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SUMMARY

Theoretical estimates of the angle of incidence at which the damping
of the Dutch-roll oscillation of various slender-wing configurations
becomes zero are derived and shown to agree well with the critical angle of

incidence, observed expcrimentally, at which free-flying models undergo a
sustained oscillatione

Some approximations to the frequency and damping of the oscillation are
compared with the exact values, with satisfactory agreement. A criterion for
critical angle of incidence is obtained, the complexity of which depends
mainly on the inertia distribution of the aircraft.
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1 INTRODUCTION

One of the factors which has to be considered in the choice of design
for a supersonic transport aircraft is the lateral staebility of slender wings
at high incidence. Low~speed tests have showm that at some incidence severe
lateral oscillations are possible, which set a limit to the landing performance.
Such oscillations were first noted by lcKinney and Drake! in 1948, using small
flying models, and it eppeared that slender-wing aircraft might become
uncontrollable at moderate incidence. Gray repeated these experimgnts and
found that the results were unduly pessimistic. His further tests? showed
that the critical angle of incidence at which the lateral oscillations became
undamped on & wing with spen/length ratio of + (i/ith representative inertia
distribution) was about 17°, vihereas the landing incidence was restricted by
other considerations to about 15°,

Groy has subsequently flown various models of differing planform, for
which it has been possible to measure the moments of inertia, end to estimate
the aerodynamic derivatives, so that comparisons could be made between
experimental and thcoretical results. These results, described in the present
report, show that the onset of critical conditions can be adequately predicted
using the linearized lateral equations of motion. The theoretical angle of
incidence at which zero damping of the classical Dutch roll oscillation occurs
correlates well with Gray's "cross-over points", i.,e, the angle of incidence
at which the oscillation is observed to have zero damping., Similar good agree-
ment is found between the thecory and Bisgood's tests on larger free-flying
models.

It may be noted that it is not necessary to invoke marked changes of
aerodynamic characteristics, such as might be associated with vortex breekdown,
in order to explain the phenomenon of zero damping. The damping-in-yaw, n,
is the only derivative showing large variation with incidence, and although the
loss in damping-in~yaw does contribute to the loss in damping of the lateral
oscillation, it is shown to be by no means the major factor.

Some approximations for the frequency and damping of the Dutch roll
oscillation have also been considcred. With a slight modification to account
for ‘the present large products of inertias at large incidence (referred to the
wind-body system of axes), the approximations given by Thomas and Neumark3,
based on an algcbraic iterative solution of the lateral stability quartic,
arc found to be applicable to slender-wing aircraft with rcasonable accuracy.
Further approximations are made to the cxpression for the damping, in order
to find criteria for the critical angle of incidence, When thc inertia in
roll is small, end inertia in yaw large, the criterion is of a simple form,
and ultimately reduces to that given by PinskerA, but as the inertia in roll
becomes larger than about 0°1, or the inertia in yaw less than about 1°0,
additional terms have to be considered for satisfactory agrecement with the
exact theory.

These avproximations are used as a basis for discussing the relative
importance of the rotary derivatives on the damping, and to show how their
variation with incidence cwuses the damping to be reduced, The influence of
the inertia distribution is also discussed briefly. :

2 EQUATIONS OF MOTION

The lincarized equations for the lateral motion, referred to thewind-
body system of axes, are’:-
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where D = é% , T being aerodynamic time.

These eguations lead to the well-knovm stability quartic, which
usually has two real roots (the roll subsidence, and spiral root) and a
pair of complex roots (Dutch-roll oscillation). If the factors of the
stability quartic are written as

(0 +n,) (0+2) 02+ 280 4 2% 4 5%,

then the response of the aircraft to any lateral disturbances such as
application of aileron, or a side gust, will take the form,(see e.ge Ref.5)
for the linear and angular velocities,

“A,T -\ T

T L (¥, cos Jt + ¥_ sin Jt) e R
1 2 3 4 5

. . . -K1T . M . . Pt
P = P, + Dye + pge + (94 cos Jv + Py sin Jt) e

-\, T “AT
£ o= b o+be | o4boe + (¥ cos Jt + T_ sin Jt) it

= Tyt I 3 ) 5 .

The constants ¥,, Ty oeen §1 cee 95, are dependent on the initial conditions

of the motion, and the applied forces and moments,so that the various terms
become dominant for different types of disturbances. As T = oo, the aircralt
tends to a new equilibrium condition, ¥ - %1, P? Py, T2 %1, if A, A, and
R are positive, but diverges if any one of X1,R2 or R is negative, The

roll subsidence root, K1 say, is usually large and positive, and as its

name implics, is associated with the rolling motion of the aircraft., The
spiral root, Kz, is found to be small, and can in practice be slightly

negative without causing intolerable control demands., The oscillation,
which is the main interest of the present paper, is usually of moderate or
short period, and may be damped or divergent. When the damping R does fall
below zero, so that the diverging response attains large amplitudes, non-
linear terms neglected in the stability snalysis become important, and in
practice an oscillation of limited large amplitude is of'ten observed., For
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satisfactory handling an aircraft requires a margin of positive damping, end
the specification in A.P.970 for damping to frequency ratio is that the number
of cycles to half amplitude should be less than 1.

With such a complicated system of equations, it is difficult to interpret
physically the part each derivative plays in the various modes. Pinsker, in a
recent paperk, has discussed the kinematics of the lateral motion, and has been
able to illustrate the separate modes showing the orientation of the aircraft
along its flight path, with the principal forces and moments acting on it.
Another approach is to obtain approximations for the dampings and frequency as
algebraic expressions involving the derivatives and inertias., Pinske and
Thomas3s6 have derived formulae which apply to different types of aircraft,
and these demonstrate how the importance of a particular derivative may
change with the configurations; for example, damping-in-roll (¢_) contributes
little to the damping of the Dutch-roll oscillation for aircraft with unswept,
large-aspect-ratio wings, but is the major term in the formula appropriate to
slender-wing airecraft. These approximations, and their implications for
slender-wing aircraft, are discussed more fully in section k.

For the comparison of the results from theory and experiment, the roots
of the stability quartics were evaluated exactly, and the results are shown
as the variation of the damping expressed as the logarithmic decrement, with
incidence for each case considered.

3 COMPARTSON OF THEORETICAL AND EXTERIMENTAL RESULTS

The free-flying model technique has been used extensively by W.E. Gray,
in order to assess the angle of incidence at which slender wing aircraft tend
to become unstable., The models were launched by hand or catapult, the trimmed
angle of incidence being increased until a sustained oscillation was observed.
The critical angle of incidence was deduced from photographic records. Various
series of tests were undertaken, one of the earliest being to investigate the
effect of span/length ratio, and these experimental results are shown in Fig.i.
No attempt has been made to calculate the corresponding theoretical values, due
to the lack of acerodynamic data on the narrowest shape. Later tests by Gray
were carried out in conjunction with the theoretical work, and the experimental
results (as yet unpublished), were put at our disposal. The ocomparison with the
theoretical results is discussed in the following sections 3.1 to 3.3 for
vaerious models. In section 3.4 the experimental and theoretical results for

Bisgood's models7 (which are of larger scale than Gray's) arc given.,
31  Simple model

The basic comparison between thoory and experiment was for a model con-
sisting of a delta wing with rounded tips, spon/length ratio of &, and a 60°
delta fin of 10% of the wing area. The centre line chord of the model was
13 in. and the wing (which was carved from plastic foam, and weighed only
O°4 ounce) was ballasted to give the correct weight, sbout 1°2 ounces, for
dynamic similarity to a full scale aircraft (u, = 13'9), and to adjust the
moments of inertia, The model was flown with %wo different mass distributions,
one to give %: =10, ;A = 0*1 (centre of gravity at 0°51 co) and the

o o

second to give iC =1+0, i, = 0+2 (centre of gravity at 0°535 co).
o .

A
o

The variation of the derivatives with incidence as assumed for this
model is shown in Fig.2, and the sources of information are given in Table 1.
Experimental results (as available at the time of the calculations, early
in 1959) were used for the sideslip and rolling derivatives, although the fin
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effect on the sideslip derivatives had to be estimated. Subsequent
experimental results have not shown any appreciable changes, and have
confirmed the value assumed for the damping-in-yaw. However, the value
of the rolling moment duec to yaw, €r, still remains uncertain.

The theoretical results for the logarithmic decrement, and the
experimental “cross~over" points found by Gray, are shovn in Fig.,3. For
both models, the estimated angle of incidence for zero damping is about
2*5° higher than the experimental value, for the basic calculations with
the principal exis of inertia inclined at -1° to the root chord, and with
the flight path angle observed in the experiments (tan Yo = -0'25). From
Fige3a, it is seen that level flight would be slightly more stable. The
calculations were also repeated for an increased angle of inclination of
the principal axis of inertia (e = -3°), This made little difference to
the logarithmic decrement of the model with i, = 0+41 at high incidences

A
o
and the angle of incidence for zero damping was hardly affected. Tor the
model with iA = 0+2, the critical angle of incidence is smaller, so that
0

the inclination of the inertia axis has a greater effect, and the theory
indicated an increase of 43° in the critical angle of incidence when the
inclination of the inertia axis varied from =3° to +3°.

342 H.,P.115 model

The design of the H.P.115 research aircraft, with low cockpit, and
engine installed high at the rear, leads to a greater inclination of the
principal inertia axis to the no-lift-line than had previously been con-
sidered, and so a representative model was tested by Gray. These experi-
ments indicated that in this case there was no appreciable change in the
critical angle of incidence for a large range of €, and some further
results have been calculaoted for comparison. The inertias were taken as
i, =0°065, i, = 0:86, with € = =1° and =5°, The derivatives used were

o 0
those of Fig.2, since the small effects on the values due to the differences
in design between the simple model and the H.P.115 could not be estimated
accurately.

Although the theory confirms that the critical angle of incidence is
approximately the seme (see Fig.ka), the logarithmic decrement at the lower
incidences is much smaller for € = =5° than for € = -1°, For an extreme
value of the inclination of & = -8°, it was found theoretically that the
Dutch-roll oscillation became unstable at low incidences also, and this was
confirmed qualitatively by experiment, as shown in Fig.,4(b). The inertias
evaluated for this model, and used in the calculation, were iA = 01,

0
iC = 12, and the variation of the inclination of the flight path with
(o]
incidence was also taken into consideration. The "dip" in the logarithmic
decrement curve between a = 0° and a = 10° is probably exaggerated in
Pigs.4a and b due to the value of 6p assumed in the calculations,which

later experimental results showed to be unduly low at the moderate
incidences., Calculations using these experimental values of £_ for the

wing with € = -8°, show the order of the change in the logarithmic decre-
ment between the two sets of values of 6P (Fig.hb),

3,3 Ogee wing model

Gray made and tested a model of a possible aircraft design, the wing
planform and thickness distribution being that of the uncambered Cgee Wwing

-7~
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desoribed in Ref.B, with a triangular fin, and found the critical incidence
to be 20°, The derivatives for the design were estimated early in 1960
(before tunnel tests on the actual model were available) from the sources
noted in Table 2, and the results are plotted in Fig.5. The Dutch-roll
oscillation is well damped (Fig.6) up to moderate incidences, but loses
damping rapidly as the angle of incidence increases above 157, with the
critical angle of incidence in the region of 22¢5°, This is again a few
degrees higher than experiment indicated.

3¢ Bisgood's models

The free-flight models flown by Bisgood7 were delta wings, of aspect
ratio 1°0, with a triangular fin extending behind the trailing edge of the
wing. The models were larger than CGray's, having a root chord of 6 ft and
weighing about 15 1b. The eritical anglc of incidence was found for two
different inertia ratios, with iC /iA =14 and 7°5 (referred to in Ref.7

o o
as the models with pitch/roll inertia ratios of 13 and 7 respectively),
for a centre of gravity position at 0°583 Cy for both models. The derivatives
for the configuration were estimated from tunnel tests for a triangular fin
on a gothic wing, with the assumption that the fin contribution is independent
of wing planform, so that the relationships used were:-

(Delta wing + fin) = (delta wing) + (gothic wing + fin) - (gothic wing) .

Corrections had to be made for the shift of centre of gravity, and ér had to

be estimated from slender-wing theory. The calculated derivatives are shown
in Pig.7.

The glide path cngles, taken as tan g = -CD/CL, with valucs of the

lift/drag ratio estimated from tunnel tests, was found to have an apprecisble
effect on the critical incidence: see Fig.8, where the variation of

logarithmic decrement with incidence for tan Ve = --CD/CL and tan*;e =0 is

shown. The Dutch-roll oscillation has zoro damping at an incidence about 4°
higher than the experiments indicated for both models, On the basis of some
preliminary wind tunncl results for £ = £,, which indicated a loss in this

derivative as incidence increases, anrarbitrary'reduction was made in ér, as

shown by the dotted curve in Fig,7. This large change in Er at high angles

of incidence leads to a correspondingly large reduction in damping of the
Dutch-roll oscillation, and the critical angle of incidence is found to be
1° below the experimental value (Fig.8).

4 APPROXTMATTONS

Since the exact evaluations of the frequency and damping of the
Dutch-roll oscillation involves the solution of a quartic, i.e. is of
nccessity a numerical iterative process, it is desirable to obtain approxi-
mate algebraic solutions in order to study the effects of individual para-
meters., The approximations suggested in Ref,3 have been found to give good
agrecment with exact values when “2’ the relative density, is large. However,

in deriving the expressions for R and J, the temm e was neglected compared

e
A°C
with unity; for slender-wing aircraft, the product of inertia becomes large
at large incidences and’ so the simple modification to the approximation to

include the €80 term is made in the analysis below.



Lo Frequency of Dutch-roll oscillation

The approximation to the frequency corresponding to eqn.(11) of

Ref,3 is

pz(lApv + 18 )

. 2
(1A1C - i )

The correlation of the exact and approximate values of the frequency for
the models considercd above is shown in Fig.9 and cxcept for a few of the
results for the large inertia axis tilt, all approximate values are within
15, of the exact value., This is better than might have bcen expected,

since W

ko2 Damping of Dutch-roll oscillation

With the stability quartic written in the form

D%+ B'D? 4+ C'D° + DD+ B = O

is not so very large for these oonflguratlons, being betwcen
10 and 30 as compared with valucs between 66 and 702 in Ref.3.

Thomas and Neumark5 found that a good approximation to the damping of the

lateral oscillation is given by

Dl

2R =~ B' - T

1 -
5. {ve yV ooy ectﬁg} ) {wnvg rwv o+ C (w‘e eAQn) }
v 1 - e,en w, = ew
(3)
on the assumption that the relative density, Hos is large. If the

assumption is also made that second-order terms in the product of inertia

may be neglected, then eqn.(}) reduces to eqn.(10a) of Ref.3.

In terms of the derivatives and inertias, eqn.(B) may be written as

I
R % -y - i‘kf;L:;j¥g2;+ an + 1E€r}
v (lA(" - il?_)

ity by + 2 O ity )
(1 oo+ ;Ea )

s A s . e T

(32)



Thoma56 has derived a slightly simpler form for aircraft with iC x>iA, and

assuming that iﬁ::--iC sin o, which is

= {@p - (np + 6r - 6v) sin a} A EE ) 22 N EI c
¥y T . 1 sinls 21T L
i, = iy sin

but this approximation has not been checked with exact values*.

When the flight path is inclined to the horizental, additional terms
appear in the coefficients of the stability quartic to those considered in
Ref.3, and a better approximation to the damping is given by adding the term
z Cp, tan y_ to the right hand side of equation (3)(or (3a)).

The comparison between the approximations (with and without the “tan Ye.
term) and the exact value is shown in Figs.10 (a and b) for the models
discussed in sections 3.1 and 3.4, The agreement is again good, and the
critical angle of incidence is given to within *3° for three of the con~
figurations, there being a 2° discrepancy for the model with low inertia in
yaw**,

The variation of the demping with the rotary derivatives is also
satisfactorily given by the approximation (3). Partial differentiation
yields:~-

“ It may be noted that in the analysis of this report the derivative
80 has been assumed to have a negligible effect on the motion, although in the

proposed approximations 6§ may be considered to be combined with er, i.e.

6r is replaced by &r - 6§.

e In these calculations for Bisgood's configurations, the theoretical
value of ¢, has been used, and not the reduced 6r considered in the exact

solution to the stability quartic (section 3.4).
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Some results are shown in Fig,11, where the exact and approximate slopes

have both been drawn through the exact values of the damping at the datum
value of the derivative. These calculations were based on an earlier set
of derivatives and inertias, in which np was taken from tunnel tests on a

model without fin, so that the np variation is unrepresentative ( a fin

mekes n, large in the negative sense). The approximation has been checked
for a more realistic variation of n_.

Typical values of the slopes, evaluated for the model with iA = 01,
0

ig = 1°0, at Cp = 06 are:-
o
JdR 2 R dR oR
o o= =336, Te= = 2039, o= 1025, $=- = <089,
p P r r

and the variation of the slopes with incidence for this model, and for one
of Bisgood‘s7, is shovm in Fig.12. It may be seen that changes in the
derivatives due to rolling, 8p and np, have more than twice the effect of

the same incrementnl change in the derivatives due to yawing, ﬁr and D
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The variation of the damping with the inertias is not so readily given,
and the formulne are too complicated to be useful, even if expressed with the
derivatives and inertias referred to the principal inertia axes (sec
equation 8),

4.3 Critical incidence

As cquation (3) stands, the derivatives, inertia terms and CL are all

dependent on the angle of incidence and so, in order to simplify the
analysis, the exprcssion has been transformed so that the derivatives and
inertias are referred to the principal inertia axes, denoted by subscript 'or.,
iA and iC are now of course independent of a, and equation (3) (plus the

o o

flight path angle term -1; CL tan «(e) becomes

R = -yv+%CL ‘t:anye

£ n n 4 n n i
1 po po Vo I‘o Vo I‘o Ao
+ n ] {ﬂ--.'-"'--='-j-_-“--'*()O‘t(3-'6 3 _(,/ A 1 cot e
v A . 1A C v G v C
o ‘o \ o 0 o o o "o O
(1-+:z==gf— cot e/
v C
o o
nv0 le
+ % Cp, cot e 6— v tan e>] s (8)
v, C, J

where e = - a ~¢, and € is the inclination of the principal inertia axis
to the no-1lift line. The first two terms are small, and of'ten of opposite
sign, and so R is approximately proportional to the expression inside the
curly brackets. If e also assume iA <<:‘LC , 50 that iA /iC tan ¢ is

o) o o o
small, then, approximately

L n n £ n n i

po o} vo r0 vO I‘O A0 1
R« [—-::L—a + co’c(a-:-e)-é T T T T cot(a+e) - & Cp, cot(a+e)} (9)
A C v. C v "C_"C
o 0 c o o ‘o o

£
The dominant tcrms are - -j=_-‘—P‘-9 and -+ C. cot(a+e), which, being of the same

A
o

order but of opposite sign, tend to cancel cach other. Thus, the damping,
R, will be very small if

L

P
JQ—CL cot(a +€) = -s— ., (10)

This is similar to the condition given by Pinskerl* (equation 47) that the
motion is unstable if
£
p
1 C. cosec{a+e)> -7
2L i ¢

0
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However, this simple formula does not adequately define the critical
angle of incidence, since the smaller terms became significant when eqn.(10)
is approximately satisfied, This is illustrated in Figs.13(a and b) where
the functions C, cotla + &)

-

L
f = =4 /i
1 P, AO
fp,
£, = —6p /1A e cot(a + &)
(o} o] CO
n. Ly
f3 = “@p /iA + 223 cot(a + &) - 0 S
(e} o] ICO Evo 1CO
n_ £ n n_ 1
y ?PO ( ) Vo T V) Ty A « )
£ = =4 /i, + =5= cot(@ + &) = == == 4 o= === == COU(Q + E
4 P, A, ig 6v i 8v ic ig
0 o 0 o o o

are plotted against a. R will be very small (of order of neglected terms)
in the regions of the intersections of the functions f1 to f4 with the

% CL cot(a + €) curve, so that these intersections give approximations to

the value of the critical anile of incidence. The exact value is also

marked on the % CL cot(a + €) curve, for comparison.

The relative importance of the smaller terms in equation (9) is seen
to differ for the different inertia distributions considered, Even for
iA small and ic large, the destabilising term, np /iC cot (o + 8), is

o o o o
significant, and
% C. cotla +€) = f

L 2

gives a good approximation for the critical angle of incidence, as shown

in Fig.13a, upper diagram, and Fig.13b, lower diagram. For the larger

i, (= O°25 the term containing n_ i, /iC is larger, and the functions
o o o0 o

f1 to f3, which neglect this term, indicate negative damping in the

incidence range considered (Fig.13b), Inclusion of this stabilising n, term
in f4 leads to a slightly pessimistic value of critical angle of incidence,

15°, compared with the exact value of 17°5°. The function f, has also to
be considered for the configuration with smaller inertia in ?aw, ic = 082,
0

For some of the current proposed designs, the estimated iA is of the
o}
order of 01 with iC greater than 1°0, and so the criterion
o}

£ n
P P
%-CL cot(a +€) = - ?ﬁg + ?&8 cot(a + €) (11)
A C
o o

for critical angle of incidence should be applicable, Unfortunately it is
not possible to express the derivatives due to rolling solely in terms of
planform parameters and incidence, since the sidewash on the fin due to

-13 -
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the rolling wing contributes large moments on the aircraft. It should also
be noted that most experimental results for rotary derivatives are gquoted
with respect to wind-body axes, so that derivatives due to yawing wust also
be known in order to cstimate Ep and np , since

o o

&
[t}

£ 00326 ~(¢_ +n) cosd sind + n sin25
P r " p r (12)

=
i}

2
n c0326 ~(n_=-¢) cosd sind - £ sind
p r p r

where £ , np, 6r and n are neasured with respect to axes inclined at an
P

angle & to the principal inertia axcs (8 positive if principal inerti?
xo—axis is below refercnce x-axis). Thus, for the usual transformation from

wind-body to principal inertia axes, & = a + &, and £ and np are functions
of a and g%, Py o

The derivatives shown in Figs.2 and 7 for Gray's and Bisgood's models
respectively have been transformed to the principal inertia axes with
e = —1°, the results being shown in Fig.14. The variation of the derivatives
with incidence is seen to be similar for both systems of axes, and also for
both configurations, although the magnitudes are slightly different. The
one exception is &r, where {or Bisgood's configuration the slender-body

value was assumed, but for Gray's configurations an attempt was made to
relate the loss in damping-in-yaw found experimentally on a wing-alone model
to a loss in the rolling moment, assuming that both moments are duc to the
normal force alone, so that er x -n tan q. Some preliminary rcsults from

tunncl tests, by Thompson and Owen at the R.A.E. for the combined derivative
6r-€6 for various slender wings do not establish any obviously dcfinite

trends.

In the rcgion of the critical angle of incidence, i.c. above about 17°,
it may be seen that the magnitudes of Y, 6p and n decrease with increasing

incidence, while np increcases negatively, and these trends all contribute to

the loss in damping of the lateral oscillation (sec ec.ge equ.8). The decreasing
6r assumed for Gray's models also acts in this way, as shown by the difference

between the f2 and f3 curves in Fig.lia,ebut the incrcasing valuc of 6r assumed
for Bisgood's models mokes the term Z;Q'EEQ included in f3 a ncarly constant
positive part of the damping (Fig.13b)? Znother point of interest is that in
the calculations for the model with iA = 02, iC = 1.0, where the critical
angle of incidence is lower, the Ep tegm contribu%es an increasing amount to

the lateral d amping as the incidence increases up to the critical value
(f‘1 in Pig.13a, lower diagram) and it is the variation of N np, Cr and n

with incidence which leads to the increased rate of reduction of R to zero.

N

Wind tunnel techniques are now in use which could be used to mcasure
the moments for models oscillating about any body axis.

- -



Although the above discussion demonstrates how the damping decreases
in terms of the variation of the derivatives with incidence, it still
remains to explain why the derivatives vary as they do. It has been shown
that the trends of the derivatives duc to rolling can be predicted theoreti-
cally, using slender-body theory with corrcctions for sidewash effects on
the fin, though a complete analysis accounting for thc asymmetry in the
strength and position of the leading edge vortices would be needed to obtain
results in more exact quantitative agreement with experiment. As has been
mentioned previously, the experimental results for damping-in~yaw indicated
a marked loss in damping as the incidence increases, but no satisfactory
explanation, which could be checked theoretically, has yet becn given.

It should be noted that thc models considered in this report are of
relatively simple design, and modifications to the derivatives due to the
effect, for example, of a body or of wing camber, may alter the dynamics of
the aircraft considerably. The theorctical estimation of such effects is
difficult, especially when the wing is at incidence,and so it is not possible
at present to predict whether any such changes to the designs would be
detrimental or beneficial as regards the damping of the lateral oscillation.

Some general conclusions may be drawn as to the effect of different
inertia distributions.on the same wing-fin configurations., The critical
angle of incidence will obviously be higher if the inertia in roll is

designed to be as small as possible, so that the damping-in-roll term,
'
%

—?ug, becomes more cffcetive, Increasing the inertia in yaw will also
AO n,
decrcase the destabilising effect of the Emg cot(a + &) term, and so the
C

o)

ideal inertia distribution, from the lateral stability point of view, is

to have the majority of the mass along the centre line. It is also
desirable to kecp the prineipal inertia axis as near to the no-lift-line

as possible (the presence of the fin usually prevents € from being positive,
which would be the most advantagcous). If the critical angle of incidence
is rcasonably high, variation of € within a fow degrces would not be signi-
ficant, since the relcvant parameter is (a + €), but it should be remembered
that the damping at lower incidences is decreased if € increases negatively
(e.g. Fig.u). At very low incidences, a + & = 0, and eqn.(8) reduces to

the more familiar approximation,

R ox -y, -r= (43)

(since np , &v and CL are now small),and is again not very dependent on €.
0 o

5 CONCLUSTONS

The critical angle of incidence at which frec-flight models of slender
aireraft are obscrved to become unstable has been shown to correlate with the
incidencc at which the damping of the Dutch-roll oscillation is theoretically
zero, The theory uses the lincarized cquations of motion, with derivatives
estimated from available tunnel data and slender-body theory. Comparisons
have been madc betwcen the experimental results obtained by Gray2 and
Bisgood/, with the theoretical results for various models, on which the
inertias and ineclination of the principal inertia axis have been varied.

- 15 -



The approximations for the frequency.end damping of the Dutch-roll
oscillation proposed by Thomas and Neumarkj, when slightly modified to retain
the product of inertia term,1%,cs in eqns.(2)and (3) ,arefound to give values
in good agreement with the exact results, and the variation of the damping
with the rotary derivatives is also satisfactorily given in terms of inertias
and sideslip derivatives.

A criterion for the critical angle of incidence for aircraft with low
inertia in roll is derived, (eqn.i1), involving the angle of incidence,
lift coefficient, inclination of the principal inertia axis, and the moment
derivatives due to rolling about the longitudinal principal inertia axis,
For aircraft with the moment of inertia in roll of the order of 0°2, or
with inertia in yaw smaller than 1°:0, further terms involving the sideslip
and yawing derivatives are required to give satisfactory agrcement with the
exact result, as in eqn.(9).

These successive approximations for the damping, arce used to demon=
strate how the reduction in magnitude of Yy &P and N, and the increcse in

magnitude of np with increasing incidence all contribute to the loss in

damping of the laterel oscillation. Since the variation of the rotary
derivatives with incidencc is largely dependent on the sidewash on the fin,
no conclusions as to optimum wing/fin planform shapes for high critical
engles of incidence can be given. For guidance in the choice of mass distri-
bution, however, it is easily scen that the damping increasecs as the moment
of inertia in roll decreascs, and as the moment of inertia in yaw increases.
When the inertias arc such that the critical angle of incidence is reasonably
high, it is shown that the inclination of the principal inertia axis has
little effect on the actual value of the criticel angle of incidence, but the
damping at moderate incidences is reduced if the principal inertia axis lies
increasingly below the no-lift line.
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LIST OF SYMBOLS

b span of wing

c, centrc line chord of ving
¢, mHMgmmwt%pﬁ%
Cn yawing moment/%-pVQSb

Cy side:f‘orce/% p VZS

¢, Lif¥Ep Vs

e ~a=-€

N iﬁ/iA
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LIST OF SYMBOLS (Contd.,)

e

c 1p/3

f1,f2,f3,fh functions contributing to damping

i, moment of inertia in roll/hsz
i moment of inertia in yaw/ms2
ig product of inertia/'ms2
J imaginary part of root of stability quartic
b
e, 3,/0 (2 v>
rb
ﬁr aCﬂQ <2€>
v\
¢, 3C,/d <v)
m ' mass of aircraft

pb
np acn/a <2v>

rb\
n_ 26_/3 (5-.\7)

n, aCn/B (%)

P rate of roll

b pt

r rate of yaw

# rt

R negative of real part of root of stability quartic
s semi~-span of wing

S wing area

t E%v s aerodynamic unit of time
v sideslip velocity

4 v/V
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(1}

LIST OF SYMBOLS (Contd,)

v eircraft velocity
1 I
Yy 5 acy/a <V>
a angle of incidence
Ye flight path angle, relative to horizontal
angle between reference axis and principal inertia axis
€ inclination of principal inertia axis to no-lift axis

(pcsitive if principal inertia axis lies above no=-1lift axis)
K1,12 negative of real roots of stability quartic

By m/pSs, relative density
- sy
ve 6p/1A

Y -n /i
n r/ C

s 1

Ver 4%,

- i
vnp np/lC
p density of air

t . .
T ? , aerodynamic time
¢ angle of bank
¥ angle of yaw

- st
“e P'26\1/1A

s 1
o R/
Subsoript ‘o' refers to principal inertia axes system

Dash ' refers to wind-body axes system
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