effect was found around +8°C.
A further approximation was therefore made in which the dividing lines
between distributions were brought cleser together, and thus by successive
approximation the graph of Figure 11(a) was obtained.

The other example, that of Figure 12(b) replotted as Figure 34, is
interesting because of the unusually large number of distributions involved.
The unresolved ogave does not at first sight deviate far from a straight
line, but the distribution of marks is unusual in that there is an absence of
values around A log t = 0.15 just where they would be expected to be most
numerous. The corresponding histogram, if plotted, would show a minimum
where a maximum would be expected. The data was therefore divided into two
distributions, but division of the data at this value of log t provides
(Flgure 35) dlstrlbuxlons wnich are clearly not of Gaussian form. Each
was therefore further analysed with the results shown in Figure 12(b) and
Figure 36.

The degree of division of a distribution that can be considered mean-
ingful depends not only on the magnitude of the deviations of the points from
the straight lines, but alsc on the statistical uncertainty of each point.
Thus in Figure 36 it can be seen that the residual discrepancies are not
significant, whereas the discrepancies in Figure 34 although apparently no
greater are significant. These considerations were used to determine the
degree of resolution appropriazte to each set of ‘data - their general
correctness can best be assessed by the correlations to which they lead.

Determination of standard deviations

The quantity S' (Section 5.1) was determined from the line through
the unresolved distraibution, as the difference in the AT for 50 per cent and
for 17 per cent cumulative frequency. Thus in Fagure 32 S' = -1,5 - (-9.5) =
80°C, and in Figure 34 S' = -0.19 - (~0.41) = 0.22 in log time. The S were
81m11ar1y obtained from one of the parallel lines through the resolved
distribution. Thus in Figure 36 the S was -0.032 - (-0.100) = 0.068 in log"
time,
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