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Summar

A study of published work on slender wings has shown that
the non=linear lift is often increased by leading edge droop.
In this note the results are given of an investigation, made on
simple, conically cambered wings, to study this effect in more
detail, It is found that the main parameter which determines
the increase in non-linear lift is the angle of droop at the
leading edge. The magnitude of the increase, and the
corresponding movements of the vortex positions, are predicted
qualitatively by a simple extension to the Brown & Michael
theory carried out for conically cambered wings with circular
arc crosa~sections. A study of the theoretical results shows
that the principal cause of the increase in lift is the distortion
of the velocity field of the vorticity which is produced by the
curvature of the wing in the eross-flow plane.
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l. Introduction

The main features of the flow over slender wings at incidence
are now well understood. Basically the flow separates from the
leading edges to form a pair of free vortex sheets which roll up
inte a pair of contra-rotating vortices above the waing surface.
Associated with these vortices there is a suction peak inboard of
each leading edge on the wing's upper surface. The suction peaks
give an increase 1n lift-curve slope with increase in incidence
and so cause the characteristic non~linear lift curves of slender
wings, This paper is concerned with the effects of leading edge
droop on the non-~linear lift development,

These effects first became apparent in wind-tunnel tests on
early models of a supersonic transport aircraft; the models were
slender wings of different planforms and i1ncorporated various
types of leading edge droop to meet certain design requirements
in the supersonic cruising condition, (see, for example, Ref. 1l).
The main effects are illustrated in Figs, 1 and 2 by data from
Refs. 2, 3 and k4. Fig. 1 refers to cambered gothic wings of
aspect ratio 0.75, full details of which can be found in Refs.
2 and 3. The inner parts of these wings were plane and the outer
parts, near the leading edges, were drooped to give attached flow
at a given design 1lift coefficient. The amount of droop was
greater the higher the design 1ift coefficient. The droop was
greatest at about halfway along the leading edge and fell to zero
at the trailing edge.

The left-hand graph of Fig. 1 shows the development of 1iit
with the incidence of the central plane portion of the wings.
All the wings show the characteristic non-linear 1lift curves of
slender wings, but the point of minimum lift-curve slope occurs at
positive incidence on the cambered wings. However, the results
for the wing with a design lift coefficient of 0,05 show that
although the minimum lift-curve slope occui's at about
o (cL = 0,07), when the actual lift is lower than that of the

plane wing, yet by a = 18° the lift of this cambered wing has
caught up that of the plane wing. This effect is analysed in
more detail in the two riaight-hand figures. The upper graph shows
the ratio of the increment of 1lift for neighbouring measured
points to the corresponding increment in incidence, plotted against
incidence. The curves for all three wings have a flat 'V' shape
with a clearly defined apex. This apex corresponds to the
incidence for minimum lift-curve slope and the incidence for
attached flow at the leading edge. (The fact that the minimum
lift-curve slope occurs at the condition of flow attachment has
been confirmed by numerous oil flow tests; see for example Ref.
L), The three curves are replotted in the lower figure against
incidence away from the attachment incidence. This figure shows
that the cambered wings have a larger minimum lift-curve slope
than the plane wing, and that away from the attachment point the
increase in lift-curve slope is greater than on the plane wing,
i,e., at a given incidence above the attachment point the camber
results in a greater non-linear lift.



These effects are further illustrated in Fig. 2 where lift-
curve slopes are plotted against (a - a) for the plane wing and
three cambered wings for which results are given in Ref. &, The
camber of these wings 1s more complicated than that of the wings
in Fig. 1, but all have drooped leading edges. Again the
cambered wings have more non-linear lift than the plane wing.
This is true throughout the tested Mach number range

(0.b< M £ 2.0) and is in fact most marked at the highest speeds
where the 1lift of the plane wing is tending to become linear.

In this paper these effects are studied in more detail by
means of theoretical and low-speed experimental investigations
of the non-=linear lift development on a series of simple models
with conical camber.

2, Details of the Experimental Programme

Details of the seven wings tested in the main experimental
investigation are shown in Figs. 3(a) and 3(b). All the wings
were straight deltas of aspect ratio 1.0, with an overall
length of 40 inches, The centre portions of the wings were
approximately 0.5 inch thick and the leading edges were tapered
on the upper surface to give a sharp edge with an included angle
of approximately 14° normal to the edge. For the basic models)
the trailing edge was cut off square, but some tests were made on
the flat wing with a sharp trailing edge. The sharp edge was
obtained by a bevel on the upper surface, giving a trailing edge
angle of 12°,

The cambered models are defined in terms of the shape of
their lower surfaces with approximately the same thickness
distribution as for the flat wing added above this surface.
The equations of the camber surfaces are given by

n
LS =z = 3%’) ’
£ x x
where p and n are constants for a given wing, and where x is
measured along the wing chord, y spanwise and =z vertically
upwards from the apex. € is the tangent of the semi-angle of
the apex of the planform, i,e. it is the ratio of the semi-span

to the root-chord. The droop of the leading edge relative to
the centre line is thus p and the leading edge droop angle is

tan"l(nB). Values of n and B for the various wings are given
in Table I.



Table I
Wing n B P (leading edge droop angle
= tan-lnﬂ)
2 2 0.15 16.7°
3 5 0.15 36.8¢
4 1 0.30 16.7°
5 3 0.30 42,0°
6 5 0.30 56.3°
7 7 0.30 64.5°

From this Table it can be seen that:

(1) wings 2 and 4 have the same droop angles but different
total droop at the leading edge,

(1i) wing 3 has the same camber equation, but half as much
overall droop as wing 6; also it has slightly less leading edge
droop angle than wing 4, but only half as much total droop at the
leading edge,

(iii) wings 4 to 7 have the same total dreoop at the leading edge,
but give a wide range of leading edge droop angles.

All the models were teosted in the 5} ft x 4 ft low-speed
wind tunnel in the Engineering Laboratory at Cambridge University. .
Overall force tests and surface oil flow tests were made at a

speed of 100 ft/sec or a Reynolds number vf 1.6 x 106 based on
mean chord. Lift, drag and pitching moment was measured for an
incidence range up to about 20°, with the models wire-mounted on
a mechanical balance, The results have been corrected for
tunnel interference by the methods given in Ref. 5 and the
estimated accuracy is as follows:

o + 0,1°
C, & 0.003
C + 0,002
m—

CD + 0.0005.

Pitching moments are guoted about the quarter-chord point
of the aerodynamic mean chord.

Surface 0ll flow patterns were obtained by using a paint
composed of titanium dioxide in a mixture of paraffin (Kerosene)
and linseed oil.

The vertical positions of the vortices were measured by
injecting a streamer of smoke into the tunnel upstream of the model
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and adjusting the position of the smoke source until the vortex
core was visible. The vertical position was then measured by
sighting across reference marks on the sides of the tunnel,
Accurate measurement was not possible when the vortex lay below
the wing centre line (see Fig. 9). These smoke tests were made
at about 20 ft sec.

All the basic tests were made with natural transition on the
wing.

3. Experimental Results

3.1 Flat wing results

Lift results for the flat wing with a bluff trailing edge
and a bevelled trailing edge are presented in Figs. 4 and 5.
Except for a displacement in a for CL= O the 1lift curves for

the two trailing edge shapes are similar in shape. However, the
curves of ACL/AU. (Fig. 5) show that the minimum lift-curve

slope occurs at a slightly higher incidence with the bluff
trailing edge (1.3° compared with 0.7°). The differences are,
however, small and are probably associated with the fact that the
bevelled trailing edge effectively produces a small camber. In

the lower two figures of Fig. 5 AcC,/ Ao is replotted against

(a - a); in both figures the dashed symbols are for the flat
suction surface, For the wing with a bluff trailing edge it will

be seen that the lift-curve slope away from @ is slightly higher
when the bevel is on the suction surface, than when the suction
surface is completely flat. This effect, no doubt, arises from
the fact that the bevel is equivalent to a small leading edge
camber, The mean of the results for the two surfaces is shown
dotted and this dotted curve is taken as the lift-curve slope for
an infinitely thin wing. This same dotted curve is shown also
on the lower graph of Fig. 5 and on the results for all the
cambered wings. The resultas for the sharp trailing edge again
show that the bevel on the upper surface produces slightly more
lift than the flat surface, but that the sharp trailing edge
appears to reduce the lift-curve slope slightly relative to that
of the bluff trailing edge.

3.2 Cambered wing results

The variations of C; with a and of A ¢,/0a with

(a - a) for all the cambered wings are presented in Figs. 6 and 7
while summaries of the surface oil-flow patterns and vortex
positions are given in Figs. 8 and 9. The attachment and
secondary separation lines plotted in Fig. 8 were measured at
about 80% chord. The attachment line is the line where the main
flow over the vortex attaches to the wing. The secondary
separation is the separation which occurs out-board of the vortex
as the cross-flow from the attachment line passes through the
suction peak and flows into an adverse gradient near the leading



edge. 1t will be seen from Fig. 7 that the curves of
ACL/ﬂa against (a - a) for wings 5, 6 and 7 do not have a

clearly defined apex so that a value of @ could not be
determined directly from Fig. 7. However, when these curves were
studied in conjunction with the surface oil flows it was found
that there was an incidence range in which the flow appeared to be
attached on both surfaces, The centre of this incidence range

has been taken as a. On the other hand for wings** 2 and 3
there was only a very small incidence range (about 3°) in which
the o0il flow showed that the flow was attached to the waing on both
surfaces; this incidence range corresponds closely to the apex of

the curves of l}CL/[lu against «a. The vertical lines on

Fig. 6 correspond to a and the dotted lines show the correspond-
ing 1lift which would be developed by the flat wing at the same
incidence about attachment.

For wings 2 and 3 with $ = 0.15 it can be seen that away
from the attachment point both wings develop more 1lift than the
flat wing, yet at the attachment point the lift-curve slope is
identical with that of the flat wing. Furthermore the size of
increase depends on .the leading edge droop angle, being greater
for wing 3 with a droop angle of 36.8° than for wing 2 where the

droop angle is 16.7°. Below & the lift-curve slope is less
than that of the flat wing. The o0il flow pictures showed that on
the cambered wings there was a small incidence range about the
attachment point where the flow near the edge formed a number of
streamwise vortices, which coalesced into a single vortex as the
incidence was increased. Once formed this vortex at first moved
inboard less rapidly than the vortex on the flat wing but by

(e - @) = 16° the vortices on both cambered wings were at
approximately the same spanwise position as those on the flat
wing. (Figs. 8 and 9). However, relative to the plane of the
leading edge the vortices were higher on the cambered wings, the
height above the edge increasing with leading edge droop. As
noted in the last section it was impossible to get accurate
measurements of vortex height when the vortex lay below the
centre line. However, the results at higher incidence do
suggest that the vortex initially rises much more rapidly on the
cambered wings.

For wing 4, the wing with straight anhedral and 8 = 0.3,
the surface oil~flow patterns were not clear. The smoke tests
showed that the vortex was below the centre line until about

o - o = 16°, i.,e. at & - o = 16° it was at approximately the

same height above the leading edge as the vortex above wing 2,
which has the same droop angle. For this wing the

[lCL/l)a curves have a clear apex and it can be seen that the
lift-curve slope at a = a is higher than that of the flat wing,
also that the increase in DCL/ﬂa with (o - a) 21s greater.

LR

No clear o0il flow results could be obtained for wing 4.
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When we come to wing 5 there is a change of character in the

curves of ZlCL/[]a against (a - w), (Fag. 7). Instead of
giving a clear apex tihe curve is relatively flat near a = & and
then starts to increase rapidly at higher values of (a - a);

once this increase has started the lift-curve slope becomes much
greater than that of the flat wing. Thas behaviour is associated
with the fact that on this wing the flow appeared to be attached
at the leading edge for a fair incidence range before first
forming strecamwise vortices and then a sangle vortex. Once this
vortex had formed it moved inboard rapidly, (Fig. 8). Fig. 9

shows that the vortex positions at given (a - o) are slightly
further from the wing than on wing 3, and are certainly much
higher than on wing 4 where the vortex is just level with the

centre line at (a ~ &) = 16°, This effect is also shown in the
comparisons with the theoretical predictions presented in Fig. 16.

The c¢hange in character noted for wing 5 becomes more
pronounced on wings 6 and 7 and in fact wing 7 shows a distinect

jump in 1lift at (a - a) = 10°, The surface oil patterns for
this wing showed that the flow development near the leading edge
was similar to that on wing 5, but that in addition a second
vortex formed just inboard of the shoulder (see sketch in Fig. 9).

The two vortices increased in size until at (a - a) = 10 they
suddenly combined to form a single vortex and so gave a Jjump in
lift. The surface flow patterns were less clear on wing 6.
Certainly there was no vortex inbhoard of the shoulder, on the
other hand the o0il motion in this region was sluggish, suggesting
a thick boundary layer. The main attachment line moved in

rapidly between (a - a) = 8° and 12°. An attempt was made to
suppress the inboard vortex on wing 7 with transition wires
outboard of the shoulder, but without success. However, it is=s
felt that these results may be sensitive to variations in
Reynolds number and so less attention should be paid to these two
wings.,

In order to put the 1lift results into perspective the curves
of ﬂCL/ﬂ a against (a - a) for wings 1 to 5 are replotted on

the same origin in Fig. 10. The upper figure shows the results
as taken directly from Fig. 7, while in the lower figure CL is

based on developed area rather than projected area. From the top
figure it can be seen that above (a - &) = 4° the lift-curve
slopes of wings 2 and 4 are almost the same and that above

(¢ - @) = 10°, the slopes of wings 3 and 5 are the same.

However, at incidences near a there are differences caused by
the initial type of development on wing 5, and the different

minimum slopes at «a = a. When compared on a developed area basis
this last effect is almost eliminated, and at higher incidences
the lift-curve slopes of wings 4 and 5 are slightly lower than the
slopes of wings 2 and 3respectively. From these comparisons it
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would appear that at incidences where the vortex flow is
established the main factor determining the non-linvar 1lift is
the leading edge droop angle, rather than the total droop.

This conclusion is also in line with the observations for vortex
position, which again show that the position is mainly determined
by leading edge droop angle.

The wvariations of Cm with CL and of CD with CL2 for all

the wings are presented in Figs. 11 and 12. Again a vertical
line has been drawn on the curves of Cm against CL to indicate

the attached point, while the dotted line shows the corresponding
pitching moment curve of the flat wing about the attachment point.,
In general the effects of camber on pitching moment are small
showing that distribution of vortex lift along the wing is not
greatly affected by droop. Again it should be noted that the
sudden changes in pitching moment for wings 6 and 7 may be
affected by Reynolds number.

The drag results are best understood by noting that on wings

1 and 4 (the flat wing and the wing with anhedral) the main effect

of the non-linear 1lift is to reduce the incidence for a given 1lift
ocC

and so to reduce as 1lift, or ancidence, is increased. On

2
0C,

the other hand for the curved cambered wings there is an additional
effect since the vortex produces low pressure on forward facing
surfaces and so0 further reduces drag. This latter effect is
considerably modified by the addition of thickness.

4, Theoretical Investigation

4,1 Mathematical Model

In the past a number of mathematical models have been
proposed to deal with the presence of the leading edge vortex.
Of these models the simplest one which gives the vortex strength
and position 1n addition to the non-linear 1ift is that due to

Brown and MichaelG. From comparisons with experiment it has

been found that this mathematical model gives reasonable agreement
with the measured non-linear lift and measured vertical position
of the vortex. However, the vortex core is always much nearer
the wing centre line than the theory predicts, In this mathemati-
cal model Brown and Michael replaced the rolled up vortex sheet by
a concentrated vortex core joined to the leading edge by a

feeding sheet of vorticity (Fig. 13). Instead of making the core
and the feeding sheet lie along streamlines as in the real fluid
they postulated that the total force on the vortex system must be
Zero. By using this condition, and the condition that the flow

' leaves the leading edge smoothly they were able to obtain a
solution within the framework of slender-body theory.

In conjunction with the present experimental programme the
Brown and Michael model has been extended to cambered wings with
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circular-arc cross-sections, This extension follows closely the
work of Brown and Michael and uses the slender-body solution

obtained by Smith? for the cambered wing without vortices,

Details of the calculations are given in the Appendix and the
results are plotted in Figs. 14 and 15, From these figures it
can be seen that as the wing camber is increased the vortex core
moves upwards and outwards relative to the vortex position on the
flat wing. Also there is a slight increase in vortex strength at
given i1ncidence above the attachment incidence. (In the theory
the attachment angle corresgponds to the case of zero leading edge
singularity in the absence of vortices). Fig. 15 shows that the
non-linear lift also increases with camber. The relevance of
these results to the present investigation is discussed in the
next section.

It should be noted that there are two other mathematical
models which give better agreement with experiments for flat

wings than the Brown and Michael model, Pershing8 suggests that
the reason why the Brown and Michael model fails to predict the
lateral position of the vortex i1s that they ignore the secondary
separation which occurs on the waing surface outboard of the main
vortex, Thus he suggests that the condition that the flow leaves
the edge smoothly is unrealistic, and instead he fixes the vortex

core height as a/4 (or (a - a)/4 for cambered wings). Using

this condition and Legendre's9 condition that the vortex core lies
on a streamline he obtains a solution which is in very good
agreement with experiment, including the prediction of vortex
position. (Pershing was unable to get a solution if he used the
condition of zero force on the vortex system). This model was
not used in the present investigation since an essential feature
of the experimental results is that the vortex core height changes

with camber, Mangler and Smith10 have introduced a much more

realistic model of the vortex sheet structure, and the necessary
numerical analysis has been further developed and improved by
Smith to give .lose agreement with measured results., In theory
this model could be extended to cambered wings. However,
because of the large amount of numerical work this has not been
attempted,

4,2 Comparison with experiment

In Figs. 16 and 17 the theoretical results are compared with
the experimental resultsy the results are compared at equal
leading edge droop angles since this appears to be the main
parameter to determine the experimental behaviour, In Fig. 16 the
height of the vortex core above the leading edge for the various
cambered wings is compared with the calculated height for circular
arc sections with the same droop angle. The theoretical results
are shown by linesj the line for @ = 40° is dotted as it was
extrapolated from the results for £ = 17° and § = 35.5°
(p = 0.15 and 0.30), and is probably near the limit of the theory.
At small droop angles the theoretical and experimental heights are
in close agreement, but at higher droop angles the increase in
height is underestimated by the theory. As pointed out in



section 4,1, the Brown and Michael model also shows the vortex
core nearer the leading edge than it occurs in experiments, so
no direct comparisons of the lateral positions of the vortex

cores are presented. However, the calculated vortex paths of

Fig. 14(a) show that at constant (a - a) the effect of camber
is to move the vortex core up, and out, relative to the leading
edge; a similar movement is just discernible in the experimental
results of Fig. 9. So the experimental and theoretical results
for vortex position are in qualitative agreement when compared at
equal leading edge droop angles,

There is a difficulty in comparing the lift measurements with
the theory in that the theory is based on slender-body theory and
S0 gilives no loss of lift near the trailing edge. This effect is
illustrated in Fig,., 17(a) where the flat wing results are compared
with theory. It will be seen that the measured lift is much
lower than the theory predicts, At zero incidence the initial
lift-curve slope of the flat wing is approximately 20% lower than

theoretical slope of gﬂ 3 at higher incidence the measured 1lift

is much more than 20% lower than the theory. This discrepancy is
caused, in part, by the simplifications introduced into the
mathematical model. However, the moment curves of Fig. 11 have a
tendency to 'pitch up' at higher incidence showing that the lift
moves forward, i.e. the trailing edge effect becomes greater away
from zero incidence. In view of these discrepancies a direct
comparison of the measured 1lift of the cambered wings with the
theoretical curves of Fig. 15 would be misleading. Instead in
Fig. 17(b) the measured 1lift on wings 2, 3, 4 and 5 is compared
with 'theoretical curves' for the appropriate @ given by

. (c) " (CL)measured
]
L L theory (CL)theorY flat wing

i,e. it is assumed that trailing edge effects, and errors in the
mathematical model, are independent of camber. For wings 2 and 4
(f = 16.7°) the 'theoretical' curve so obtained is in excellent
agreement with the measured results, but for wing 3, the lift is
lower than the theory. It is even lower on wing 5, but this is

caused by the change in behaviour of the vortex development near
ﬂ'—";.

Although the mathematical model shows quantitative discrepan-
cies from experimental results, the qualitative effects of camber
are shown. Thus it appears reasonable to assume that the
mathematical model incorporates the significant features of the
cambered shape, and so it may be used to discuss the mechanism
which gives more non-linear lift.
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5. Discussion of the Mechanism of Increased Non-linear Lift

In the discussion of the experamental results 1t has been
shown that the main parameter which determines the effects of
leading edge droop on the vortex develepment 1s the leading edge
droop angle (g). These tests do not give any aindication of
the mechanism which produces the 1ncrease in non-linear 1ift with
leading edge droop, and it was mainly to explain this increase
that the theoretical investigation of section 4 was undertaken.

The comparison of the theoretical results with the experi-
mental results has shown that the simple mathematical model of
Brown and Michael is capable of predicting the main effects of
camber, From the theoretical results it can be seen that the
main effects of camber are to increase the height of the vortex
core above the leading edge and to increase the vortex strength,
The percentage i1ncrease in height 1s somewhat greater than the
increase in strength. However, when the change in wing shape is
taken into account it is found that the percentage increase in
normal distance from the wing surface 1s about the same as the
percentage increase in vortex strength. Thus on a simple
argument one might expect the cross-flow velocity at the wing
surface due to the vortex to be virtually unchanged, and hence
that there would be little change in pressure distribution, or
lift. However, examination of the formula for cross-flow due to
the vortex (eqn. (14) of the Appendix) shows that the velocity at
the wing surface depends mainly on the position of the vortex in
the transformed 6 plane (see Fig. 13). The velocity increases as
the vortex moves nearer the wing surface in this transformed plane.
(This might be expected since in this plane the wing and the two
vortices transform into a vertical plate with the vortices forming
images of each other in it,) Fig. 18 shows the calculated vortex
positions in this plane and it can be seen that as camber is
increased the vortices move closer to the transformed wing
surface. Typical values of the resulting cross-flow velocities
due to the vortices on the actual wing surface are shown in

o -
3

includes the cross-flow velocity on the wings in the absence of

Fig. 19 for = 1.0 and B = O and 0.3. This figure also

the vortices at the same value of (a - a)/g . It can be seen
that camber results in large increases in the cross-flow velocity
and so gives much lower pressures on the upper surface, It is
interesting to note that this increase in velocity occurs over
most of the wing surface in spite of the fact that the singularity
in the cross-flow velocity at the leading edge is reduced by
camber., (This singularity is, of course, cancelled by the
corresponding singularity which would exist in the cross-flow in
the absence of the vortex).

The fact that in the transformed plane the vortices are
nearer the wing surface for the cambered wings than for the plane
wing, whereas the converse is true in the physical plane, suggests
that the wing camber produces a large distortion of the flow field
around the vortices. Thus it would appear that it is this
distortion of the wvelocity field of the vortex, together with the
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slight increase 1in vortex strength which accounts for the
increase ain non-linear lift, It should be noted that this
distortion as associated with the shape of the wing surface and
s0 would still occur in any 1investigations using more accurate
representation of the vortex system.

6. Conclusions

Measurements have been made of the overall forces and vortex
position on a series of delta wings with various types of leading
edge droop. In addition a theoretical study of conically-
cambered wings has been made using the Brown and Michael model,
This theoretical investigation was undertaken in order to under-
stand the mechanism of the non-linear 1lift development on
cambered wings,

The results of the experimental programme may be summarised
as follows.

(a) For leading edge droop angles less than about 40° the non-
linear 1lift development is qualitatively similar to that on a flat
wing, but the non-linear 1ift increases with droop angle and the
vortex core height above the leading edge also increases.

(b) The increase in lift due to droop is appreciable; for
example at 10° above the attachment incidence the lift is
approximately 10% greater for a droop angle of 17° than on a flat
wing at corresponding incidence.

(c) For droop angles greater than 40° the initial development of
the leading edge vortex 1s greatly weakened, but at sufficiently
high incidence the lift-curve slope becomes greater than on wings
with smaller droop angles.

A comparison of the theoretical and experimental results
shows that the mathematical model predicts qualitatively the main
camber effects. From the mathematical model it can be deduced
that the increase in non-linear 1lift on the cambered wings is
caused by a slight increase in vortex strength, together with a
large distortion of the velocity field around the vortex. This
distortion causes higher cross-flow velocities on the wing upper
surface and hence lower pressures.
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- Appendix

Details of Calculation of Vortex Positions and Strengths

As discussed in section 4, Brown and Michael replace the
rolled up vortex sheect by a concentrated vortex core joined to
the leading edge by a plane feeding sheet of vorticity. They
then used slender-body theory and solved the problem in the
cross-flow plane with the following boundary conditions:

(i) Zero velocity normal to the wing surface.
(1i) The flow leaves the leading edge smoothly.

(iii) Zero total force on the vortex and the feeding
sheet.

The notation for the present investigation, together with the
conformal transformations used to find the complex potential in
the cross-flow plane, is illustrated in Fig. 13. It should be
noted that for the uncambered wing considered by Brown and
Michael the Z-plane is identical to the 0" -plane. In the Z-plane
the last boundary condition is
220
ve(=2 - 1)

va(i;z-:-'a - 1) (1)

(v + iw)l,Z:Zo

or (v - iw)

1 'Z=z°

where (v + iw) represents the average velocity at the

1'Z=Z

o
position of the right-hand vortex and is found by subtracting the
velocity field of the vortex at Zo from the total velocity and

taking the limit as Z - Zo.

For the flat wing with © = Z Brown and Michael found the

complex potential by the transformation 02 e cr-2 - aa giving,

in the ¢"-plane,

-

w(or)= W(zZ) = -

[ 1)

n

2 2 2 2
A log - iVe crz - aa ’
o

where the first term is the potential of the concentrated
vortices and the second is that of the free stream at incidence

(.1 The transformation 02 = cr2 - aa is singular at the wing

leading edges so that in order to satisfy the second boundary
condition we must have
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au

dQ = 0’ at 0 = 0,

2nVa 1 + 1
" [ 2 _ .2 [ 2 _ .2
0 ‘ O

Egn. (1) may be written

(3)

do T oo g

(o) , il” 1 = vg (ZU° - 1) . (&)

When a 1is eliminated from eqn. (2) by use of eqn. (3) and the
resulting expression for W({ ) substituted into egn. (4) an
equation for CT; 18 obtained in terms of the parameter M/ve .

This equation can be solved for the physical positions of the
vortices by separation of the equation into its real and
imaginary parts and then finding values of yo/a and zo/a (the

ordinates of the vortex position) which give the same value of

I"/ve in the two equations.

For the case of the wing with conical camber in the form of
a circular arc we use the transformation

g Z -lga

a “a-iaz

to transform the circular arc in the Z-plane to the flat plate
in the < -plane, This transformation, which was introduced by

Smith7, transforms the point at infinity in the Z-plane to the

finite point, O = %ﬁ , in the O -plane. The positions of the
vortices are only changed slightly by this transformation.

In the O -plane Smith shows that the complex potential
corresponding to a uniform flow at incidence a is

VeEa cosal(l + 82)2 log (a - ig0-)(aV1 + Bz + iﬂVO'Z - az)
2
4 (a + ipo-)(aV1l + az - ;|_BVQ-2 - a2)

N ive a2 cosal(l - B2)V1 + Bz _ :I.Va2 sina V1 + §2
28( V1 + B2 +Vo? -ad p(pVo? - a2 - iafl + §°)

(5)

W(Oo) =
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To thais complex potential must be added the potential for the

vortices at O‘o and - 0‘0, le€.

1

Ww(io) = - 21‘: log il . (6)

Although this complex potential gives finite velocities at the
point ia/p these velocities tend to zero in the Z-plane.

Egn. (5) results in very complicated algebra and so is

simplified by ignoring terms of 0(53) and putting cose = 1,
sina = a. The final equation for the complex potential in the
o -plane becomes

ive a P _
6 a°

w(o-) = -

(0"-\/0'2 - a2 )(0‘2 -01/0'2 - a2 + 7a2)

2 2
JO’ -a =Yoo - a
-'i—rllog 9 . (7)

\/0'2-a2+\/6;2-a2

The condition that the flow leaves the edge smoothly is

2 2
dw dw g - a
Jo = O at @ = 0, r 3o X =0 at O = a, giving
N 1 82y _ 3
H = Vﬁ.(1 - ) ) - ) Vﬁ.ﬁ. (8)

1
+
VO"’ 2 _ a2 \}6"2 - a2
o o
This last equation shows that r‘ = 0 at
a2 82

As might be expected this is the angle found by Smith for zero

leading edge singularity; it will be defined as a, the
attachment angle.
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The condition that the vortex system is force free (eqn. (1))
gives

27
0 di dg™ 1 1
Ve ( a - l) * \doe "4z ‘2w Z -z, . (10)

L->» 4
o

Elimination of a from eqn. (7) by means of egn. (8) and then
substitution into eqn. (10) gives, after some lengthy algebra,

= 2
2Z {a - 1BZ )
2nVe ao_1 > <2> +%i-§ Co -21'E0"
M a®(1 + p°) *No 2. .2 @-°
4]
ip 2 2 T 2 2
+ 2(20"0 + 2a“) - (20; - a“) o
2a }0;2_ a?..
. 3 2
10, 1 L L (a -~ ipz_)7(1 - %)
* — 2a 2 2
Vc-oz - a2 {0;2 _ a2 + ¥Q-(-)2 - a2 (Zo - iBa)(Zo - a“)
+ B(a - iBZo)
2
- ! 1 (1 + ﬁ—) Qo - 21 ° T
o2 _ .2 o2 . .2 2 o 2. .2 a
o a ° a o a
2 2
2 (5a° - 6Q7_°)
+E_§ o, L2 (11)
2a ‘[c%z - a2

where Z° and Cro are the vortex positions in the Z-plane and

QO-plane respectively. This complex equation was split into
its real and imaginary parts and the resulting two equations

y z
solved by finding values of Eg and ;2, the real and imaginary

parts of Zo' which gave equal values of 2%%5;; once these

values were found eqn. (8) was used to find the corresponding
value of «. The results are plotted in Fig. 14 for
B = 0, 0‘15 and 0.300
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The 1ift acting on the wing can be found by contour
integration to give

L = = PU EY WdZ, where the contour € contains
c

the wake,. The contribution to this integral of the complex
potential given in eqn. (5) has been evaluated by Smith, while
that due to eqn. (6) can be found by finding the imaginary part
of the coefficient of 1/Z 1in the expansion of W(Z). Carrying
through this expansion and adding the resulting lift to that

obtained by Smith, we find that to 0(52) the lift coefficient is
given by

: 3
_C_L_ _ g .ﬂi) i 1+ ) Yo
- 2n [E. 1+ 3 ‘?;9} + vaZg [((1 . 52)»} _ z2‘3)2 . Bzyzz]

(12)

where Yo and z, are the real and imaginary parts of the vortex

position in the O-plane, i.e. 00 = ¥, + izz.

At ¢ = o (= g— B(1 + p2/2))

—12‘.§Q+0(a3) ,

and we may rewrite egn. (12) as

C, - EL « - & 2 fir‘(i + 32)‘}y2 .
¢ 2 2“( € —)(1 + B /2) * vale [((1 . st - 229)2 . Bayzz]

(13)

¢, - C -
Curves of (—L----E) against (“ "E__ “) are plotted in Fig. 15.

E'L

The cross~flow velocity on the wing surface is given by

q = %% %%: . %%1 . Thus from eqn. (6) we obtain for the

cross=flow due to the vortices
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/E1 - 2 2 2 2
a2 n (y/a)(1 - 2p% + B y°/_2). 2(y,/a)
_—g s - .
v 2raVe (ﬁ)z . (b _ z_z)2
a

a

(14)

y
where Y, and z, are the vortex positions in the Q-plane, a is

the local spanwise position and b = + Vl - yz/az (1 + B2 yz/a2);

the positive root corresponding to the wing upper surface and the
negative root to the lower surface.

D 826810/1/Dd.126876 K4 3/67 X1-CL
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the Brown & Michael theory carried out for conically
cambered wings with eircular are eross-seotions, 4
study of the theoretical results shows that the
principal cause of the increase 1n 1ift is the distartion
of the velocity field of the vorticity which is produced
by the curvature of the wing in the cross-flow plane,

the Brown & Micheel theory carried cut for conically
cambered wings with circular arc cross-sections, A
atudy of the theoretical results shows that the
principal cause of the increase in 1lift is the distortioen
of the velocity field of the varticity which is produced
by the curvatures of the wing in the cross-flow plane,

the Brown & Michael theory carried out for conically
cambered wings with oircular are cross-sections, A
study of the theoretical results shows that the
principal cause of the increass in 1ift is the distortion
of the velocity field of the vorticity which is produced
by the ourvature of the wing in the cross~flow plane,







© Crown copyright 1967

Printed and published by
HEr MAJESTY’S STATIONERY OFFICE

To be purchased from
49 High Holborn, London wc¢ 1
423 Oxford Street, London w 1
13A Castle Street, Edinburgh 2
109 St Mary Street, Cardiff
Brazennose Street, Manchester 2
50 Fairfax Street, Bristol 1
35 Smallbrook, Ringway, Birmingham 5
7-11 Linenhall Street, Belfast 2
or through any bookseller

Printed in England

C.P. No. 924

C.P. No. 924

S.0. Code No 23-9017-24



