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Summary

Centre linee may be designed from a knowledge of the
quentity g, introduced in Part 112, eqn,(54). 4g; may be loosely

said to give the approximate chordwise distribution of the normal
force coefficient (p£~— pu)/tépua)(but loadings should, in fact,

be calculated by Approximation III).

In terms of &> the centre line ordinete Yo is given

- by
yc ) M \nl Gi(ﬁ) - §G1(1) d€ -lﬁl{x in x + (1_5{) £n (1_'3)},*
R E(=E)(E) '

where the principal value of the integral is to be taken,

X
G;(x) = S gy dx,

0
and
2 .
7
With
A 1 Gi(é)'- &G, (1)
c = =
" 51— &) ’
o}
dy 1 g:(&)
—& —h = —-§ — ag,
dx n 2 g —x

where again the principal va;ue of the integral is to be taken,

Also
(7,1 ¢
' art ez = A - i o dx
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(sx — 1) g;(x) &z,

p = %-Al ~ Ao,
. f 1
e (0) = 2lG,(x) ——A;6| cosec 8 —~ A,,
¢ | i .
éc(o) = """%'A:L — Aoy

sé(e) = g — {4y + ec) cot ® — % A, cosec 6.

It is shown now explicit formules may be easily bullt up when 84
is & polynomial im = 1n each of any number of segments of the
cherd. Explicit formulée zre set out for the following ceses

(with occesional remerks on their use and suggestions for experi—
ment): g. quadratic in each of three segments, or in each of

two segmeﬁts, or over the whole chordy g, 1linesr in each of three
segmnents (Figs, 1, 2, 3, 4) OT 1n each 5f two segments (Fig. 5)
or over the wnole chord (Fig. 6); g; constant over the whole

chord (Fig, 7); g; oonstant for o0 ¢ x { X and decreasing
linearly to zero for X < x < 1 (Fig. 8): g; constant for
5 < £ < X end parabolic for X ¢ x< 1, with g;(1) = gi(1) =

&Fig. 10;; g; dicoontinuous and constant in each of two segments
Fig, 11),.
It is shown how, when the gravh of g5 against x 1is
composed of straight lines, the solution may always be built up
from certain 'basic® golutions, of whach the mest important ere

those of Figs, 7 and 8, &nd, when g; 1is discontinuous, of Iig. 14.

We have occasion 1o mention n few trite and obvious
principleg underlying the choice of a particular design of centire

lire in connection with Figs, 8 and 10 and (for 'suction' nerofoils)

Fig, 41.

Extensive tables are given for the centre lines designe=d
according to Figs, 7 and 8,
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1. Introduction

Tn Part. ITT®> we remarked that-if we know Approximation T
to the velocity ¢ on both the upper and lower surfaces of en -
aerofoil in a uniform unlim:ited stream U, +then we know"™ g, end
&. T &y, separately, and that we can design the fairing fromTo

knowledge of g and the centre line from a knowledge of &, + &r,3

the ability to design the zerofoil shape from Approximation I to the
velocity ie sufficient for many purposes, In Part III we also
considered briefly the problem of obtaining values of g, and

8. T &, when the exact pressure or velocity distrabution is specified,
ofid we-then considered in detnil the design of the fairing from a
knowledge of g,. In this report we shall be concerned with the
design of the cantre line; this design 18 actually worked out from

n knowledge of the guantity g; introduced in Part II, ean. (54),

and releted 1o &, T g, by the equation

B N /.
g, t &, = &5 * + Cy, CLopt) cot %6

2 a, 27
9 i3 1
-y - - OL ‘b&n%@, ’ -(1)
2 \a om
0
where 7
and e (2)
x = %(1—cos 8) = ein? 367,

p—y

It is therefore ndvisnble to considor, by way of preface, the
detormination of g,. Since the pressure distribution is specified,

C
T Lopt c
edge is n stognation point when n_ = 21 (more nccurately 2me ),

o
and/

is knowni we require also C and a,. A rounded treiling

*We use the same notntion as in Parts I, II and III.2s3°

Hiore generally, if the (GIHM) curve is not n straight line, we
replace (CL _'cLopt)/ho in (1) by « ~ 0o pt? and cﬁ/ao by
o« + B, where OLopt and Mopt are to be found as the coordinmtes
of the point on the (CL' ®) curve where

A, being the coefficient of cos 8 in the cosine Fourier series
for dy./dx (as a function of ©) in the range 0 < 6 < m,
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and the leading edge is a stagnetion point when CII = CLopt
epproximately. When the trailing and leeding edges are not
stagnation points the values of the velocity at thoss points determine

a, end CLopt® (We must suppcse either thet a, is svecified, or

that we are given the correct theoretical pressure for the relevant

8, rigat up Yo, and including, the trailing edge.) If G, ia

small we may consider the given velocity distribution as =
Approximation II; for large values of CIj 1t is necessary, and

in any cese it is more accurate, to use Approxaimation III. (Part II,
eqn, (67)). The velocities at the leading end trailing edges arve
brizfiy considered in Appendixz I, where 1t is shown that they way
be expresaed in terms of C1r Bgr 8, and OLopt' 80 an estimnte

of Approximation I carriee with it knowledge not only of g, aond of

g, + g, but elso of n, and Cp,.,, ond therefore of g;.
It should be noted that the finnl value of g; must be

free from singularities at the leading nnd trailing edges. In fact

09 3
g. = % A_ 8s1n nd
i neq B
where & v (3)
dyc 63
-_— = I An cos nd,
dx n=0 B

so g, 1is zero at the lemding and trailing edges if dyc/dx is
free from singuloritics,

On the linear theory the non—-dimensional noramnl force
digtribution is given by

P, = D o Q,\%
ST (e | R A 4(g, + &)y ... (4)
*pU? U U 4

whnere the suffixes u and £ refer to the upper and lower
surfaces, respectively., TFor OL = GLopt and g = 21, this

nermal Fforce distribution is therefore given by

%—pU';"" = 4%19 s.-(5)

Py

90 4g8; amay be loesely srid to give the approximate chordwise
loudlné distribution at the optimum or design CL' But loadings

should, in fact, be cnlculated by Approzximnticn III,

2. The Quantities 1o be Calculated

From a knowliedge of g. we now wigsh to calculnte the
centre—~line ordinase Yeor aleo “the no~lift angle —3 nnd the

mnoment coefficient qmo nt zero 1lift, In terms of the coeffaicrents
Ay, B (whach is the volue of e, ot 0 = ) and ac(o) are
given by

B/
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B = + Ay ~ Ao, 50(0) = —& Ay ~ A, ... (6)

and CMO by

1
C‘:MO = —W(AQ_A:L), ’ ..-(7)

k]

go we shnll calculate Ay, As, Az. The !optimum! 1ift coefficient
is given by

T 1
a—+"" C:Lop_t ’J'EAJ_, ,..(B)
2
o
oand the 'optimum'!' incidence by
1 2%—&0 ()
o = Ag F— /= | A, ... {9
opt 2 \2m + A

When we haveo completed our approximate design of a
cembered aerofoill, we shall probably wish to calculate the velocity
distribution for several wvnlues of C. on Approximation III, In
some coges, for rough guidance, Appro&imntion IT or even
Approximntion I may be useful. We therefore repeat hore the relevnnt
formulne, in suitable forms,

Approximstion I:
I B - - P - e (10)
U
wiere g, was settled in designing the fairing and
1 [ /1 1 1 /1 1 .
8o ¥ 8 = 8y *t = —  — CL—A1 cot 390 — — |— — — CLtan-ge.

a 27 2 30 27

(11)

Approximetion TI:

Q (1 + 302} sin 0| (1 + )

— 1 + +

U ($? + ein® 8)? s T & T &L
(1 + %Cg)(sin 8]

(.qu 4 Sinz 8)%'

(1 + g5+ 8;)

A 3
1+ 3 Co

¢y O

2% a

+
T (p? + sin® g)F o

Approximntion/



-~ Approximetion III:
C

q e % (1+¢g*) c2 C ‘
— = -~ 1-—-—:L gin (8 + & — B) + —L-cos (6 +e — B,
$ an B = 2
U (P? + sin® @) | a? a,
—C
C, e 7°
4 ) eoa(13)
2%

If the suffix 1w refers to the upper surface and £ +to the lower
surface, then

.‘Pu = ¢S+¢C’ .Li"’ﬁ = lps_q'pc’ "'(14')

Ep = &y + Egs By = B, 7 gy ...(15)
_ 1 1 - 1 gt

el = el +el, e} = gl ~sl, ...(16)

and it must be remembered that 6 ig pogsitive on the upper snd
negative on the lower surface., We showed how 1p calculate CO, ws,
£ el in Part III; we nmuet here consider the calculaticn of

g’ g ' , .
Yo+ Egr Eg- We Tand ¢, 8% ouce from Yo» ©ince

¥, = 2y, cosec 8; (1T
but it is more convenient to find ot ge! from g; by means of
the equation ¢
el ¥ (ac — B) cot &8 = g, = & -~ % Ay cot 39 ...(18)

3., Genersl Formulasa

The analysis 185 most conveniently carried out, in the main,
in terms of x, &8 in Part I, and not in terms of &, as in
Parte II and III, Counsequently 1t is mnst convenient to regard 8
eg a function of x, and to consider that g.(x) is given; when
we wish to write g; @e @ function of 8 we must write gi(sin3 £4}

end not gl(e). When it is clear what is intended we shall merely
write g..
i
Fron (3) we see that the Fourier cosine scries for
idyc/dx)-Ao, congidered ag a function of 8, 1is conjugate to the

Fourier sine series for g,(sin® #0) in (o, =), sc [from Lemma (&)
of Pert I (Appendiz)]

dy 1 g.(8in® %4t) sin t
c i

—= —A; = =P

ax i cog8 6 — coa

0

1 ogy(€)
—PR ac . (19)

T Ogu.»x

cf, Ref, 4/
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[cf. Ref. 4 and Ref. 8], where P denotes, asm usual, that the
zincipal value of the integral is to be taken, &nd we have made

the substitutiqn
(1 — coa t) = s8in? 1t ...(20)

=
i

The Pourier series in (3) terminate 1f, and only 1f, g; is

equai to xéT1-— z)}® multiplied by a polyrnominl in x over the

whole range 0 € x € 1. The Fourier geries mey be used with edvantoge
if they terminnte; numerical methods may be used to evalunte the
wntegral in (19), or use may be made of the analytical results of the
following sectione, The last method is recommended if 1t is Qppllcable
and the Fourier series do not terminate,

When (dy_/8x)- A, has been found, the volue of y_ — Agx
c

at x may be obtnined by direct integration between the limits
0 and xj; and since Yo = O at x = 1, =h, is the value of

Yo —Asx 2t x = 1,
In actunl examples Yo and Ay, mny be canlculated in this

way, but it is desirable to hove available explicit Pformulee for them.
We sholl find such formulae after considering the cnlculntion of

A A £ ',
1y fay By 80

We write .
P X
@G;(x) = Gy (% sin®8) = % \ g; 9in 0 49 = \ g; dx.
A .
' .{21)
Tt follows immedintely from (3) thet
2 (" . 4
Ay = —~ gy 8in 8 @ = = G,;(1), ...(22)

T t.) T,

aend

A, gi(1 - 2x)dx, ...(23)

il

2
- S g: 8in 26 46
'rc b

1l
Al w
OC__/'.)H

so from (7) and (8)

I
+
@
1

4 g; dx,

. ¢
- tl

2
IH

’ —g~gi(x)(4x~ 1) ax. ...(26)

0
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From (18) and (6) the equetion for ¢ is

c
d
Eg- (e, 8in @) = g, 8in 8 + B cos B — $A; (1 +-coe ©)
= gi Sine—Ao COBG-%—A:_. .-.(25)
Hence
£, 810 8 = zGi—-%Al 6 — A, 8in 0, ...(26)
and

vl
i

1 -
o = 2[éi(x) — — A, ?J cosec 6 — Ag. ...(27)
4

The limite of this empresgsion for e, &8 x —> ¢ and x —> 1 yield

the values of e _(0) and B given by ean.(6).

From (18), or by differentiestion of (27), we find that

sé(e) gy — (Ay + ac) cot 8 — % A, cosec ©

1 1
g — 2 cosecze[éi(x) cos 8§ —— A,B cos8 B + ~ A, sin %}

B 4 4
...(28)

The limits of (28) a8 © —> 0 end 6 ~> 7T ars given by

e1(0) = 3g;(0), ei(m) = g (1). . (29):
These resulte refer to 0 < 6 € 7} &, ig even and aé is odd;
el 1is discontinuous at €& = o if gi(o) i® not mero and at
8 = ¢ if gi(1) i8 not zero, In practice it 18 probably best %o
fair off eé(e) to o at 8 = 0 &@nd & = T, |

We now return to the calculation of 4L, and Vo Trom
Pert IT, eans. (18) and (19), if

[oge]

v = I D ein nb ...{(30)
c neq B
then
3 (
e, = =— % D_ cos nd, ...(31)
° n=1 + -
Hence, in the first place
4
\ c,(6) 88 = o, ...(52)

-3



so from (27),

2 [ 6,(sin® $t) — & Agt
T . gan t
o
From Lemma 1, Appendix II,
T Zp A,(1 —~cos ) —A, ¢
B dt = o, ...(34)
gin t
3] A
80
2 & Gy (ein® $t) — Fm A2(1 ~ cos t)
be = - B dt
T o< sin t
0
1 Gy(E) = 26, (1)
=~ | 2 . . (35)
noo o &1 =8)

Secondly, it follows from (30) and (31} (by Lemme 6 of Part I) thet

at.

sin 8 T e (t)
9,(0) = P& :

T co9 @ —cos t

Hence, from (27),

2 sine  F G (sin® $t) — % Ay ¢

p(8) = ———P : at,
i ! gin t{cos & — cos t)
.. (36)
since
& at
P 3 = Q. --.(3?)
) coB 6 — cos t
Thercfore
‘ ain® T ¢ (ein® $t) — L AL ¢
y, = W, eine = P t.
i {% gin t(cos 8 — cos t)
L (33)
From Lemma 2, Appendix II,
sin?@ A fm Ai(1 —cos t) —F A, 1 »
P S - = —-A1{(~1 ~ cos 6) {nk(1 — coe §;
T gin t(cce 9 — ooa t) 3 :

"
+ (1 4+ con 0) fn 2(1 + cog 8);*...(39)
Hence/

» .
£2 is used for log,
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Hence
gin® @ 5 & Gi(sinzét)- n A (1 — cos %) .
Vo = — t
- o pin 4(co8 & — cos t)
LS ; {
~—A;¢(1 —cos 8) fn %(1 ~ cos 8) + (1 + cos @) fn H(1 + cos 8){
8 L R

ag -%-A1{x fnx+ (1—x) in (1 — xi}.
T L .

x(1-x) P§ Gy (&) — &0, (1)
£(1 = £)(& ~ x)

...(40)

Equations (35) and (40) are in & suitable form for the direct
computstion of A, and N

4, DBesis for Explicit Formulee when £a. ig a Polynomial in X in
Fach of any Number of Segments.

We have completed ouvr investigation ¢f the general egumstions,
and proceed to show how the varioms gquantities retguired mey be
calculated analytically in special examples, It is clear from the
form of our general equations that the whole mathematical spparatius
of the Appendix to Part I 1s et our disposal, so results may be
obtained analytically for e wide variety of slgebraical formulatiens
of 8} it is probably sufficrent for the present, howecver, to

consider that, with the chord divided into any nuamber of segments, in
each segrment g, is represented by @ polyrominl in =z, Then we can

build up the complete exprcssicns for any such case from appﬁopriate
multiples of the contributicns corresponding to a term in x° in the
expresgsion for g; n the interval =x £ %z £ x... For such & term

1 T
the contrivution 1o

Gi(x) = 0 for 0< X< X, )
= . (xn+1 xn+1) for x < x <%, %, (41)
n+1 1 1 7 il AR
! n+1 n+i
= ;:T (xr Xr—1> for ., £ x < )
The contribution to
4 1+ n+
Ay = ———— (x“ - X )' .. {e2)
wln + 1) T =1

It follows from (41) and Lemma 12 of Part I (Appendix) that the
contribution to

Ao/



) - 31 -
<

Ao = ;?;1;-1-)- JL(1-xrrli}> 31‘1(1—xr___1)—(1-x1;+1).€n(1—xr)

n m
n X, - Xx
n+1 n+1 r r—i
- x nz + X n x - 5 S, . -.(43)
T T =1 ™1 e o
the last term being omitted if mn = ¢, The contribution to p then
follows from (6), and to OLopt ' rnd otop%. frbom)(8) 'nhd {9); the

contribution to
-0 - I (xn+2 — xn+2) _ (xn'H _ GO ) (a4)
My o T =1 n+1 T 1

From {40) nnd Lemma (9) Part T (Appendix) we find that the
contribution +to

v

n+1 n+1 n+1 1n+1
y.o= ee— (3 - X ) n lx —-x | — (; — X ) n |z —x
¢ n{n+1) i‘ T l T 1 I r—1‘

_ {0 nt L _ __n+1 L
x[ l\1 X, )ﬂn (‘1 :cr) (‘1 XI"—-‘I) in k‘l Xr—-1)]

_ n+1 I T
+ g1 x) %, 4nx, ¥, in xr_il
Jif3
n—2 n—s—1 x° - x
~x(1~x) £ 2° 3 S ... (45)
B8=0 m= m
For m = 0 an@ mn = 1 the last term anside the {} 218 to be

omittedy; for other values of n it mey be expressed in the
alternative form

n “ x?he+1 —-x§:?+1 1—1 x? - x$_1
Iz xR ... (48)

2 n-—a8+4+ 1 . n=1 m

The contribution to ec(e) is given by (27) and to
e (0) by (6); +the contribution to cé(B) is similarly given by

(28) with the contribution’'to
\ ~
g = © for o0 <€ x € Koy

[}

n
= ¥x  for % ., <X < x, .. {47)

= Q for x_ < x < 1.
T W,

Ve mey note that, from (19) and Lemma 12 of Part I (Appendix), the
contribution %o

dy 1 { \x —~ X | n—1 X - X
_._..CL...AO = e ixn n X + :Xm s T—‘l{v--'(48)
dx nol |x — =, m=0 n-non |

the last tsrw being onitted if n = ¢, and this result may be

verifiad by circct differentiaticn of (45), J

5./



5. Expiicit Results when g
Segments,

We now set out explicit results when, with the chord
divided into three segments, g; 18 expressible as a guadratic in
X in each of them, viz.

16 _Quedratic in _ x in Each of Three

i

gi=ao+alx+agxa for 0<X<X1—\
= by +* by X+ by x2 for X < x<¢ Xz M. o...(49)
= Cg ¥ C1 T+ cag X for X, € x <€ 1
Write
a,—b, = &k, b . —ec = 4, (z = 0,1, 2)
...(50)
Then ~

Gi(x) = 8% + 38.%x% + $8,x% for 0< x € Xy

i

bﬂx + %blxa + %baxa + koXl + %le% + %kng for X1 < x < XB

v

= CoX + HC1x? + FCpx® + KoXy + By XE + $,XE + LoXp + 34.X3

+ 30.X3  for Xs € x € 1. )

...(51)
4 4
Ay = = Gi(1) = “'{;0 + B0y + Eep + KoK, + Bk, X3 + Fe, X3
T T
+ £oXa + HL£.X8 + %ﬁzX31 H ...(52)
1 ky o -
Ay = == Alk(1 %)+~ (1=-X8) + — (1 — )| #o.(1 — %)
T 2 3 )
B £y 24
+ [Lo(1 — %) +— (1 = X&) +— (1 = X))} £n (1 — Xy)
2 3
i kKq Kg
+ 1koXy +— X8 4 — X3 4n X,
B £y £
+ £0X3 + — X% + — X% in X3
kl kg ka 31 gg 33 T oeqite, 1
tl—+ — | X+ —ZF A+ —+— Xy +— 1F+ ;
2 3 6 2 3, 6 2 J
...(58%)

7o/
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1]

Yo = Viko(x — Xp) + 3k (x® — X2) + Flp(x® — X?{] in |x — X |
i’
* |fo(x = %) + Ba(x® ~ X8) + Ba(x® = 49)| 10 |x = Xy
-~ |Bpgx + d8,x2 + &ezx5] In x
— jeo(1 = x) + Fe1 (1 ~ %7) + Fou(1 — XS{] n (1 —x)
+ %[RQX:L + EBXB + Cg] x?
B kl k.g ﬁl »ga Cq Cnq
Fimhg + —X + — X 4+ — X, + — X2 + — + —|x
2 6 2 6 2 6
+ (koXy + $k,X% + ko XF) /n X,
+ (£oXg + $£,X38 + $£,X3) in XZJ H ceo(54)
ay, 1 ‘
—""‘"AQ = = (kg + kyx + kgxz) in !X — Xll + (£0+£1X+£3x3) fn’x""xgl

dx | L

— {8y + B1x + 8%%) In x + (g * 01X + cpx?) fn (1 — x)

+ 2(koXy + £oXo + ¢g) + kX + BkXP + £.X,
+ %ﬁzX% + ¢4 * %CE}; --.(55)

"‘CM = KoX}P + £.X% + HXP(4ks — kp) + FXE(48y — £3)
0

+ Xf(z2ky — 2k, ) + X3(24, "'_22“3:1.) — koXy — £0Xg

+00+%01+%03! ,,,(56)
With the values of g;, Gy, Ai &nd A, ebove, B oand ac(o) are

given by (6), CLopt end % ot by (8) end (9), ac(e) by (27), and
c4(8) by (28).

Yy, 48 sero et x = o and x = 1, but &y dx is
logarithmically infinite at x = o if g(d) # o, end at
x = 1 if g(1) 0; a8 we heve already remarked, eé(e) is
discontinucue et 6 = ¢ if g(o) # o, and et & = T if
g(1) # 0, though in practice it 18 probably best to fair off
eé(e to 0 at 6 = 0 and 6 = T,

At/
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At X3 end Xy, Gi, y &, 8re continuous whether &4
ig continuous or not; but 1f g, 15 not continuous, dy /dx ie
logarithmically infinite snd el Finitely discontinuous (so that

the velocity aq 18 finately dlSCOntlnuous on Approximation III):
gimilsrly, if g, 18 continuous but gl discontinuous, 42 c/dx2

end the curvature of the merofoil centre line are logarithmically
infinite, with ag(e), snd therefore the velocity gradient along

the aerofoil surface, finitely discontinuous,

The results for many special cases may be written down at
once from the results of this section,

6. _Quedretic in Fach of Two Segments, or Quadratic over the
W%ole Chord

It

g8; = @ F 84X + a,x% for 0< x <€ X L (s7)

= by + bixX + byx® for X £ x <1,

we put

e, = bn, 4. = 0 (r = o, 1, 2)
in egns, (49) — (56) above,

If

g, = 8o + 8% + 8% for 04 x< 1, ...(58)
we put

¢, = b, = &, £, =k, = 0o (r = 0, 1, 2)
in eqneg, (49) = (56).
7. ;. _Tinear in Iach of Three Segments, or Linear in Each of Two

S% ente

Explicit results heve been worked out when g, is linear

in each of three segments {with or without discontinuities:

Pigs. 1, 2, 3, 4) or in each of two segments (Fig. 5). Since the
algebra is complicated, 1t hae been thought worth while fto put the
results on record; but since they are likely to be uesed only rarely
they hsve been relegated to Appendix III,

Figures/



8. &4 Tanegar Qver the Whole Chord

If£ g; is linear throughout o < x € 1, gi(o) =
g(1) = b (Pie. 6),
Fis. &
e
1’: e — e e,
a ! e 3
L [
' {b
J_-! R
fee= i ]
then
f
g;(x) = a{1 —x) + bx (0 ¢ x € 1);
x- bx?
G (x) = alx——j+-— (0 2<1);
2 2
2
Tt
1
by = — (2 —b);
27
a [ 1
Yo = —— (1 = x)® gn(1 — x) + (23 — x2) £n x
on L J
>
- 1(1 ~x*) fn (1 =~ x) + %% fn x>
21 L . J
dyc a 1 - X '1 b 1 -3 1
—=—=Ay = = (1 —x) fn — 9 +—ixdn + 173
dx T X i 7 L X J
-
-—CM = -)‘a'i' 5b!‘- 3
0 G - 2
1
B = — (a+ 3b);
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i 1
—_— GLopt 2(a + b);
a 2
Q
g —b 21 —~ 8 a+b
Oc = + 0 ;
opt 27 27 + a, T
1
27

For ec(?) end aé(e) see (27) and (28),

q, g4 Constant Over the Whole Chord

b = k (Fig. 7),

If in the last section we put a =
we obtain
Y
Fis 7
3T ~ E)
ki Lk
¢ it
.I-—Fa;- — - i '.L_,:I

§
the results for a constant a2pproximate disiribution of normesil6 -
load; these results have bren given by a number of authors®:%,7:

£/
Vo = == L(1 ~x) fn (1 —x) + x dn x
Tt ’.I
= —~0°73293560 Kk {(1 —- x) logio(1 —x) + x 10g10%} H
dy k 1T —-—x
—L = —n H
dx T X
1 b 1
HCMO = k = : o * : ~ CLopt,
\ 0 i
go if 8, = 2T,
C,.
N ho _ l
GLopt 4

Also/



Also
2k C
g = — |= ~2opt oy b, = 2T 4,
T 27
Loy 18 zero for a = am, sc(o) = =—2k/n, ond sc(e), aé(e)
are given by (27) and (28) wath g; = k, G = kx, Ay = 4k/,
Ao = C, i.e.
3]
e {8 = z2k|x — —| cosec 8,
c
_ L
2k
et(8) = k ~c¢_cot & —— cosec 9.
e ¢
T
10, . Constant for o € x £ X, nnd Decreasing Linearly to Zero

f%r X< x €1

For low-drag aerofoils it is customary to use centre lines
such that g. ig conetant from the leading edge to some value X of
%, usually Chosen to coincide with the degign position of maximum
suction on the fairing, It may be shown that such centre lines lead
to larger Cz—r&nges than any others, An importont set of such

centre lines is obteined®,® if . decrenses linesrly to zero between
gl

X = X and x = 1; but over the rear portion of the aerofoil it
is probable that g; may sometimes be varied with advantoage,

particularly with regard to the resultnnt value of CMO’ nnd other
shnpes of the graph of g5 between X nnd 1 will be consadered
later.

For the shope of graph here to be considered (FPig. 8]

Fic_8,
-f-‘i:-n-l = }
§ ]
¥
L * ~
! - — i . ..:h.‘
. X - 9
-— - | — - - e




—-18_

k (o< x< X),

0]
-
]

1 —X

]

k (X ¢ x <€ 1).

1 =X

We put A = b = kX, b~¢ = 0, 4 = 0 in the formulae of
the second section of Appendix IIT, 'and we find that

G;(%) = kx (o < © £ X),
(X2 — 23 + x*)
= —k (X< x< 1)3
2k
b8
Fa
k | 1 1—X
Ay = — ¢ — In X — In (1 ~X)>
T o] o2 2(1 -~ X) 2
koj(x—-X)* G -2
Yo = — ———— {in [x = X| - £n,(1 —x) —2x 0 x
x2
~ (1 —=X) fn (1 = X) ~ (1 = x) i X
1 =X
dyc ¥ | x—X 1 — X
— = - M |x — X] b (1—x)—fnx—%
dx m 1 — X 1 —X
X2 1 =X
+ —————— fn X — fn (1~ X)
2(1 — X) 2
where
R 1 (
— - c 2k(1 + X).
a o Tiopt !
0 .
Also
k '
—Cy = — (4EF 4+ X+ 1),
0 6
@0 that, for a, = 2w,
ch 4X% + X + 1
CLth 12(1 + X)
while

k| G 1 — X 1
<t X - m X+ fa (1 — X)) .
'rct 2(1 = X) 2 J

With/



With the values of Ay, Ao, g4y Gy above, “opt is then
given by (9), e,(0) by (6), e (68), el(®) by (27) and (28)
respectively.

For the purposes of computation the eguation for o is
written in the form

¥, = K, jkx — X)? logiojx — X| — (1 — x)? logao(1 —-xi}

L

—K; x logig X + Kgx + K.

Por a fizxed X, the qQuantities k, 4y, Ay, B, GMb’ %ot (if a, is

fixed), Yor 849 Gis Vs Eos el are all proportional to

by 1
—— + — C -
ao o Topt

In Table I, the coefficieants Ky, Ki, Kz, Kz 1in the
expression for y., together with k, Ao, B, CMO and ac(o) are

i ki
tabulated for ao + > CLopt

1 end various values of X;

T 1 1
for{—+—1 C = 1, Ay = —,
a 2 Lept ’ 5
0
Table II contains values of the ordinates Ve for
X = 0+35(0°05)1°0 and a fairly long list of values of x;
Table IIT contains values of Y,y €, el, vrequired for the

calculation of /U on Approximation III, for the same values of X
and e shorter set of values of =x.

We shall show later how these Tables may be ugsed to build
up values for more complicated forms of g-

The Taebles were preparcd at the National Physical Laboratory,
under the supervision of Mrs, Moore, while I was working there.

Some nunmerical values of the no—lift angle and comparisons
with experiment have been given by Jacobs and Abbott*°. TPFurther
comparisons of theory and experiment are to be found in Ref, 11, It
should be noted that some disagreement between the mensured nnd
calculated values of, say, [ eand CM is to be expected becnuse

Q
of the singularity in the theoretical solution at x = o0 (end at
x = 1 if X = 1)3; the exnct manner in which the smoothing—nway
of the singularity in practice will affect the resulte is difficult
to predict, and will probably vary to some extent from model to
model, These uncertninties do not seem to be objeetionably largse
in practice,

From the values given in Tnble I, it appenrs that, for a
given design Cp (i.e. cLopt)’ —Cy. 10y be inconveniently large,
4]

especially 1f X is the position of maximum suction on the fairing
and this position is required to be fnirly far back along the chord,
The rntio of —Cy.  to cLopt may be decrensed by reflexing the

0
centre line townrds the trailing edge; it is nlways preferanble to

re—design/



sy, k[ (m0)(z=%x) 12 x
—_ = - n |x =X —inx +{ =) fn (1~x) + —
ax v | (1-%)3 X | 1=X
2 (3 — 2X)x3 3 —X
——{1—=X) fn (1 = X) + fn X — —————
3 3(17 — X)? 3(1 — X)
€y = kX%
0

T 1 c 4k

—_—t — Lopt = =— (1 + 2X) .

a, 2 3
Hence, for a, = 27,

C 2
_ MO - 3% )
CLopt 4{1 + 2X)
and
k 3 :
QLopt 4{1 + 2X)

For exemple, for X = o0-5, k/CLopt = 0¢375, compared with
0°333 when g, is given by Fig, 8, while _CMo/bLopt 0°094
conpared with ©0+1393 for X = o0-s§, k/CLop% = 0¢*341 and
ﬁCMo/CLopt = 0°123 compared with 0+3725 end 0°158, respectively,

There is therefore & fair reduction in —CM at the expense of &
0

Quite smell increase 1n ki however, the increased negative
pregsure gradient just aft of x = X in these designs will
certainly lead to a somewhet thicker boundary layer over the rear
of the aerofoil, and, in spite of the decreanse of the gradient
towards the trailing edge, freedom from donger of turbulent boundary—
layer separation may require a somewhat thinner nerofeoil for the
srme value of X; it is also possible that separation nt the stall
may not etart at the trailing edge, so the effect on stnlling
characteristics would have to be investigated. It nny, however, be
worth while to test 2n aerofoil with n centre line designed as here
described, -

2. g4 Discontinuous and Constant in Bnch of Two Scgments
On an merofoil specinlly designed for suction, there would
appear to be no objection to having g5 discontinuouws, so long as

the position of the discontinuity is the same as that in the
velocity distribution over the fairing (uncambered nerofoil),

With such a discontinuity we may, within quite wide limits, obtain
any specified value of —CMO/GLopt by adjusting the ratio of the

loading in front of and behind the discontinuity., Negntive loanding

over/



over the rear portion of the chord will ususlly be necessary to
obtain values of "CM’/CLopt’ but the denger of turbulent boundary
0

layer separation certainly does not arise, since the whole point
of the design of such aerofoils is to concentrate the pressure
recovery {fall in velocity) at one chordwise station on each
surface, where a slot is cut and boundary—layer suction applied,
There will, however, be & rise in the maximum value of g., with
a8 consequent rise in the maximum value of the velocity on“the
surface and decrease in the theoretical critical speed for
compressibility effects, Since the most important application
of the suction pranciple 1s likely, for some time to come at any
rate, to be to thick aerofoils for meroplanes not moving at very
high speeds, this effect is not likely to be a serious drawback.

The simplest of such centre lines to design are those
in which g5 is constant in each of the two segments

¢ { x <X X<x< 1, witha discontinuity at x = X (Fig.11).
Moreover, these are the designs which, for various reasons, are
most likely to be employed in such cases as we are considering,
where 1t is required to reduce ~Cy for a suction aercfeil

s}
to be used at speede where compressibility effects will not be
important. Experimental information should, however, be
obtained for aerofoils with such centre lines as goon as
ceonvenient,

e

_,..,_..._..-
]
-

ot Pt —

s gt F’
d 4

A
x
=
L

With the graph of g; @8 in Fig. 11,

gi"—'k (0<X<X),
= k! (X< x< 1);
6, = kx  (0<x<X)

= (k+X')X—k'zx (X< x< 1)3

4
;—{k}(-—-k (1-—X)};

e
B
i



_ k + k!
Ay = —— {Xﬂn)£+(1-x)fn(1"xi>i
o
k + k!
v, = {kx—X fn | x=X| —~ [(1=X) £n (1=X)] x + [X £n X](1"Xi}
1
k k!t
—=—xinx+— (1—3x)4in (1 -2x)
giA T
ay,, E+ k! X k!
—~% —hy = —— i |2X| —— fnx—~— fn (1 —x);
dx i T n
—CMO = k(eX® — X) —k'(1 + X ~ 2X3);
_n 1
‘;"""‘"‘" OLOD'E = 'ﬂ:Al = 4]5_)(—4-1{'(1 -—X)l
o 2

B, ac(o), %ot ,ac(e), sé(e) are, as usual, to be found from
eans. (6), (9), (27) and (28),

When the value of X has been selected, appropriate values
of k and k' may be found for the desired values of CLopt and
%M [ ]
and —CM

a, = 27,

For example, with X = 0°75, 1f the desired values of CLopt
are 0'2 aend 0°015, regpectively, we have, assuming

3k — k' = 0°2, 0375 kK — 0*625 k' = 0°015,
whence k = 0'075, k' = o-e2,

13, The Graph of s Compogsed of Straight Tines. Basic Solutions

1Y
If the graph of gy is composed of straight lines, then g5

may be expressged &s the sum of a number of certain 'basic' values, and
all those queantities which depend linearly on gi(Gi, Ay, Ay, CLopt

and o (for & given a ), B, ch’ Vor Vo dy/ax, ¢€,(§)
aé(e)) mey be found as the sum of the corresponding values for the
'basic! g;. Once the values for the 'basic' g, are all tabulated,
we heve & convenient numerical process for finding these valueg in
other cases,

Let tho values of g; be given at x = 0, ZXa,%Xas... X,»ly
(o < Xy € Xg vas £ < 1) and let the graph of g, against x
between any two of these values of x which are CTonsecutive be &
straight lino, We first assume that g, is continuous; we shall

remove this restriction leter, Iet the valueg of g at the
specified values of x be Vg, Vi, Vo, ... V., V respéctively

n?t ‘n+1?
(Fig. 12).

Pig./
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| 1 l: 'llx it
X K zRhpy ==
e K 3 =
7‘5‘““"1 ,
The simplest case is that in which Vo = V3 and Vn+1 = o, The
tpasic! values of g. are then those of S§10, Fig, 8, with X = X,
Xay oo0 X in turn.” Denote the value of g, whose graph is shown
in Pig. 8 by gﬂk;XL Then if Vo = Vi and V . = 0, the
value of g4 whose graph is shown in Fig, 12 is given by
n
g = I gi(ay L) oo (59)
r=1
if we make the values of the two sides of this equation agree at
X = Xr(r = 1, 2, ... n), since they then necessarily s&gree at
x = 0, are both zero at x = 1, and both vary linearly with

x between 0 and X1, X, =sud X,, end s¢ on, We have therefore
exactly n linear equations from which to determine the n unkpowns
a.. The simplest method of solution is to equaete the changes of

slope et x = X,, x = Xz and so on, Proceeding in this way
we find thet

T“X;]_ A
a; = (Vy —=Vg3) ——————,
Xg""Xl
1 - X 1w X
- — _r - T
fr 7 (Vr vr+1) ¥ = (Vrm1 V?) X - X o
r+1 T Lr T 1 >
(T = 2, 3’ ) 11"'1; Il> 2),
1 — X 1— 1 -
8, = Vp~ (Vn—‘i—vn) ______X_n___ = Vn—_)f-?c:l_"vnﬂ _in
X, =1 K% Xy 1

-

...(6a)

and/



and we may easily verify algebraicselly that with these values
the sum on the right in eqn., (59) has the values V, at x = 0
and x = X3, 'V, &8t x = X3, &and so on.

The values of B8, GMb’ Yoo ¢6, €qt sé for all such

cases may therefore be found from Tables I, II and III. 1In those

i 1
tables valuce are given for | — + — cLopt = 1, . Since the
1 % 2/
value of ;— + ; CLopt corresponding to &, 1ie 2ar(1 +X.),

o

the velues in these tables must be multiplied by =2a_ (1 + X.),

where the &, have the volue found above, and then added together.
The simplest composite case occurs when n = 2

(Fig. 9 &nd Ref, 12)., If, following the notation of Ref. ;2, we
put*Vv, = k, Vg5 = ks, then

1 — Xl 5(1"'}(1) - (1""X3)
g, = k(1 —-8) ————, 8y = k .
Xg“"XJ_ Xa - Xl

£ V., £ 0, we must introduce, as enother 'basic' g,

the congtant V, which we may also denote by gi(vn+1; 1)

n+1?
[Fig. 7 with k = Vn+13' Then
n
g; = I gilags Xp) o+ Vyig
r=1
where the vnlues of a_ are given by the same formulae (60) as before
with V. =7V in plice of V., i.,e. a_ is given by exactly the
. T n+1 T r
same formula for r = 1, 2, ..., n—1 and
L
O = Vnﬁvn-H _(Vn—'}“vn)}%l_xh '
-1
The formulane for g; counstont are contained in SS9, and
numerical values are shovn in Tableg I, II, and IIT uvnder X = 1
T 1 :
for C —_—t - = 43 these values must be multiplied by
Lopt | o 5
4V’n+1 and ad8ed to the others.

Fanally af Vo, #£ V,, we ndd to the sum on the righs
in (59) another ‘'basic' g;, shown in Fig, 13, for which g; = 0
for = > X, gi(o) = %o -V, and g; varies linearly wath
x for o < x < Xj. g

)




The formulase for this !'basic! g, Bare contained in the second

section of Appendix III if we put b = ¢ = 4 = 0,

8 = Vo —V, (see Fig. 5), No tables hmve been prepared since
it is not clear what useful purpose would be served by designang
centre lines waith Vo # Vi.

We turn next to the case in which g. has one or more
discontinuiticas, The additional 'basic! gy required may be

taken as that in Pig, 14, and denoted by gi(k; X5 ¢); 1t 18

1
)
f
l

riG. 14

i"-_'é'?’—“"[

i

— ——— S (e b S . S AT Ay phen e ane. ]

A, e Y
= - NNEERCUM YR S KIS

I's

._,H.,.__.____-
e
—i
1
X

equal to k for o0 € = < X, and to 0 for X < x < 1. Let
us suppose first that g5 has only one discontinuaty, at

x = X and that ag x - Xé -0, & — VS, but that as

a?
X = Xs + 0, & WS. Tt will be sufficient to write out
the fornulae with V, = Vi3 then
n
g, = &(Vy,—Wg Xg3 0) % ajfe g X))+ Vo

and the velues cf A, Aare the same as before, with
Vp = Wy —W)) substituted for V, for r = 1, 2, 3, ... s,
Hence the a, are given by the same expression as before, namely

1—X1
6, = (Vg —Vy) — e
Xg"'Xl
- v - ST E A
B, = \vr er) — —-(vr_, vr\ - (r>1, n>2)
ok ol r g r Tr—1

for r < s-1 gnd for s+2 { r { n—1, while



1= X . 1 — X
a, = (W —~7V ) -—(v ——v) ,
8 g B8+1 - e—1 8 -
\ Xot1 8 Xg = gy
1 —X 1 —-X
gt g L
Sg+1 T (ve+1 va+2) X -x (ws _'vs+1) x  —-x
. a+2 8+1 8+1 <
and
, 1 =%,
8y = ¥~ (Vﬁrd'_ Vn) _
Xn = Foeq
as before, if 8 < n—1.
If there are two discontinuities, one at x = X, and
one at x = X, 1the discontinuity at X being a8 before and

that at X, being given by e chengs in g; from V., to Wi,
then

ey — &3(Vg = Wgi Xg3' 0) — g3 (Vy = Wi Xy5 0) =V,

!

i1s continuous, hee zero slope for o ¢ x < X, eand is zeroc at
x = 1§ hence it can be expressed ag -

1
T ogy(m.s X)),
S ivie Xr

The values of thae expression at x = Xr are

v, — (Vg — W) — (Ve = W) = V., (r € 8),
Vo — (Vg — W) =V, (8 < xr ¢ t),
Vo= Vo (t < < n);

and the e, are given by the same exprescions (60) as vefore, if

these value& be substituted for Vr'

In the simplest composite camse, n = 2, (Fig.1), ¥,

Vv, = b, W = ¢, Vy = &, Wg = &, V5 = £, B
gy = gy(ea3 X1) + g;(Bag Xa) + gi(a-bs 05 Xay 0) + g;(b—os Xy o)

+ gi(d—ei Xz 0) + %,

vhere the third term on the right denuvbtes the function whoss graph-
ig shown in Fig, 13, and

a1/



1—11 1_Xa
ty, = (¢e~-3) ———— 4 B3y = e ~£~ (c=24a) .
Xg""Xl XE_XJ.

The solution when &y hngs the form depicted in Fig, 14 is
contained in S12, by putting k' = 0 in the formulce there
given, (See Pig., 11), Systemntic tnbulantion for various value#
of X hos not yet been undertnken, but it ls recommended thot
such tobles be prepared ns soon as suction nerofoile ore likely
to come Into genernl use,
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Centre Lines wath g,

Table

1

Constant for O £ x € X, and Decreasing Linearly to Zero for X £ x <1

——— s

T k]
Values for| —— + =~ =
(573) e

(o]

Some Constants

1

|k Ko Xy K, Ky s B Gy | -&,0
025 | 04000 OCO0 | 0.1954 LOLS | 0.2931 7L2. 0.0063 8129 | 0,0073 5452 | 0«0700 4326: ' C.08H 1 | Oud 0.2292
0e3 | 0.3846 13385 | 0,2013 5593 | 0.2818 9831 0.0058 C768 | 0.0094 7563 | 0.0670 2112 ! 040921 3 | 0.1064 1 | 0.2261
N.35 | 0.3703 7037 | 0.2088 1356 | 0.2714 5763 0,0048 4290 | C.0116 62585 | 0.0637 8317 | 0.0953 7 | 0.1135 8] 0.2229
Celi | 023571 5285 | 0.2181 35595 | 0.2617 6271 0.0035 3274 | 0.0038 6878 ! 0.0603 7379 | 0.0987.8 | 01214 3 | 0.2195
Oal5 | Ca3h48 2759 | C.2297 6038 | 0.2527 3641 | 4+0.0019 1065 | 0.0161-3L80 | 0.CB67 9166 | 0.1023 6| 0.1298 9! 0.2159
a5 1043333 3333 | Qe2i43 1187 | 0e2443 1187 0 0.0183 8630 | 00530 5165 | 0.1061 0| 0.1388 9} 0.2122
Ga55 | 003225 80645 | 022627 0093 | 0.2364 3084 | -0.C021 8457 | 0.0206 3261 | 04091 5573 | 041100 0| 0.1483 9 0.2083
0.6 | 03125 0000 | 0.2863 0297 | 0.2290 L2375 | =0.00L6 3672 | 0.0228 6574 | 0.Q450 9920 | 0.1140 6 0.1583 3| 0.2CL2
065 | 0.2C30 3030 | C.3172 8814 | C.2221 01707 | -0.0073 5863 | 0.0250 7976 | 0.0408 70085 | 0.1182 8| 0.1686 9| 0.2000
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1.0 0 0 0 0 0 0 0 0 0 o 0 o 0 0 0
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Table .3 Contimued

e S M S ! . B T Ml e e T S B o . e . ke e S e

= 0.7 | = O, = 8 = -
Y B V- N I N,
Ve I Fa o Yo 1 Fe . &o Yo L te Lo Ve e LT
0 0 [~0.1956 i = 1o i-0.19095j * 0 i~0.1860 | % 0 -0.1807 | =
0.005 | 0.04326{-0.1753 { 0.1402| 004195, -2.1712 0e1360 | 0.04069,-0.1669 | 0.1320| 0.0394) | ~0.1624 0.1283
0.0075 | 0.04972:-0.1708 ; 0.1389)0.Ch824I ~0.1669 | Co1347 | 0.0L6T77 =041627 | 0.1307 | 0.04532 | ~C.1580 | 0.1269
0.0125 | 0.05895,-0.1639 | 0.1369{C.05717;-0a16U15 1 0.1326 | 0.05543 |=041561 | 0.1286| 0.05369 | -C.1517 | 0.4248
04025 | 0007539 ,~0.1512 | 0e1336|C.07117, =0a1479" | 0.1293 | 0.06897 (~041443 | 041252 5.06677 | -C.1402 0.1213g
0005 0.08993!=0.1337 | 0.1297 0.08719! =041 309 0e1253 | 008446 [~0.1278 | Ca1211 ! Q.08171 | -0e1243 0e1171
0.075 | 0,100k 1-0.1203 | 0.1273{0.0973 '=Co1181 0.1228 | 0.09%3 =0.1154 | 01185 | C.0911 -0.112 S ETAA
0a10 | 0.1080 1~0.1091 | 0.1257|0,40475,=0-10725 i 0.1214 § 01014 [-0.1050 | 0e1167 | 0.0980 | -0.1022° | 0.1125
0.15 0.1189 [=0.0902 | 001239[0.11537 1 =0.0890" | 0.1190 | 041116 -0.0874% | 0s1143 | 0.1078 | ~0.0853 | 041099
020 0e1264. |=0.0739 | 0.1232[0.1226 !=0.0734 { 0.1180 | 0.1187 Lo.0725 } 01130 | 01146 | -0.C709 | C.1083
0.25 0.1320 1=0.0591 | 0.123L:C412805!~Ca0593 0,178 | 0.1240 {=0.0589 {0.1125 | 0.4196 | -0.0580 | 0.1075
030 | 0.1361 1=0.0452 | 0.1243 Cat3215 1 -Collbt Ce1183 | 041279 20,0463 | 041126 | 012345 | -Cah6Q | 041073
0.35 0.1392 (=0,0319 | 0.,1258/0.1352" =C.C334 | 0.1494 | 041310 040343 | 041133 | 0.126L | =0.0345 1t 0.1075
0.40 0s1443 |~0,0187 | 0.1281 041375 {~0.0210 | Co1214 | 041333 -0.0225 |0.4145 | 0.1286 | ~0.0234 , C.1082
Ouki5 0.1426 |=0.0056 | 041311 {Ge1390 ' =0.C086 00123}, ] 049348 =0401085 | 0,1162 | 041302 | ~Ca01235 | Co1094
050 01431 1+0.0077 | 041350 0.13975f+0.0040 0.1266 | 0.1358 40,0009 , 0.1186 | 0.1312 -0.0013 Oa1111
0e55 01426 | 040214 | Cu1400{0.1397 ' 0.M68 01306 , 041361 | 020129 101218 | 0,1316 +0.0099 0.1135
0.60 01409 | G.0359 | C.146L10.1388 | 0.03C3 C.1359 | 01356 | 0.0255 | 0.1260 | 0,131L 0.C216 C.1166
0.65 01376 | 040915 | 0e1549[0.1367 | 0ualLLY 0.1429 | 041343 | 0.0383 | 0.1316 | 0.1305 C.0338 0.1209
0.7C 0.1316 | 0.0686 | 0.166310.1329  0.06Ch | 0.1523 | 0.1317 | 0eC532 | 0e1391 | 01287 CuOLTO Jal266
0.75 Col1202 | U.T852 | .0413161C1260 + 0.0782 01654 | 041273 10,0694 | 021496 | 01256 Ce0616 De1345
0.80 0.1054 | 0.0990 | 0.09871C.1127 | 0.0955 0.1251 | 0.,1195 | 0.0882 | 0.1651 | 0.1205 00784 | Go1463
.85 0.0879 | 0.1099 | 0.0677!C.0951 ; 041095 0.0870 | Ce1031 1 041066 | 0.1163 | 0.11085 0.0989 0.1655
Ca90 | 0uub79 | 01179 0.038610,0739 | 011985 | 0.0512 | C.0812 | 0.1207 1 0.07CL | 0.0900 Col191 | 0.1025
00925 10,0567 | 041207 | 0.0250/0,0618 | 0.1236 | 0.0344 | C+0681 | 0.1259 | 0.04B6 | 0,0761 0.1268 ' C.072%
Co9h ’ CeChL22] 0.1226 | 0.0123 09M31{ 0.1263 0e185 | 0e05334 | Col 298 1 00279 | 0,05987 V1328 8 0.31;365
0975 | 0.029491 0.1235 | 0.0013|0,C3222] 0.1278 § +0.004 ; 0-03559 | Ce1322 | 0.0090 | 0,03999 | C.1367" ™ U168
0.9875 | 0.02007| 041234 | -0,0023|0.02192] C.1279 | ~C.0018 ! 0.024005 0.1320 | Ga0010 | 0,02715 0.1376 0e0049
1.000 | © 0e1227 { O 0 L Cei274 | 0 | 0 } 01523 | O 0 0.1376 | ©
3 ! l . =
*See eqne(29) and the remarks following that equation.
Table 3 Continued/
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Table 3 Contimed

X1 = 0.9 X‘] = 0.95 = 1.0
x A
Ve Ee & Yo € ed Y £o £
) 0 01749 | % 0 -0.1683 * 0 ~0.15H5 *
0.005 0.038195 | ~Oet 568 | 0.1247 | 003695 | ~C.15065 Ce1243 0.035515 | =0.1420 Oe1181
0.01251 0.05195 | -0.1467 | 0.1212 | Ce05016 | —0.1408 01178 0.04813 -0.1324 Ca14L6
0.025 0.06L55 | =0.1355 | 0.1177 | 0.062245 ~C.1299 0.1442 0.05959 -C.1218 0.1109
0.05 0.07890 | =Cu1201 | Oet13h | Ca07595 | ~Ce1150 0.1098; 0.07248 ~0.1073 01065
0.075 0.0879 -0.1085 | 0.1106 | C.0845 | -0.10375 0.1069 0.0805 =-0.096Y 0.1035
Q.10 0.0945 ~J+0988 | 0.1085 | 0.0908 | -C.0944 0.1048 0.0862 -C.0874 0.1012
0.15 0.1038 -0.,0825 | 0.1057 | 0.0995 | ~C.0787 0.1017 Ce0942 -0.0722 0.C979
0.20 0.1103 -0.0687 | 0.1039 | 0.1055 | =C.065L 0.0997 0.09955 =0.0595 0.095
0e30 01186 | ~0.0448 | 0.1022 | 0.1132 | -0.0426 0.097% 0.1061 =0.03765 | 0.0928
0e35 0.1213 | =0.0339 | 0.1020 | 5,4156 | -0.0322 0.0968 0.1080 ~0.0278 0.0919
VY 01234 | =0.0234 | 041023 | ¢,117, | -0.0222 0.0966 0.1093 =0.0183 0.0915
Qb5 0.1249 -0.0130 | 0.1029 | 0.118 ~0.01 2% 0.0968 0.1101 =04 COH 0.0910
Je55 0.1262 40.0079 | 0.1056 | C.1196 +o.oo7g5 0.0981 Qe11 01 +0.00A 00910
060 0.126% 0.0187 | 0.1078 | QOe119L Ca7 0.0993 01093 0.0183 Ce0913
Je65 0.1254 0.0299 | 0.1107 | 0«1186 0.0274 0.1011 Ce1080 0.0278 0099
0.7C 0.1240 0.0420 | 041147 | Qe1172 C.0383 C.1035 0.1061 0.03765 0.0928
0.75 0.1216 0.055% | 0.120% | Qs1150 C.05(1 U«1068 C.10335 C. 0481 C.0940
0.80 0.1178 0.0700 | 0.1286 | 0.1118 0.0632 Ge1117 0.09955 0.C595 0.0957
0.85 Oe1117 0.0878 | 0.1418 | 0.1069 0.078), 0.1193 0.094.2 0.0722 0.0979
0.%0 0.0995. | 04411 | 0.1670 | 0.0990 | 0.097hg | 0.1435 0.0862 0.087L Ce101
0525 0.C865 0.1237 | 0.9120% | 00926 C.1098 Ou1462 0.0805 0.0964 Ce1035
0.55 0.06897 0.1338 | 0.0753 | 0.08161 | 0.1264 01706 0.07248 0.1073 0«4 C65
0,375 C.04625 0.4 03 | 0.0325 | 05713 | 0.1425 0.0797" 0.05959 C.1218 0.1109
0.9875  0.03138 01429 | 0.0127 | C.03882| 0.1477 0.03625 Ce2,813 0.132 Cet1
1.000 0 Qi3 | © C 0.15005 0 0 0.15915 0
b e e v NS

aal

*See eqn.(29) and the remarks following that equation.
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Appendix T

The Relation of the Velocities at the lLeading and Trailing
Edges to a, and CLopt

From Part II, eqn.(67), the velocity at the leading edge
ia given by

Co ' 2 \E —Co
a e [1 +e'(0)] [(1“?_11) Co (o) = 8] +GL[11_+e ] ’
U P, L. a2 , a 27

0 o
and at the trailing edge by

Q efo [1 + e ()} [ 1 euco}
- = —— CL.

U WT 8, 27

C; is known. %, Yp are equal to (apL)%, (2PT)%’ respectively,
where Py, end Pp &Te the radil of curvature at the leading end
traelling edges; hence by, and ¢, are given in terms of Eg by
eqne. (13} end (14) of Part III; Cp, 1s given in terms of g, by
eqns, (18) and (29) of Part III; aé(o) = aé(n) = 0, 80 from
edn. (33%) of Part III

et(o) = '%.'gs(o)_%cos et(n) = %gs{ﬁ)—%’“cor

and e'(0), e'(n) are also given in terms of g.

Finelly es(o) = 0, 80

i

e(o) — 8 e,(0) — B3

from Part II, ean. (39),

B o= g (n) = & A&y ~A4,,

and similarly it may be shown thet

e (0) = =4 A, — A,

80

] 1

8(0) _B = —A; & ~ _+'_—) cLOpt

ao 271

(from eqn. ﬁo Pexrt IT), Hence the veloclities at the leading and
’

trailing edges may be-expressed 1n termws of C g.y ©C
ané  a . wo"e Lopt

Appendiz TII/



Appendix IT
Lemma 1
2%
T 1 —~¢08 t — ==
T
at = o,
sin t

Thig result 18 obvious, gince the intesrand is free from singularitied
at o0 and n eand is antisymaetriecal about .

Lemma 2
2%
T 1 —c¢cog t —~—
T 1
PS dt = == ——— {(4 — co08 8) fn %(1 — cos 8)
sin t{cog 8 — cos %) gin® ©

0
*
+ (1 + cos ©) £n (1 + cos 8)}.

To prove this result we note that

! 1 — cog t - sin t
at = &t
sin t(cce 6 - con 1) (1 + cos t)(cos 8 — cos %)
q |cos 6 — cog tf
= ,gn ?
1 + cog © 1 + cos &
nnd
dt 1 .
= = fn [co8 6 — co8 1]
sin t{cos 8 — co8 1) sin® ¢
1 1
- fn (1 + cos t) — In {1 — cos t)
2(t +~ cos 0) 2(1 ~ cos 8)

1
--H{ﬁn lcos 8 — coz t| == /fn sin t — coe 6 fn ton %t} p

s e L
so
+ dt
- ——- /1 {cos 8 = co8 t]
gin t(cos 8 — cos t) sin® 8
+ t
- fn (1 + cos t) — dn {1 — cos t)
2(1 + cos @) 2(1 — eoe 8)

1 " "y
—— S’£n|oos § - cos t{ — fn gin t — coe 6 4n ton %’c} at.
sinae i

Now/

¥fn is used to denote loge‘.
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Now
T
g fn sin t 4t = ~ 7 4n 2,
Q
T
S fn tan 3tdt = o,
Q
and
T o
S fn Joos @ ~— coa t] 4t = 1% {ﬂnz + fnjoin (6 + $)|
0 )
+ fn |ein F(t — 9)[} at
2m 7
&= ﬁ£n2+3 In sin 5t 8t = nﬁn2+2§ in sin t 4t
0 DD
= —7mn fn 2,
80

g\{ﬁn |cos 9 — cos t| — 4n sin t ~ cos 6 /n ton %,:-1:\, ¢t

= 0.
J L By
0
Hernce
T 1 — o8t~ [ 04
P dt = [——— (1 — cos § —— ] fn|cosf—cost]
) sin t{cos 6 — coa t) Lsin’“e i3
1 t\ % Nk
- {1 == fn (1 + cos %) + in{1 — cos t)}}|:
1+ cos § n/ n(1—cos 8)
C
1 1
= ————fn (1 + co8 8) + —————— fn 2
1 —co2 6 1~ cod O
1 . ‘ 1
— e 1y (1~ €08 O) F ——— in 2
1+ co8 B 1 + ¢cns O
1 1 — cog 8 1 + cos ©
= == m— (] =~ c0o8 8) {n —— + (1 + cos 8) 4n
sin® @ 2 2

Appendix IIT/
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Appendix TIT

g._ Linear in Bach of Three Segsments

hh
It
g = 8 +tnx (0 < x< Xy),
= by + bix (X € x < Xg),
= cp + €1X (Xzg € x<€ 1)
we put A, = by = ¢, = ks = f; = 0 in eqns, (49) — (56)
of §s5.

If g; has the voalues shown in Fig, 1, then

& = 8, o, = (b~a)/X,
b Xp -4 X; — (b“"C)Xa d — b + (b’—C)
bO = R bl =
Xg - Xl XB - Xl
d - f X5 ~ (d~e) T —-4d + {d-e)
CO = 9 C1 ==
1~ Xa 1 - X,
If b = ¢ (Pig, 2) or d& = e (Fig. 3), g; hns only one
discontinuity; if b = ¢ and 4 = e (Pig."4), g; 1is

continuoud.

Tor the general case of Fig, 1,

‘-*1\')1

Lo

be- B2y

_]F

gi(x)/



x x
gi(x) = a(l--——>+b——- (o € 2 € X)),

b —-
= (Xa—=x) + (x=Xy) — (Xa—=x) (X4 € x € X3),
Xa‘“X:L Xa" 1 a_X:L
d T d —e
= (1 ~x) + (z=X5) —~ (1 = x) (X € x € 1)
1—Xg 1—-X3 1_X3
/ %2 %2
Gy(x) = &z~ + b (0 ¢ = & %),
2Xl 2Xy
Xl b = = d
= 8 —— —————— LXng —~ 2Xax + x?| + ————— (x — X3)?
2 2(Xz—Xy) - 2(Xz%y)
b -~ ¢
t o (X = Fy )(x — 2%z + %) (X € %< X)),
2(Xa—%,)
Xi Xg d -
= A —— 4+ p ——— - |-X1+X2—X1X2‘"2X+xa-l+ (X"‘"Xajz
2 2 2(1 — X3) -2(1=X3)
X=Xy d~—e
- (b—c) + (2XsXGZ=2x+x?) (Xg € x € 1)

2 2(1""Xg)

4 4IX1 Xe 1= Xy 1 — X3
Ay = —=6(1) = —Ja=+bp—+a )+f
'n: \_ 2 2 2 2
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1 (1%, )2 X, -
Ly = == <8 |—— n (1 —=%X) +— én X — %
™ EXJ_ 2
Xa(1-X, )R (1~X,)® © Xy Xa
+ b| e . (1=K ) — — in {(1=Xz) — o in X
2Xa (X1 ) 2( Xy ) 2(Xa—%1)
Xg ] (1%L )R (1%, ) (1-Xa)
+ e g K|+ @ memeeememe g (1K) + La(1—X3)
2(Xg—Ky) 2( X%y ) 2( X=X,
b L XB(K) - .
+ - "—" in X‘.‘L - in Xa
2(Xg-¥a) 2(1-Xa) (Xg-%y)

’— 1“X3 * X%
» # fl———fn (1 — X3) + fnXp + %

2 2(1~X3)
(1% ) (2K -F1 ) (1—Xz)?
+ (b—c) [- in (9-%y) + —= in (1X3)
L 9\_1 ':M.x.j) P\XB"“Y..J)
X, (2%, ) X3
o e 1 Xy = mm—— [0 T + ﬂ.
d\Kg 1:-) EKXQ"XJ_)
- Xale—X,) _'l
+ (@) |5(1-%s) &n (1-Xg) + —==m—- fn Ky + 0 H
2' T-Ja."-) _|
Yo = &8na + dila v dng + £ + (b — o) ng + (d - ) me,

(3)7 sl
Ty = mr—————— £in II.""FJ'[ et T AR B
2% \

> E.l:f:).. in (1 ~X ){ x + E{-l-x:n }\.‘I (1=—:v)
|_2X1 1_] L@ 1,] ’

s

ng/"



Nz

TN=

e

™Me

T7a

Xa(xXy)" (2=Kp)? %7
m | zZy| ~ —~———" In [2Xa] —— fn x
2Xy ( X.g"“‘xl ) 2 (Xg" X4 ) 2%y
Xa( 1Ky )% (1—%z)® -
- fn (=X, ) ww e—— . (1=X,)| x
| 2% (XomKa ) 2 (XoXy )
TOXL X, \ X
N LMY SR 8 B E T
2{Xy%s1) 2( Kok )
(x—X, )3 (1=Xq Y (2)? (1-x)?
———— i |xKy| + m | =Xy ———= in{1—=)
2(Xe—X1) 2{1—%5) (Xz¥%y ) 2(1~%Xa)
(1-%1)% (%1 ) (1~Xa)
+ oo fn {4y ) - — — /n (1—1{,-‘)1 s
2({Xo¥q ) 2(Xp — ¥y) |
X2 TR0 — X1 —l
+ | fn By in Xzl (==,
;_":: \-KB--X:L) o ( 1""15 ) (JTLB—'XJ. )
{z~%z)" (1~x)(2X3 — 1 — 3)
~ e 0 | 2-%| + ————————— n (1 —x)
2({ 1~z ) 2(1 ~— Xg3)
1—X3 N r 7§ "
4 o (1K) X £ l In Xl (=),
2 SR R OV
(=X ) (2K F—r o (2-y)®
£n |5Fq| + mmmm—— 0 | odg]
2(X3 - I‘Ei) Z(K;a""xl)
_( 1"‘3.1 ) ( ZXQ_X1—1) (1'-‘X3)3 , —l
— £n, (1=K, ) + n (+=Xg}! x
2(Xo¥1) 2{Xg=%y ) _4!
IX: (2% ) x3 ‘
+ in Xl — e () Xe (I"‘Z)g
2(Xa—X1) 2 (Lu-Xq )
(2K,) (2Egm) () ,
In | zXg| + - — in (1=x)
2(1-X3) 2(1—%z)

[ ' | X2 (2—X3)
— 1 H1=Xg) fn (=X z + [

————— fn Xs| (1-2);
2(1-%z2) _
c'iyo/

nr




dye
E""‘""‘Ao = 88y + bly + 485 + £Z4 + (b~ c) &5 + (@ —e) &g,
x
where
x - X3 x—'Xl
ngy = fn |xX%| + ——— fnzx-—1,
X1 Xl
XB(X"'XJ.) —Xg x
Wy = ————— [0 |2X;| ~ fn x| -~ — In x,
Xq(Xo=%s ) Rg=Xa X '
(%) (=X ) (x~Xz)
s = - M| x=Xy| + In {x=Xa| + i (1—=x),
Xg=X1 (1-Xa) (Xa%a) 1—Xa
X - Xa X - Xg
e = — In [x — Xz| + M (1 —x) +1,
17— Xg 1 = Xg
x— X3 X - Xg
s = m|x — X| + ———fn |x — X3| + 1,
XS - Xj_ Xg - X1
1—Xx 1—x
' wla =-—-———£n]x-—-:{3]— in (1 —x) + 13
1 _XB 1 """'X:_}
and

1
v = .;. /{axl (4X1—3) + bXa(4X+4Ka=3) + (1=K )(aX1+4Xa+1)

+ £(1X5) (4Xa+5 ) — (b= ) (XK1 ) (4X2+8%X—3) — (d—-e)(?—XB)(1+8X3)}

Bor B, 24(0), Opopes ®oops 64(0), c4(8) see eans, (5),(8),(s),
(27) and (28),

gi/
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&;. Linenr in Fach of Two Sedments

it gy is laneezr in each of two segments, 0 < x € X,
X< x<€ 1, and nhas the values shown in ig, 5, then

2 A
M*Mﬂ#—;ﬂ""-ﬂ—u ﬂ““
# r.,_._..«-—"‘" b: é ""“"""’Wm,‘m-‘l IP
i |
2| 1 &
| N e — ¢ Iy
"f :( . !
= } - i
X ¥
gﬁ('x) = 8B {1 ~== ¥+ b - (o € = & K)
- X x
b a b=c
= e (=) o (3K) = (1) (X< x €1,
1-=X 1—X 1—=X
We obtain the required formulae by putting 4 = e = f, end
then meking Xz —> 1, in the resulte immediately preceding
We thus obtain the Following formulae,
x* x®
Gi(x) = @ {z—=-=]+b—  (0¢x<X),
2X | 2X
/
X b - a -
= 8 - tX - 2x + :z-?] + ~ (FK}P 4 — (%X ) (x4
2 2(1~x) - 2( 1—5) 2(1-%)

(X< x< 173

4Jr X b 4 - X /1-2»:
Ay = ~da =~ 4 —+ @~ o~ (g | ;
nL o’ 2 2 2/

bo/

*oy



where

1 (1=X)* X
Ap = —=— (8|~ I (1=X) + = fn X - %

hy = n4 (ms given in the preceding seotion of this.Appendix),
(z=X)*® 1z ) ® x2
o fx—=X| ~ n (1—x) —— in x
2X(1~X) : 2(1-X) 2X

2X 2

L ]

[1—X X
+ bl=— 4tn (1—X) - In X

_2X 2(1-X)
[ 1=X x® -
+ d{— —— fn (1-X) + n X + %
2 2(1=X) J
=X X(2X) 1
+ (b—c)|~—in (1-X) + X+ &
}:2 2 (1K) ]J

yc = G.h.l + bhg + dhs + (b - C) hq,,

L’nX} (1—=x),

2(1=X)

(x—X)(2~¥—x) (1—x)? X
o jxe=X| + fn (1=x) — |— fn- (1K
2(1 = X) 2(+=X) 2
X(2—X) ( ) '
+ n XI (1 —x)s
2{ 1~X) ’
4y, .
— — Ay = ally + bHy + dHs + (b — c) He,
X

where/

| =



where

Ha

i}

Sa

nHgy =

ﬂ:Hs =

’]Tqu. =

_.49—.

(as given in the preceding section of this eppendizx),

=X 1—x X
——— ¢n |xX| + — /n (1) - = {1 x,
X{1-X) 1—X X

X x—X
——in |xX| + — fn (%) + 1,
1—=X 1=

1—x ’ 1~
~—fn [x=X] ———in (1~x) + 1;
1~X 1—-X

;
<ty = = {eX(4X=3) + b(4X+1) + a(1~X)(4X+5) — (b—c)(1=X){(8X+1)}.
Q

Por B8, sc(o),
(27) and (28).

AH,

CLopt? %ot so(e), el(0) soe egns. (&), (8), (9),
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