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SUNMARY 

Theoretical estimates of ths angle of incidence at which the damping 
of the Dutch-roll oscillation of various slender-wing configurations 
becomes zero are derived and shown to agree well with the critical angle of 
incidence, observed experimentally, at which free-flying models undergo a 
sustainea oscillation. 

Some approximations to the freqency and damping of the oscillation are 
compared with the exact values, with satisfactory agreement. A criterion for 
critical angle of incidence is obtained, the complexity of which depends 
mainly on the inertia tistribution of the aircraft. 
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I ’ INTRODUCTION -u-r-u_-. a. 

. 

. z 

One of the factors which has to be considered in the choice of design 
for a supersonic transport aircraft is the lateral stability of slender wings 
at high incidence. Lo+speed tests have shown that at some incidence severe 
lateral oscillations are possible, which set a limit to the landing performance. 
Such oscillations were first noted by &%.nncy and Drake' in 194-8, using Small 
flying models, and it appeared that slender-wing aircraft might become 
uncontrollable at moderate incidence. Gray repeated these experiments and 
found that the results were unduly pessimistic. His further tests2 showed 
that the critical angle of incidence at which the lateral oscillations became 
undamped on a wing t7ith span/length ratio of 3 
distribution) was about 17", 

(;lith representative inertia 
whereas the landing incidence was restricted by 

other considerations to about 15'. 

Gray has subsequently florm various models of differing planform, for 
which it has been possible to measure the moments of inertia, and to estimate 
the aerodynamic derivatives, so that comparisons could be made between 
experimental and theoretical results. These results, described in the present 
report, show that the onset of critical conditions can be adequately predicted 
using the linearized lateral equations of motion. The theoretical angle of 
incidence at which zero damping of the classical Dutch roll oscillation occurs 
correlates well with Gray's "cross-over points", i.e. tho angle of incidence 
at which the oscillation is observed to have zero damping. Similar good agree- 
ment is found between the theory and Bisgood's tests on larger free-flying 
models. 

It may be noted that it is not necessary to invoke marked changes of’ 
w%*odytl,amic characteristics, such as might be associated with vortex breakdown, 
in order to explain the phenomenon of zero damping. The damping-in-yai7, nr, 
is the only derivative showing large variation with incidence, and although the 
loss in damping-in-ya-<t does contribute to the loss in damping of the lateral 
oscillation, it is shown to be by no means the major factor. 

Some approximations for the frequency and dcamping of the Dutch roll 
oscillation have also been considered, With a slight modification to account 
for the present large products of inertia at large incidence (referred to the 
v&d-body system of axes), the approximations given by Thomas and Neumarkg, 
based on an slgobraic iterative solution of the lateral stability quartic, 
arc found to be applicable to slender-v;ing aircraft with rcasonablo accuracy. 
Further approximations are made to the expression for the damping, in order 
to find criteria for the critical angle of incidence. When the inertia in 
roll is small, and inertia in ya.~ large, the criterion is of a simple form, 
and ultimately reduces to that given by Pinskork, but as the inertia in roll 
becomes larger than about O-1, or tho inertia in yaw less than about 1'0, 
additional terms have to bu considered for satisfactory agreement with the 
exact theory, 

These approximations are used as a basis for discussing the relative 
importance of the rotary derivatives on the damping, and to show how their 
variation with incidence causes the damping to be reduced. The influence of 
the inertia distribution is also discussed briefly. 

2 WNS OF KOTION ----a.- *-_I 

The lincarized equations for the lateral motion, referred to thewind- 
body system of axes, ard:- 



(D - yv) ; + ; - 4 CD'P = $ Cy 

-i -tan,{e?+Dq = 0 

- set y .S+W = 0 

where D m -& , 7; being aerodynamic time. 

These equations lead to the v:ell-knovm stability quartic, which 
usually has two real roots (the roll subsidence, ‘and spiral root) and a 
pair of complex roots (Dutch-roll oscillation). If the factors of the 
stability quartic are written as 

p2 c = s- 
ib n 

! 

(1) 

J 

(D .t- X,) (D + h2) (D2 + 2RD I- R2 + J2) , 

then the response of the aircraft to any lateral disturbances such as 
application of aileron, or a side gust, will take the form,(see e.g. Ref.5) 
for the lrimear and anolar vsloci.ties, 

$ = $ +$e 
-A,7 

+Ge 
-1 *T 

+ ($ J7; + G5 sin J'G) e -RC 
12 3 4- 

cos 

6 = $, + G2e 
-?L,T 

+ie 
-h 2T 

+ 6, cos J'G + i5 sin JIG) e -R7 
3 k 

$ = r̂ -bi?e 
-h,T 

+^re 
-X2” 

+ (?? cos JT + r̂ -RT 
12 3 !I- 5 

sinJT)e . 

The constants 01, G2 . . . G, . . . s5, are dependent on the initial conditions 

of the motion, and the applied forces and moments,so that the various terms 
become dominant for different types of disturbyces. As 7; + 00, the aircra?t 
tends to a new equilibrium condition, $ + ir,, p + p,, ;+ F,, if X,, h2 and 

R are positive, but diverges if any one of h,,X2 or R is negative. The 

roll subsidence root, h 1 
say, is usually large and positive, and as its 

name implies, is associated with the rolling motion of the aircraft. The 
spiral root, X2, is found to be small, and can in practice be slightly 

negative without causing intolerable control demands. The oscillation, 
which is the main interest of the present paper, is usually of moderate or 
short period, and may be damped or divergent. Vhen the damping R does fall 
below zero, so that the diverging response attains large amplitudes, non- 
linear terms neglected in the stability analysis become important, end in 
practice an oscillation of limited large amplitude is often observed. For 
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satisfactory handling an aircraft requires a margin of positive damping, and 
the specification in A.P.970 for dsmping to frequency ratio is that the number 
of cycles to half amplitude should be less than I. 

With such a complicated system of equations, it is difficult to interpret 
physically the part each derivative plays in the various modes. Pinsker, in 3 
recent paperb, has disaussed the kinematics of the lateral motion, and has been 
able to illustrate the separate modes showing the orientation of the aircr3ft 
along its flight path, with the principal forces and moments acting on it. 
Another approach is to obtain approximations for the dampings and frequency 3s 

algebrsic expressions involving the derivatives and inertias. Pinskerk and 
Thomas396 have derived formulae which apply to different types of aircraft, 
and these demonstrnte how the importance of a particular derivative may 
change with the configurations; for example, damping-in-roll (4 ) contributes 
little to the damping of the Dutch-roll oscillation for aircr3fa with unswept, 
large-aspect-ratio wings, but is the msjor term in the formula appropriate to 
slender-wing aircrnft. These approximations, and their implications for 
slender-wing aircraft, are discussed more fully in section 4. 

For the comparison of the results from theory s.nd experiment, the roots 
of the st3bility quartics were evaluated exactly, and the results are shown 
3s the variation of the demping expressed as the logarithmic decrement, with 
incidence for each c3se considered. 

3 COKF'ARISON OF THEORETICAL AND EXtXRl?~iNTAL RESULTS ----- \--i- Mm-- bB.-ma 

The free-flying model technique has been used extensively by W.E. Gray, 
in order to assess the angle of incidence at which slender wing aircraft tend 
to become unstable. The models were launched by hand or catzlpult, the trimmed 
angle of incidence being increased until a sustained oscillstion was observed. 
The critical angle of incidence was deduced from photographic records. Vsrious 
series of tests were undertaken, one of the earliest being to investigate the 
effect of span/length ratio, and these experimental results are shown in Fig.?. 
No attempt h3s been made to calculate the corresponding theoretical values, due 
to the lack of aerodynamic data on the narrowest shape. Later tests by Gray 
were carried out in conjunction with the theoretical work, and the experimentsil 
results (as yet unpublished), were put at our disposal. The oomparison with the 
theoretical results is discussed in the following sections 3.1 to 3.3 for 
various models. 
Bisgood's models7 

In section 3.4 the experimenial and theoretic31 results for 
(which are of larger scale than Gray's) are given. 

3.1 Simple model -- -- 

The basic comparison between theory 3nd experiment was for a model con- 
sisting of 3 delta wing with rounded tips, spa-n/length ratio of &, and a 60' 
delta fin of I@ of the wing area. The centre line chord of the model vi39 

13 in. and the wing (which was csrved from plastic fo3m, and weighed only 
0.4 ounce) w3s ball3sted to give the correct weight, about l-2 ounces, for 
dynamic similarity to a full scale aircraft (p 

z- 
= 13*9), and to adjust the 

moments of inertia. The model was flown with wo different mass distributions, 
one to give 

+0 

= 1'0, iA = 0.1 (centre of gravity at 0.51 co) and the 

second to give iC = l*O,OiA = 0*2 (centre of gravity at 0.535 coj. 
0 0 

The variation of the derivatives with incidence as assumed for this 
model is shown in Fig.2, and the sources of information are given in Table 1. 
Experimenta results (3s available at the time of the calculations, early 
in d959) were used for the sideslip and rolling derivatives, although the fin 
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effect on the sideslip derivatives had to be estimated. Subsequent 
experimental results have not shown any aPpreciable changes, and have 
confirmed the value assumed for the damping-in-yaw. Hovrever, the value 
of the rolling moment due to yaw, .3 r' still remains uncertain. 

The theoretical results for the logarithmic decrement, and the 
experimental "cross-over" points found by Gray, are ShOtM in Fig.3. For 
both models, the estimated angle of incidence for zero dcmping is about 
2.5' higher than the experimental value, for the basic calculations with 
the principal axis of inertia inclined at -lo to the root chord, and -tith 
the flight path angle observed in the experiments (tan ye = -0.25). From 
Fig.ja, it is seen that level flight would be slightly more stable. The 
calculations were also repeated for an increased angle of inclination of 
the principal axis of inertia (E = -3”). This made little difference to 
the logarithmic decrement of the model with iA = O*l at high incidence9 

0 
and the angle of incidence for zero damping was hardly affected. For the 
model with i 

*0 

= O-2, the critical angle of incidence is smaller, SO that 

the inclination of the inertia axis has a greater effect, and the theory 
indicated an increase of 4;’ in the critical angle of incidence when the 
inclination of the inertia axis varied from -3’ to +3’. 

3.2 

The design of the H.P.115 research aircraft, with low cockpit, and 
engine installed high at the rear, leads to a greater inclination of the 
principal inertia axis to the no-lift-line than had previously been con- 
sidered, and so a representative model was tested by Gray. These experi- 
ments indicated that in this case there was no appreciable change in the 
critical angle of incidence for a large range of E, and some further 
results have been calculated for comparison. The inertias nere taken as 

iAo = 00065, ic = 0.86, with E = -lo and -5’. The derivatives used were 
'0 

those of Fig.2, since the small effects on the values due to the differences 
in design between the simple model and the.H.P.115 could not be estimated 
accurately. 

Although the theory confirms that the critical angle of incidence is 
approximately the same (see Fig.@), the logarithmic decrement at the lower 
incidences is much smaller for E = -5” than for E = -lo. For an extreme 
value of the inclination 0-f e = -8O, it was found theoretically that the 
Dutch-roll oscillation beccme unstable at low incidcnces also9 and this was 
confirmed qualitatively by experiment, as shown in Fig.Lc(b). The inertias 
evaluated for this model, and used in the calculation, were i 

AO 

= O*l, 

%O 

= 1'2, and the variation of the inclination of the flight path with 

incidence was also taken into consideration. The "dip" in the logarithmic 
decrement curve between a = 0' anda = IO0 is probably exaggerated in 
Figs.4a and b due to the vcJ.ue of 4 

P 
assumed in the calculations,which 

later experimental results showed to be unduly low at the moderate 
incidences. Calculations using these experiments1 values of 4 for the 

P 
wing with E: = -8O, show the order of the change in the logarithmic decre- 
ment between the two sets of values of 4 p (Fig.lcb). 

3.3 Ogee wing model_ 

Gray made and tested a model of a possible aircraft design, the ning 
planform and thickness distribution being that of the uncambered Ogee wing 
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described in Ref.8, with a triangular fin, and found the critical incidence 
to be 20'. The derivatives for the design were estimated early in 1960 
(before tunnel tests on the actu,al model were available) from the sources 
noted in Table 2, and the results are plotted in Fig.5. The Dutch-roll 
oscillation is well damped (Fig.6) up to moderate incidenaes but loses 
damping rapidly as the angle of incidence increases above 15g, with the 
aritical angle of incidence in the region of 22.5'. This is again a few 
degrees higher than experiment indicated. 

3.4 Bis;ood's models -c---s- 

The free-flight models flown by Bisgood7 were delta wings, of aspect 
ratio 1'0, with a triangular fin extending behind the trailing edge of the 
wing. The models mere larger than Cray's, having a root chord of 6 ft and 
weighing about 15 lb. The critical angle of incidence was found for two 
different inertia ratios, with iC /i 

0 *o 
= 14 and 7*5 (referred to in Ref.7 

as the models with pitch/roll inertia ratios of 13 and 7 respectively), 
for a centre of gravity position at O-583 c for both models. The derivatives 
for the conf'iguration were estimated from t&nel tests for a triangular fin 
on a gothic wing, with the assumption that the fin contribution is independent 
of wing planform, so that the relationships used nere:- 

(Delta wing + fin) E (delta c-ring) + (gothic wing + fin) - (gothic wing) . 

Corrections had to be made for the shift of centre of gravity, and er had to 

be estimated from slender-wing theory. Tho calculated derivatives are shown 
in Fig.7. 

The glide path cnglos, taken as tan ye = -CD/CL, with values of the 

lift/drag ratio estimated from tunnel tests, was found to have an appreciable 
effect on the critical incidence: see Fig.8, where the variation of 
logarithmic decrement with incidence for tan mce = -CD/CL and tan *I, = 0 is 

shown. The Dutch-roll oscillation has zero damping at an incidence about 4" 
higher than the experiments indicated for both models. On the basis of some 
preliminary wind tunnel results for .C -e+, which indicated a loss in this 
derivative as incidence increases, anrarbitrary reduction was made in dr, as 

shown by the dotted curve in Pig.7. This large change in Lr at high angles 

of inaidence leads to a correspondingly large reduction in damping of the 
Dutch-roll oscillation, and the critical angle of incidence is found to be 
lo below the experimental value (F.ig.8). 

4 APPROXIMATIONS ---w-a 

Since the exact evaluations of the frequency and damping of the 
Dutch-roll oscillation involvos the solution of a quartic, i.e. is of 
necessity a numerical iterative process, it is desirable to obtain approxi- 
mate algebraic solutions in order to study the effects of individual para- 
meters. The approximations suggested in Ref.3 have been found to give good 
agreement with exact values vfhen p2, the relative density, is large. However, 

in deriving the expressions for R and J, the term eAec was neglected compared' 

with unity; for slender-wing aircraft, the product of inertia becomes large 
at large incidences and's0 the simple modification to the approximation to 
include the ekeC term is made in the analysis belovr. 
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4.1 IF-w -_ _ of Dutch-roll oscillation _ .-2, 

The approximation to the frequency corresponding to eqn.(ll) of 
Ref.3 is 

The correlation of the exact and approximate vslues of the frequency for 
the models considered above is shown in Fig.9 and except for a fen of the 
results for the large inertia axis tilt, all approximate values are within 
25,~ of the exact value. This is bcttcr than might have boen expected, . is not 
::",:d'$O, a 

so very large for these configurations, being between 
s compared with values between 66 and 702 in Ref.3. 

4.2 aA.$af Dutch-roll oscillation z- -I-Y-mL-.-Ya m a ---I) 1.2 

Xith the stability qusrtic written in the form 

Thomas and Weumark 3 

lateral oscillation 

D4 -b B'D' + CID2 + D'D + E' = 0 . 

found that a good approximation to the damping of the 
is given by 

V n + 'AVn 

-1 c 

+ 3 CL(w - eAwn) 
= Yv+ 

t 

E- eCVLr _ xe +wP,'np 
I - @AeC co n - ecweJ 1 

(3) 

on the assumption that the relative density, p2, is large. If the 

n8sumption is also made that second-order terms in the product of inertia 
may be neglec-tod, then eqn,(3) reduces to eqn.(lOa) of Ref.3. 

In terms of the derivatives and inortias, eqn.(3) may be written as 

2R x -yv - 
I yp + iin, + i$ip + ii&,] 
- w.. -,---.. - a_ -<--a- MI --= 

( -jkib - ii2 > 

(34 
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Thomas6 has derived a slightly simpler form for aircraft with iC >; iA, and 
assuming that ii=-i, sin a, which is 

14 -(n +4 
2R x syv - -&..- 

r 

iA - iC 

but this approximation has not been checked with exact values*. 

When the flight path is inclined to the horizontal, additional terms 
appear in the coefficients of the stability quartic to those considered in 
Ref.3, and a better approximation to the damping is given by adding the term 
+ CI, tan ye to the right hand side of equation (3)(or (38)). 

The comparison between the approximations (with and without the 'tan ye' 
term) and the exact value is shown in Figs.10 (a and b) for the models 
discussed in sections 3.1 and 3.4. The agreement is again good, and the 
critical angle of incidence is given to within $-" for three of the con- 
figurations, there being a 2O 
yaw**. 

discrepancy for the model with low inertia in 

The variation of the damping with the leotary derivatives is dS0 

satisfactorily given by the approxrim~tion (3). Partial differentiation 
yields:- 

. 

3 It may be noted that in the <analysis of this report the derivative 
4; has been assumed to have a negligible effect on the motion, although in the 

proposed approximations 4; may be considered to be combined with Cr, i.e. 

Cr is replaced by Cr - C+. 

* GC In these calculations for Bisgood's configurations, the theoretical 
value of Cr has been used, and not the reduced er considered in the exact 

solution to the stability quartic (section 3.4). 
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i:Qv + i$nv 
= -T-- lAnv + i'& -3 Ev 

= - 
3 

aR e c ii 

aLr N, - =yqfi---- = - --- 
- eAeC) 2(i;li& L - ii2) 

(4) 

(5) 

(6) 

(7) 

Some results are shown in Fig.11, where the exact and approximate slopes 
have both been drawn through the exact values of the dcmping at the datum 
value of the derivative, These calculations were based on an earlier set 
of derivatives and inertias, in which n was taken from tunnel tests on a 

P 
model without fin, so that the np variation is unrepresentative ( a fin 

makes np large in the negative sense). The approximation has been checked 
for a more realistic variation of nP. 

Typical values of the slopes, evaluated for the model r;iith iA = 0'1, 
0 

iCo = 1-0, at CL = O-6 are:- 

dR 
xiT= -3.36, ;; I,*= m = 2.39, $$f-- = 1'25, -g$= = -0-89, 

P P r 1: 

and the variation of the slopes with incidence for this model, and for one 
of Bisgood's7, is shown in Fig.12. It may be seen that changes in the 
derivatives due to rolling, Lp and n , have more than twice the effect of 

P 
the same incremental change in the derivatives due to yawing, er and nr. 
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The variation of the damping with the inertias is not so roa;lily given, 
and the formtie are too complicated to be useful, even if expressed vrith the 
derivatives and inertiss referred to the principal inertia axes (see 
equation 8). 

4.3 ms.ImJ-__C_-B Critical incidence 

As equation (3) stands, the derivatives, inertia terms and CL are all 

dependent on the angle of incidence and so, in order to simplify the 
analysis, the expression has been transformed so that the derivatives and 
inertias em referred to the principal inertia axes, denoted by subscript '0'. 

iA and i 
cO 

are norr of 'course independent of a, and equation (3) (plus the 
0 

flight path angle term & CL tan ye) becomes 

2R z -y, + $7 CL tan ye 

e n 

c 

v 'r "v nr 
1 PO npo + --I- --s-- 

n 

( 

V iA '\ iA, iCo 
cot e - - s- - -*- -*- 

Lvo i cl 

0 iAo - cot e 

l+~-E!-~$cotej 
v n b / 

0 0 

o %I =co ice 

i-&CL cot e 03) 

where e = - a - 
to the no-lift 
sign, and so R 

E, and 8 is the inclination of the principal inertia axis 
line. The first two terms are small, and often of opposite 
is approximately proportional to the expression inside the 

curly brackets. If ire also assume i 
AO 

<<i 
cO’ 

so that iA /i 
0 co 

tan 0 is 

small, then, approximately 

e n 4 

c 

PO npo 
n n v r iA 

RQc - 7 + -.-m 

=A0 
iCo 

co-+&) - 72 ";To -2 cot(a+s) -6 CL cot(a+s) (9) 
V 

o lco + TV: Tif ice 3 

e 
The dominant terms are - 22 and -3 C, cot(a+s), which, being of the sme 

order but of opposite 
R, will be very small 

“A0 

JJ 

sign, tend to cancel each other. Thus, the damping, 
if 

4 
PO gCLcot(a+&) = -- . 

iAo 
(10) 

This is similar to the condition given by Pinsker' (equation 47) that the 
motion is unstable if 

e 

PO 
6 CL cosec(u+ e)> -- 

iAo 
l 
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IIov{ever, this simple formula does not adequately define the critical 
angle of incidence, since the smaller terms became significant when eqn.(lO) 
is approximately satisfied. This is illustrated in Pigs.l3(a and b) where 
the functions -$ CL cot(cL f &) 

f, = -ep /i 
0 *o 

= &p/i 
0 *o 

+A cot(a + E) 
=c 0 

'3 = o A,+-.=$- cot(a+s) -dp /i npo 
0 

f4. = o A0 -dp /i 

are plotted against a. B mill be very small (of order of neglected terms) 
in the regions of the intersections of the functions f , to f4 with the 

+ CL cot(a + s) curve, so that these intersections give approtimations to 

the value of the critical an le of incidence. The exact value is also 
marked on the 4 CL cot(a + E 'j curve, for comparison. 

The relative importance of the smaller terms in equation (9) is seen 
to differ for the different inertia distributions considered. Even for 

iAo smallandi c large, the destabilising term, n po/ic cot (c + s), is 
0 0 

significant, and 

+Cpot(cL+&) = f2 

gives a good approximation for the critical angle of incidence, as shown 
in Fig.-l3a upper diagram, and Fig.ljb, lower diagram. For the larger 
iA (= 0*21 the term containing nr iA /ic is larger, ani! the functions 

f,Oto f 
00 0 

, vJhich neglect this term, indicate negative damping in the 

incidonze range considered (Fig.l3b). Inclusion of this stabilising nr term 

in f 4 leads to a slightly pessimistic value of critical angle of incidence, 

15*, compared with the exact value of 17-5'. The function f has also to 
be considered for the configuration with smaller inertia in s aw, ic = 0.82. 

0 

For some of the current proposed designs, the estimated iA is of t&e 3 

0 

order of O-1 with ic greater than 1'0, and so the criterion 
0 

e 
&CL cot(a +.s) = -7% 

"P 
+ -4 cot(u + E) 

=A0 iCo 

. 

(11) 

for critical angle of incidence should be applicable. Unfortunately it is 
not possible to express the derivatives due to rolling solely in terms of 
planform parameters and incidence, since the sidewash on the fin due to 
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. 

the rolling wing contributes lerge moments on the aircraft. It should also 
be noted that most experimental results for rotary derivatives are quoted 
with respect to wind-body n::es, so that derivatives due to yawing .;L1St al30 
be known in order to estimate 8 and n 

PO PO 

, since 

e 
PO 

= ep COB26 - (Er + np) co3 6 sin S + n sin26 r 
1 (42) 

nPo = nP 
COS*& - (n - .Cp) cos 6 sin 6 - &r sin26 ~ I r 

where e , n , 
P p 

Cr and nr are measured with respect to axes inclined at an 

angle 6 to the principal inertia axes (6 positive if principal inertia 
x0-&s is below reference x-axis). Thus, for the usual transformation from 

wind-body to principal inertia axes, 6 = c, + 3, and 8 and n are functions 
of a and a*. PO PO 

The derivatives show-n in Pigs.2 and 7 for Gray's and Bisgood's models 
respectively have been transformed to the principal inertia axes with 
& = 'IO, the results being shown in Fig.14. The variation of the derivatives 
vrith incidence is seen to be similar for both systems of axes, and also for 
both configurations, although the magnitudes are slightly diffcrcnt. The 
one exception is 4 r, where for Bisgood's configuration the slcndcr-body 

value was assumed, but for Gray's configurations an attempt was made to 
relate the loss in damping-in-yaw found experimentally on a ring-alone model 
to a loss in the rolling moment, assuming that both moments are due to the 
normal force alone, so that 4 z -n tan a. Some preliminary results from 

tunnel tests, by Thompson andrOwen zt the R.A.E.,for the combined derivative 
er-4?+ for various slcndcr wings do not establish any obviously definite 
trends. 

In the region of the critical angle of incidence, i.e. above about 17', 
it may be seen that the magnitudes of yv, Cp and nr decrease with increasing 

incidence, nhilc np increases negatively, and these trends all contribute to 

the loss in damping of the lateral oscillation (see e.g. equ.8). The decreasing 
er assumed for Gray's models also acts in this way, as shown by the difference 

botvlccn the f2 and f3 curves in Fig.lja, but the increasing valuo of er assumed 

%o era for Bisgood's models mckos the term - - 
e ic, 

included in f 
3 

a nearly constant 
VO 

positive part of the damping (Fig.ljb). Another point of interest is that in 
the calculations for the model with iA = 0.2, iC = I-0, where the critical 

0 0 
angle of incidence is lo;rer, tho JP term contributes an increasing amount to 

l;lle lateral damping as the incidence increases up to the critical value 
(f, in Fig.l3a, lower diagram) and it is the variation of yv, n 

P 
, Cr and nr 

with incidence which leads to the increased rate of reduction of R to zero. 
--.----. ---_-- - _______ - - --_- -- ---- - ____. ~-_- _ .-.- . _.-.- .I___--___--.--_---- ---....--.-e---c-- 
* Wind tunnel techniques are now in use which could bc used to measure 
the moments for models oscillating about any body ais. 
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Although the above discussion demonstrates how the damping decreases 
in terms of the variation of the derivatives with incidence, it still 
remains to explain nhy the derivatives vary as they do. It has been shown6 
that the trends of the derivatives due to rolling can be predicted theoreti- 
cally, using slender-body theory with corrections for sidewash effects on 
the fin, though a complete analysis accounting for tho asymmetry in the 
strength and position of the leading edge vortices would be needed to obtain 
results in more exact qu=antitative agreement with experiment. As has been 
mentioned previously, the experimental results for damping-in-yaw indicated 
a marked loss in damping as the incidence increases, but no satisfactory 
explanation, which could be checked theoretically, has yet been given. 

It should be noted tnat the models considered in this report are Of' 
relatively simple design, and modifications to the derivatives due to the 
effect, for example, of a body or of wing camber, may alter the dynamics of 
the aircraft considerably. The theoretical estimation of such effects is 
difficult, especially nhcn the Lying is at incidence,and soitis not possible 
at present to predict whether any such changes to the designs would bc 
detrimental or beneficial as regards the damping of the lateral oscillation. 

Some general conclusions may be drarin as to the effect of different 
inertia distributions.on the same wing-fin configurations. The critical 
angle of incidcncc nil1 obviously be higher if the inertia in roll is 
designed to be as small as possible, so that the damping-in-roll term, 
"3 

P 
--$,becomes more effective, 

lAO 

Increasing the inertia in yaw will dS0 

"P 
decrcasc the destabilising effect of the -FA cot(a + E) term, and so the 

lcO 

ideal inertia distribution, from the lateral stability point of view, is 
to have the majority of the mass along the centre line. It is d-SO 

desirable to keep the principal inertia axis as near to the no-lift-line 
as possible (the presence of the fin usually prevents E from being positive, 
which would be the most advantageous). If the critical angle of incidence 
is reasonably high, variation of E within a fen degross would not be signi- 
ficant, since the relevant parameter is (u + E), but it should be remembered 
that the damping at lower incidences is decreased if E increases negatively 
(e.g. Fig.4). At very low incidences, a + E :: 0, and eqn.(8) reduces to 
the more familiar approximation, 

( since n p , dv and CL are now small),and is again not very dependent on E. 
0 0 

i 

5 CONCLUSIONS _e _csw- 

The critical angle of incidence at which fret-flight models of slender 
aircraft are observed to become unstable has been shown to correlate with the 
incidence at nhich the damping of the Dutch-roll oscillation is theoretically 
zero. The theory uses the lincarized equations of motion, with derivatives 
estimated from available tunnel data and slender-body theory. Comparisons 
have been made between the experimental results obtained by Gray2 and 
Bisgood-/, with the theoretical results for various models, on which the 
inertias and inclination of the principal inertia axis have been varied. 

. 
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The approximations for the frequcncy,and damping of the Dutch-roll 
oscillation proposed by Thomas and Neumark3, when slightly modified to retain 
the product of inertia term,ig,cs in eqns,(2),a,nd(3),arefound to give Values 
ia good agreement with the exact results, and the variation of the dapfng 
nith the rotary derivatives is also satisfactorily given in term3 of inertias 
and sideslip derivatives. 

A criterion for the critical angle of incidence for aircraft with 1011 
inertia in roll is derived, (oqnll), involving the angle of incidence, 
lift coefficient, inclination of the principal inertia axis, and the moment 
derivative3 due to rolling about the longitudinal principal inertia axi3. 
For aircraft with the moment of inertia in roll of tho order of 0'2, or 
with inertia in yaw smaller than 1'0, further term3 involving the sidcslip 
and yawing derivatives are required to give satisfactory agreement with the 
exact result, as in eqn.(y). * 

These successive approximations for the damping, are used to demon- 
strate how the reduction in magnitude of y,, dp and nr, and the increase in 

magnitude of n 
P 

with increasing incidence all contribute to the loss in 

damping of the lateral oscillation. Since the variation of the rotary 
derivatives with incidence is largely dependent on the sidemash on the fin, 
no conclusions as to optimum wing/fin planform shapes for high critical 
angles of incidence can be given. For guidance in the choice of mass distri- 
bution, however, it is easily seen that the damping increases as the moment 
of inertia in roll decreases, and a3 the moment of inertia in yaw increases. 
When the inertia3 arc such that the critical angle of incidence is reasonably 
high, it is shown that the inclination of the principal inertia axis has 
little effect on the actual value of the critical angle of incidence, but the 
damping at modcratc incidenccs is reduced if the principal inertia axis lies 
increasingly below the no-lift lino. 

The author Fishes to thank Mr. '2.X. Gray for allotsing 
result3 to be quoted, and to acknowledge the guidance given 

hi3 experimental 
bY 

&. H.H.E.M. Thomas throughout the work. Miss F.M. Yard and Mrs.G.Holyer 
helped with the computations. 
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C 
0 

55 

'n 
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Y 

% 

c 

"A 

LIST OF SYMBOLS -,- 

span of wing 

centre line chord of :-;ing 

rolling moment/& pV2Sb 

yawing moment/$ pV2Sb 

3ideforc&pV2S 

lifi/& p V2S 

-CL-E 

i' d ii 
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LIST OF Si?!Q3OLS CContd.1 

f',,f'2,f3,fk functions contributing to damping 

% moment of inertia in roll/ms2 

iC moment of inertia in yaw/ms* 

iE product of inertia/ms2 

J imaginary part of root of stability quartic 

ace/a $ 
0 

m mass of aircraft 

"P 

n r 

n 
V 

v 

$ 

acI!a 2V 0 
22 

acn/a $$ 
0 

acn/a f$ 
0 

rate of roll 

P% 

rate of yaw 

2-Z 

negative of real part of root of stability quartic 

semi-span of wing 

wing area 

aerodynamic unit of time 

sideslip velocity 
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LIST OE' SYMBOLS (Contd.) 

V 

a 

ye 

6 

E 

V2 

CI:! 

% 

V n 

k- 

V 
w 

P 

7 

cp 

$ 

"e 

w n 

aircraft velocity 

angle of incidence 

flight path angle, relative to horizontal 

angle between reference axis and principal inertia axis 

inclination of principal inertia axis to no-lift axis 
(pcsitive if principal inertia axis lies above no-lift axis) 

negative of real roots of stability quartic 

m/p%, relative density 

-4 d i;l 

-n J ii 

' A 1/ i' 

-n /i' 
P C 

density of air 

t 
7 2 aerodynamic time 

angle of bank 

angle of yaw 

Subsolsi.pt '0' refers to principal inertia axes system 

Dash ' refers to wind-body axes system 

.I 8 



LIST OF REFERENCES 

No, 

I 

2 

3 

4 Pinsker, W.J.G. 

5 Neumark, S. 

6 Thomas, H.H.B.M. 

7 

8 

Author(s1 

MoKinney, M.O. 
Drake, H.M. 

Gray, V.E. Unpublished M.,q.A. Report 

Thomas, H.H.B.M. 
Neumark, S. 

Interim note on stability and response 
oharaoteristios of supersonio aircraft (linear 
fJ-=d 

Bisgood, P.L. 

Taylor, C.R. 

Flight oharaoteristios at low speed of ddta-wing 
aircraft. 
NACA TIB 1537 194.8 

R.A.E. T.N. Aero 2412 ARC 18263 4955 . 

The lateral motion of fzd.roraft, and in particular 
of inertially slender oo~igurations. 
ARC R & M 3334 September 1961 

4 
Operational formulae for response oaloulations. 
ARC R&M3075 June 1956 

Estimation of stability derivatives (State of the 
art) 
AGARD Report 339 AI% C.Y.664 August 1961 

Low-speed investigations using free-flight models. 
R.A.E. T.N. Aero 2713. ARC 22459 4960 

Measurements, at Maoh numbers up to 2'8, of the 
longitudinal oharaoteristios of one plane and 
three cambered slender "ogee" wings. 
R.A.E. Rep. Aero 2658. iiXC 23776 1961 

- 19 - 



i 

Y 

. 

- 20 ” 



. 

- 21 - 



25’ 

zoo 

‘CRlT 

ISO 

IO0 

5O 

3o” - 

I -I 

I 
I 

I - 

i 

I 
I 

0 0'1 0.2 o-3 0.4 O-5 0.6 o-7 
SPAN/LENGTH RATIO 

3 



“P 
er 
e” 

QP 

Yv 

-0*2 

nr 
-0.3 

rh er 

+c, 

‘“V 

r 

FIG. 2. DERIVATIVES FOR GRAY’S SIMPLE 

MODELS (REFERRED TO ORIGIN AT o-593 Co) 



2m 
J 0.6 

c 

C 

l 

(bS ic,= I-0 , iQ= 0-2 ) Aim .)@ =-o-25 
C.G. AT 0.535 C, 

ic,= I-0 ) iA,= 0.i ) 
C.C. AT 0.51 co 

c =-I0 

@-I” \ \ 

\ \ 

c=-3O -~ 
\\, 

\* 

IO \ 
I 

GRAY’s/ 
,d ‘\\ ’ 

\ \ 2o 
\ 

EXPfRIMENT 
\ 

\ 

FIG. 3. VARIATION OF LOG DEC. WITH 
INCIDENCE FOR GRAY’S SIMPLE MODELS 



2TQ 
J 

5 
.- 
15 

-. 
20 do 25 

(a) iA,’ 0.0% , iCo= 0.80, 

THEORETICAL RESULTS FOR E= -lo AND - 5” 

I 
‘k 

I k A a I I 

I- 

(b) i,= 0-I 
0 

ic,- I-21 

THEORETICAL AND EXPERIMENTAL RESULTS 

FOR t=- B” 

i 

FIG.4. EFFECT OF INCLINATION OF INERTIA AXIS 



yv 
-0.2 

nr 

5 FIG. 5. DERIVATIVES FOR OGEE WING 
DESIGN (WING 15 0F REF 8, WITH TRIANGULAR FIN) 

2nR 

J 

I.0 

O*S 

GRAY’S 

FIG. 6. LOG DEC OF OGEE WING DESIGN. 



o-3 

o-2 

0-I 

0 

-0.1 

-0*2 

-0.3 

-094 

$L /’ \ \ 
C,(REDUCEi 

nr 

/ 

n-r I’ 

4 6’ - 

t ~ ,4tl’z” 
-3’ -----@‘--- 

. I 

d 2’- 

FIG. 7 DERIVATIVES FOR BISGOOD’S MODELS 

(REF. 7) 



O-2 

0 

- o-2 

o-2 

0 

- o-2 

WITH REDUCED h,’ 
/ \ 

\ 
\ 

BIS~OOD’S 
EXPERIMENT\ 

I 
5 IO 

\V 
I5 \ 

. 
20 cd 

\\ 
\ 

\ 
\ 

\ 
\ 
\ 

0 a iAo= O-II , ice = O-82, E = - I4 

(INERTIA RATIO 7 IN FEF.7 J 

t3lSCjOOD’S \ 
j-- EXPERIMENT 

h IO 15 \“20 2 
\ 
\ 

\ 

(INERTIA RATIO 13 IN REF. 7) 

FIG.8. VARIATION OF LOG DECWITH INCIDENCE 

FOR B&GOOD’S FREE FLIGHT MODELS 



J APPROI 

SYMBOLS 

x 0.1 I.0 -I0 
a o-2 l-0 -I0 
A 0-I l-2 -6O 
El 0*065 O-80 -lo 
d 0.065 O-80 -5’ 
0 O-II O-82 -lo 
w o-10 I-41 -I0 

3 
4 ‘EXACT ’ 

‘ 

FIG. 9. CORRELATION OF EXACT AND 

APPROXIMATE VALUES OF FREQUENCY (EQUATION 2) 



0.4 

R 

0*3 

0,. 2 

0-I 

0 

, EXACT VALUE 

5 10 IS 20 do 

APPROX-lMA?‘[ON WlTHOlJt& - - -/y 

:$i[&[@~~~;m@&Rf~QM OF EXACT VALUE OF 

&liPiNG WITH APPROXIMATION (EQUATION 3) 

@RAYS CONFIGURATIONS3 



. 

2-o 

0 5 IO 15 20 aL’ 

(a> 
ice e I-0 , &RAY’S CONFIGURATION) 

i 

0 

(b) 
5 IO 20 0 

iA, =O*II, i c,= 0 - t3:“, (BISQOOD’S tO:FlqUqAT,oN) ’ 

FIG.1 2. APPROXIMATE VALUES OF VARIATION 

OF DAMPING WITH ROTARY DERIVATIVES 



5 IO I5 20 04’ 

I-5 - 

CRITICAL 

0.5 . 

4 

c, 
I 

iA =0-a, ic 
0 

= I-0, & :-I0 

S IO I5 20 CA0 

6 = - ePo/iAo 

fz = f, + np, COt(d+&)/iCo 

f3 = f2 - nvo Go/ b, ic 
f+= fat,, 

0 
nt, iA o COto(d+E)/~va ic,’ 

FIG. 13. COMPARISON OF CRITERIA FOR 

DETERMINATION OF CRITICAL ANGLE OF INCIDENCE 

+C, cot (d+@ =f, TO f, 

(GRAY’S CONFIGURATIONS) 



j- 

-7 
I- 

i - 

L 

-w--,“-- -- 

rr 
---- -- f2 /- -- _ 

#& cot (Ott&) -- 

I 

I I I 
5 IO 15 

f, = - b&Ao 

f2 = f, + npO cot(d+ &)/iC, 

fl -‘--- - - 
f4 --a\ 

----. 
-- 

----- 

-- 
Be-- _ 

&cot(dt&) +fi-- L 

f; O,.Y’----- 
/ 1 -CRITICAL 

/ 
f2 

INCIDENCE 
(R = 0) 

iA =O*ll, iCO =O-82, &=-lo 
I I 

5 IO IS 
-- 
zo otv 25 

m I I I t\ -4 -- ---- 
64 ?r I- -- ----_ ft _-__---- --7’ 

1 CRITICAL 

I 
20 do 25 

, 

c 

c 

. 

FIG. 13. COMPARISON OF CRITERIA FOR 

DETERMINATION OF CRITICAL ANGLE OF INCIDENCE 

+C, cot (d+&) =f, TO f, 

(BisG000’s coNFlGuR~TloNs) 



0*3 

0.2 

0.1 

0 

-0-I 

-o*a 

-0.3 

-0-4 

GRAY’S MODELS 
m-- C.G. AT O*S I co 
-----em C.G. At’ O-535 co 

BISGOOO'S MODELS 

0 0 ROLLING MOMENTS AND SIDE FORCE. 

FIG. 14. DERIVATIVES REFERRED TO 

PRINCIPAL INERTIA AXES (E = -lo) 



-O*l 

-0-3 

-0-q 

FIG. 14. 

f 
QUAY’S MODELS 1 

---- C.4. AT O-5& 

/ 

1 ---------- C.G. AT&53SCo. 
0lS~OOb’S MODEL5 

0 YAWING MOMENTS 

DERIVATIVES REFERRED TO 

PRINCIPAL INERTIA AXES (ii =-I’) 
Printed Cn England f&r Eer Majesty13 Stationery Office by the 
Royal Ahraft Establishment, Farnborough. Dd.125875. K.Y. 



,  Y 

ARC: S.P. No.Sh5 533.693.3: 
533.6.013.413: 
533.6.013.42: 

533.693.3 
533.6.013.413: 
533.6.013.42: 

THE LATERAL OSCILLATION OF SLENDER AIRCRAFT. THE LATERAL OSCILLATION OF SLENDER AIRCRAFT. 
Ross, A.J. June 1962. Ross, A.J. June 1962. 

Theoretical estfmates of the angle of Incidence at which the damping Theoretical estimates of the angle of incidence at which the damping 
of the Dutch-roll osclllatIon Of various slender-wing conf1gurntfons becomes 
zero are derived and shown to agree well with the CrItIcal angle of 
incidence, observed experlmentally, at which free-flying models undergo a 
sustained oscillation. 

of the Dutch-roll oscillation of various slender-wing configuratIGns becomes 
zero are derived and shown to agree well with the critical angle of 
incidence, observed experimentally, at which free-flying models undergo a 
sustained osclllatlon. 

Some approximations to the frequency and dmnping of the OscIllatIon 
are compared with the exact values, with satisfactory agreement. A criterion 
for crItIcal angle of Sncfdence 1s obtained, the complexity of which depends 
mainly on the Inertia dlstrlbutlon of the aircraft. 

Some approximations tG the frequency and damping Of the OSCillatiGn 
are compared with the exact values, with satisfactory agreement. A criterion 
for critical angle of Incidence Is obtained, the complexity of whl ch depends 
mainly on the inertia distribution of the aircraft. 

UNCLASSIFIED UNCLASSIFIED 

UNCLASSIFIED 
AK C.P. No.845 

533.693.3: 
533.6.013.413: 
533.6.013.42: 

THE LATERAL OSCILLATION OF SLENDER AIRCRAFT. 
Ross, A.J. June 1962. 

Theoretical estimates of the angle of Incidence at which the damping 
of the Dutch-rGl1 oscillation of various slenderwing configurations becomes 
zero are derived and shown to agree well with the critical angle 2X 
Incfdence, observed experimentally, at which free-flying models undergo a 

Some approximations tG the frequency and damping Of the GscIllatIGn 
are compared with the exact values, with satisfactory agreement. A criterion 
for critlcal angle Of incidence is obtained, the complexity Gf which depends 
mainly on the Inertia distribution of the aircraft. 







C.P. No. 845 

@ Crown Copyright 1966 

Published by 
HER MAJESTY’S STATIONERY OFFICE 

To be purchased from 
49 High Holborn, London w.c.1 
423 Oxford Street, London w.1 
13~ Castle Street, Edinburgh 2 

109 St. Mary Street. Cardiff 
Brazennose Street, Manchester 2 

50 Fairfax Street, Bristol 1 
35 Smallbrook, Ringway, Birmingham 5 

80 Chichester Street, Belfast 1 
or through any bookseller 

C.P. No. 845 

S.O. CODE No. 23-9016-45 


