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FORCES ON TETHERED BALLISTIC MISSILES DUL TO MOTOR
CUT-OFF = A THEORETICAL TREATHMENT

by

D, Moxon

Motor-running tests may be carried out on a ballistic migsile while it
is tethered to its launcher, When the motors sare cut-off the missile structure
is excited in various vibration modes by the combined influence ol the decaying
thrust and the elastic force from the launcher. These vibrations result in
loads on the missile which can exceed those encountered in normal flight. It
is the magnitude of these loads and the parameters which affect them that are
investigated in this paper.

The first part of the paper gives results obtained on the assumption that
the missile itself is ripgid while the launcher structure is elastic, This is
followed by an investigation in which missile flexibility is teken into account.
The results in both cases are similar; a high launcher stiffness and a low rate
of thrust cut-off are found to be favourable. The effect of fuel load is
studied bricfly, It is found that as the fuel load decreases the overall
forces decrcase,
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1. INTRODUCTTION

The motors of a ballistic missile may be tested while the missile is
tethered to its launcher. The thrust of the motors is reacted by the elastic
force from the launcher., As soon as the thrust is decreased the equilibrium
is disturbed and a vibratory motion commences. This motion involves longi-
tudinal compressive and extensional deformations of the skin of the missile
body as well as the deformation associated with the leuncher. It is this
motion and the resultant elastic and inertia forces that are the subject of
this paper.

A simple example will suffice to show that these forces can be quite
large. Consider the case of the missile Blue Streak, which has a thrust at
launch equal to 1.3 times the all-up weight. If this thrust is abruptly cut,
the missile (assumed rigid) begins to move downwards with an acceleration of
1.3g. Since the motion will be very nearly simple harmonic it follows that
the acceleration at the lowest point of the motion must be 1.3g, but upwards.
Thus, when the effect of gravity is taken into account, the total force
supplied by the launcher - and reacted by the missile ~ is 0,3 A.U.W.
downwards at the top of the motion and 23 A.U.W. upwards at the bottom of the
motion, This would clearly be a more adverse design case than launch, at
which the maximum longitudinal acceleration is only 1.3g absolute. The
calculations recorded in this paper, however, show that accelerations as high
as this would not occur at finite rates of motor cut—off.

A preliminary estimate of the effect of finite rates of motor cut-off
is made on the assumption that the missile is rigid. A significant parameter
is found to be the ratio of the inverse of the cut—off time to the frequency
of the missile on the launcher. As would be expected the forces increase as
this ratio inecreases. This preliminary investigation is followed by a
calculation in which the effect of missile flexibility is taken into account.

In these latter calculations the missile is represented, for ease of
calculation, by a mass-—spring system consisting of two masses and two springs.
The launcher is represented as a spring, so the assumed representation has
three degrees—of-freedom. The solutions to this system are obtained by the
use of the Laplace transformation technique. General expressions are given
for the spring exbensions and the accelerations of the masses., These
quantities gre readily convertible into forces and stresses in the missile.

For a particular missile and launcher and a particular rate of shut~off
the expressions for the forces become functions of time only. In this work
structural damping is ignored so these expressions give a series of peak
forces whose magnitude does not decrease with time. It is thought that the
effect of structural damping would be to progressively reduce these peaks.

If the structural damping is smalli — as is likely - the rate of reduction
from one peak to the next would be small. Since, in fact, even when there is
no structural damping one of the first few peeks is found to be aglways either
the highest or very close to the highest peak, we may conclude that the value
of the highest pealt would not be very significantly affected by structural
damping.

Results for the flexible missile are similar to the ones for the rigid
missile, though, in general, the forces are a little less, High launcher
stiffness, low rate of shut—off and low fuel content are again found to be
favourable,

The numerical results given in this paper are based on early estimates
for the missile Blue Streak. The present launcher stiffness is, however,



much stiffer than the one taken in these oalculations and so the results
have no direct application., Nevertheless, it is thought that the results
and the analysis may be of interest,

2 STATELIENT OF PROBLEN

The missile and leuncher to bc analysed are shown schematically in
Fig.1, The main components of the missile, fron front to rear, arc war-
head, equipment bey, oxidant tank, fuel tank, thrust structure, motor beams
and motors, In £1ight the thrust from the two motors is transmitied
through the motor beams to the base of the thrust structure; but for
testing purposcs the thrust is reactecd at the end of the motor beams at
four lugs, which are held in the rclease mechanism of the launcher. Base
beams attach the relcasce mechanism to the ground, Two values of motor
cut=off times will be considered, 100 millisecs and 50 millisecs, These
times are measured from 90% to 10% thrust when the rate of thrust decay
is roughly constant, These cut-offs will hercafter be referred to as the
slow and rapid cut-off respectively,

The basic problem is to determine the forces experienced by the
various parts of the missile in the slow and rapid cut-off. Theory
might also indicate how these foroes could be reduced if the need arose.

3 PRELTMINARY INVESTICGATION - MISSILE ASSUMED RIGID

In this section the missile is assumed rigid, and a preliminary
estimate is made of the effects of rate of motor cut-off and the launcher
stiffness on the maximum acccleration, Also certain general principles
are established which will be of value in interpreting the results obtained
when missile flexibilitices are taken into account in a later scetion.

341 Assumptions

The missile is represented as a rigid mass and the launcher as a
weightless spring. Structural damping and fuel sloshing are ignored.

The variation of the motor thrust, T, with time t is approximated
to by the equation

T
2? (1 + cos wt) 0<%t < w/w

(1)

L]
1
Ny

0 t 2 /v

where To is the thrust at the beginning of cut-off and @ is a constant for

a given rate of ocut-off and is referred to as the cut-off frequency.

For the rapid ocut-off w is 37.1 rads/sec and for the slow cut-off is

18.5 rads/seoc. TFig.2 shows a comparison between a true ocut-off curve and
the analytical representation,



3¢2 Tull fuel case

The missile mass, launcher stiffness and rate of motor cut-off are
treated as variables in this analysis,

If m is the mass of the missile in slugs
k is the stiffness of the launcher in 1lb/ft
‘I‘o is the thrust of the motors in 1b force

¥ is the upward displacement of the missile from the equilibrium
position for zero thrust

t is the time in secs neasured from the time at which the motors
start to be cut-off

then the equation of motion is

T
o) /
~= (1+ cos wt 0< t<w/w
D¥ + kx = <‘ 2 (1+c ) ’ (2)
Lo t 2 m/w .

The soluticn (derived in Appendix 1) and its first three derivatives is

3
r / : \
v = %2‘1 + =5 12 sz coswy - wg cos vt)}
V o~ W /
.
T o= ——-—Q;u’—-—‘-v sin wt + w sin vt}
2(y - w’
( ) 0<tsn/w (3a)
2 2 p
o= %{- cos wt + cos vt—;
2(v° - w
2 2
.o .-“?-“i-.-.‘*’,)-{w gin wt - v sin vt}
2(v°=w®)
2 (’ N
% = - .._..312_.“1’__.2.. tccs vt + cos v {(t-x/w) z
2(v" =) -/
2
o= .__‘}5.‘_)}’...‘:".._.2._(3111 vt + sin v (t—ot/w)}
2(v°- &%) L
5 o9 . 1> n/w (3)
oL __*‘):..‘é._&’_é_.'{cos vt + cos v (’c—'n/w)j
2(ve- w°) L
3 2 s ™
Y = :-Jé-g-———%—"tsin vt + sin v (t—vc/w)j
2(v - w")
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where
£ is the displacement from the equilibrium position at ¢ = O and is

given by T 0/ k

v is the natural frequency of the missile on the launcher and is
given by {k/mf—% rads/sec.

When v =w the above expressions are indeterminate; however,

de d'Hospital's rule for finding the limit as v 2 w™ enables the solution
to be written down at once« The solution is

£ = -3-{1+coswt +%—Esinwt}
x = %"-{— sin wt + wt cosw’cj
0<ts< n/w (4a)
W2 ™
% =,-€"" 2wtsinwtj
oL
3r" ~
X = 'f’l‘: wt cos wt + sin wtj
& . -
%z = = gin wt
L
. 4 wr
X = cos wt
L
ts n/w (4p)
¥ = -&wzf-sinwt
R = -6w3~cos W

If the ratio of the full thrust to the weight of the missile is
dencted by 'f', then &(= T o/k) can be written as £g/v2, If this expression

for & is subtituted in equations (3%a) and (3b) the acceleration is seen to
depend on £ and the ratio w/v. For the missile, Blue Streak, £ = 1¢3 for
the full fuel case. For this particular value of f, the variation of the
maximum absolute acceleration with w/v is obtained,

lim ;_’_25% _ lim f'éz%
xra glx)  x*a g'(x

* If £(a) = gla) =0



In this comnection it should be realised that ¥ is the acceleration
relative to gravity., To get the absolute acceleration - and this is what
determines the inertia forces - g must be added to X. For this reason only
the maximm values of X are thought to be of interest.

In thesq calculations what is required ideally is an analytical relation-
ship between % and w/v; but this is not possible except for certain values

of w/v, Instead imax will be determined for a series of specific frequency

ratioss The stationary values of X occur when ¥ is zero, The approxi-
mate roots of X = O can be found graphically; the more exact rocts can then
be round by interpolating near these approximate roots. As §max only is

required only the alternate roots need be found. A plot of the maximum
absolute acceleration experienced by the missile against w/v is given in Fige3.

The6stiffness of the Blue Streak launcher was expected to be about
21,6 x 10° 1b/ft and the mass of the missile is 64,28.6 slugs. This gives
V = 58,2 rads/sec., Hence the rapid cut-off corresponds to w/v = 0,64, and the
slow cut-off to w/v = 0¢32. It will be seen from Fige3 that these ratios
corresnond to accelerations of 1,69¢ and 1.1g respectively. To decrease the
rate of cut-cff or to increase the launcher stiffness is clearly beneficial,

Tor certain values of w/v an analytical expression can be cbtained for
e ) : . - 3
Kpay 0 berms of w/v. Consideration of these and certain other cases leads

7 a more complete understanding of Fige3. Consider the follewing cases.

(1) vw = Ry, an even integer

Equations (3a) show that at time t = %/w,x achieves its meximum negative
value. The lowest point of the motion is therefore reached atthe time when
the thrust first becomes zerc. The maximum acceleration also cccurs at this
time, the time-dependent part of the expression for X attaining its maximum
pcssiole value of 2, The maximum acceleration in this case is therefore

given by
- _ de3g

— L]

Ry - 1

This ;alue will be reached cvery cycle in the S,H,Li. which preveils when
t> "/w.

(ii) v/u = R, an cdd integer other than 1

Eouations (3%a) show that at time t = n/w, x = ¥ = 0; and so the missile
comes to rest when the thrust becomes zerc. However, the time-dependent part
of the expression for X must be less than 2, and sc

.. 1.3
% ¢ —228
max R02 -1

This shows that the curve in Fige3, although it appears smooth, has, in fact,
a small amplitude 'wave' cn it. This effect is clearly not impertant for the
rigid missile,



(iii) v/w = R, any number less than 1

At t = n/w, x is positive and x is negative, There can only be one
root of ¥ = O between t = 0 and t = %/w and this must represent a minimum
X, The greatest positive acceleration must therefore occur at the lowest
point in the S.H,ii, and this is given by

- 1. 3¢ BR
}’:max T - R2 coSs ) .

(iv) v/w =1

Equations (4a) show that at t = n/w, x = O and X is negative, Since
there can only be one stationary value of X up to t = ®/w this must be a
minimume  The maximum positive value of the acceleration must therefore
occur at the lowest point of the S,H.M. and is given immediately by
equation (4b) as

Note that if the specified thrust variation were unrestricted with
respect to time, the amplitude of the motion would grow with time, since
equations (2a) would describe the complete motion; this corresponds, of
course, to the familiar 'peaking' of response curves that occurs when the
frequency of the exciting force approaches a natural frequency of the system.
Thet there is no peak at w/v = 1 in Pig.3 is due to the fact that the thrust
is restricted to half a cycle. Moreover, it can be shown that the missile
moves downwards all the time that the thrust is acting end so the thrust
must extract energy from the system,

%23 Other fuel cases

It was seen in the last section that the maximum acceleration depends
on the ratio of the motor thrust to the mass of the missile, and the ratio
ef the cut-off frequency to the natural frequency of the missile on its
launchers The former ratio was called £ and the latter w/v. For any
specific value of w/v then the maximum acceleration is inversely proportional
to the mass. This fact and the results plotted in Fige3 enables curves of
Simax against w/v to be determined immediately for any mass, Curves of

g + Samax against w/v are shown in Fige) for missile masses m 0.8 m
0.6 m Odli m and O.1 m where m is the mass of the missile in the full

fuel conditiona

For any specific shut-off rate and launcher stiffness w/v is pro-
portional to the square root of the missile mass. The variation of the
absolute maximum acceleration with the missile mass is therefore given in
Tig.l by curves which are not vertical but which bend towards the lower
values of w/v as the mass decreases. Three such curves are shown in Figeh,
the one to the left is appropriate to the rapid cut~off rate and the expected
launcher stiffness., A curve appropriate to the slow cut-off rate and the
expected launcher stiffness would be further to the lefte

With reference to Pigely, it should be noted that the force in the
launcher and thrust structure is not proportional to the acceleration, since

- 10 -



the mass is continuously varying along the dashed curves. The force is, in
fact, given by the product of the mass and the acceleration; and inspection
of Figel4 will indicate that the force always decreases as the mass decreases.
lissile components whose mass remains constant (e.g. the propulsive unit, the
equipment bay and warhead) will be subjected to forces proportional to the
acceleration. However, this is of no concern at any likely rate of shut-off
or launcher stiffness, since these parts.are designed to withstand the very
high g's that are encountered in flight.

To summarise: the overall forces decrease with decrease in fuel weight;
the acceleration may rise a little, but this is of no concern.

L CALCULATIONS ~ MISSILE ASSUMD FLEXIBLE

In the calculations recorded in the last section the missile was assumed
rigid and so each part of the missile necessarily suffered the same acceleration.
In this section missile flexibilities will be taken into account, so different
parts of the missile may be expected to experience different accelerations.

The accelerations and elastic forces associaoted with this more complex motion
will now be determined., This determination is the most important part of the
whole investigation.

L1  Assumptions

The missile and launcher will be assumed to deform in a semi=-rigid
manner. Three possible modes of deformation of the missile would be:
(i) extension of the thrust structure, (ii) extension of the fuel tank walls,
(iii) extension of the oxidant tank walls. In fact mode (iii) will be
ignored as its frequency in the full fuel condition is expected to be high in
comparison with the Trequencies of modes (i) and (ii) and it should also be
well above the frequency of the launcher. (In the calculations on the rigid
missile, it will be remembered, the full fuel condition was found to be the
most critical). Another frequency that is expected to be high is that of the
motors on the motor beams and this flexibility will also be ignored.

The inertia of the thrust structure in mode (i) will be ignored; the
thrust structure then becomes effectively a weightless spring. Similarly the
fuel tank wallswill be represented by a weightless spring between the fuel tank
and the oxidant tank. As in the calculations on the rigid missile,the inertia
of the launcher, structural demping and fuel sloshing will be ignored. Also
the motor thrust will be represented by the same analytical expression.

Le2 Theory

Fige5 shows the mass-spring representation of the missile and launcher.
The top mass represents the mass of the missile forward of the middle diaphragm,
and a very large part of this mass for the full fuel condition will be the
liquid oxygen. The lower mass represents the mass of the fuel and fuel tank,
Springs (1), (2) and (3) represent the flexibilities in the launcher, the thrust
structure and the fuel tank walls respectively, The motor thrust acts between
the two lower springs end will be looked upon as acting at a weightless
diaphragm.

What is required from this calculation is the greatest elastic forces
in springs (2) and (3) and the greatest acclerations of the two masses. The
greatest forces in springs (2) and (3) will be obtained by finding the greatest
compression of each spring. The greatest acceleration of the top mass can be
deduced at once from the greatest force in spring (3). The acceleration of the
lower mass is given by differentiating its displacement twice with respect to
time.

- 1=



With these requirements in view, let us take the three generalised
co~ordinates of the system to be extensions of the three springs; the
equilibium position at zero thrust will be taken as the datum. Also let

m(41-PB) be the mass in slugs of the upper mass

mp " n 1t n n " " Joter M
(where B is a constant depending only on the ratio of the
two masses)

k, be the stiffness of spring (1) in 1b/ft

k2 0 n " n" n (2) n "

k " n " " n ( 5) 1 "

3 .

X, be the extensions of spring (1) in £t

x2 " i " " it (2) L

.'X25 t " " n " (3) n w

Then the kinetic energy of the system is given by
4 . . L] 2 1 . - 2
1= B) m(x,l +3, x3) + =B In(x1 +x2)
end the potential energy by
1 2 2 2
2(1‘:1 X"+ kg xy" + kg xg Do

The Lagrangian equations of motion then arei=

(1-8) m(:x:1+5§2+'5c3) +kyxp = 0. (5)
Bm(:\':1 +'5c2) + (1-8) m(;'i,l +352+563) +kyx, = 0. (6)
T
Bm(i,l +3§2) +(1-8) m(':'c1+352+ 553) tkyx, = 3 (1+cos wt). (7)

These three equations enable the three generalised co-ordinates to
be separated and so differential equations can be formed in terms of X5s x3

and x e separately. This last quantity, x +Xos which, when differ=

1
entiated twice with respect to time, gives the acceleration of the lower
mass, is hereafter referred to as xpe



The solutions for x,, x, and iﬁ(derived in Appendix 2) are given below.

3
The amount by which the forces in springs (2) and (3) are greater than those

at datum are given by - k.2 %, and - k3 x3 respectively.

Ew2k

o = — {('r- w2) g 08Tt  cos st } (8a)
(0¢ t < w/w 2(k1 +k2) AP r°- s?
2
i i £w” k, {2 (v-0?) B, + 908 rt , cos st} (8b)
(‘b 5 7;/(” 2(1{1 +k2) 2 52-‘ r2 r2_’ 82
4 w2 k1 kz
XB = . E1 (98.)
(0« % & =/w) 2Pm (k-] "'l‘z)
¢ 0” X, k,
3 =5 » 2B, (90)
(i > /o) Fm (kg +1p)
2
. & ( (cos rt-cos st) 02 4 E1
X = - +{ 1=z +
B 2 2 2 B 2
" - s at
(0 < t < n/w)
"'é“é"“"p_’ {(“rz- I‘l") cos rt - (asz- sl*) cos st
r -8
(10a)
® - ey {sin r(t-n/20)sin rn/2w - sin s(t-%/2u)sin sn/2w
3 = z 3
(t » n/w) -8

2 2
+<1 - g;;) 51—(;;%2} + 2& 5 {(arz- l")cos rt

-3

- (asz- l*) cos st} (10b)

where r and s are the natural periods of vibration of the mass-spring system
and are given by




k1 k2 k3

Y = 2
e = To/k1
k
T = %”B 1_[3
0 - cos wt . cos rt . cos st
g . Sos r(t-x/2w) cos rx/2w cos s(t-n/2w) cos sx/2w
2 = 2 2., 2 2 + 2 2,2 2
(0= %) (s"= ) (0 =s7) (2= %)

® and m have the same meanings as before.

When specific values of mass, stiffness, motor thrust and rate of
motor cut-off are substituted into these expressions, expressions are
obtained in which t is the only varisble., The turning points of the three
expressions are given by the roots of :'cz = 0, ;'c3 =0 and X, = 0. Since

negative values of x, and x, increase the already compressive spring forces

2 3
it is assumed that the maximum force in springs (2) and (3) will occur at
minimum values of %y and X3 Therefore the roots corresponding to minimum
values only will be calculated. Also only the maximum values of BES will
be found, as the ebsolute acceleration is given by g «+ '}.cﬁ. The required

roots will be found by the method used in the calculations on the rigid
missile and described in Section 3.2.

Le3 Results - full fuel cass

The following values, based on early estimates for Blue Streak, are used.
The estimated launcher stiffness, k 19 1s considerably less than that of the
present Blue Streak launcher,

B = 0,372

k, = 21.8x10§ 1b/ft

ky = b2 X 106*1b/ft

k3 = 24 % 10" 1b/ft

T, = (207,000) (13) 1b .

m = 6428,6 slugs

These values give normal mode frequencies, r and s, of 142.2 and
42,0 rads/sec. The rate of motor cut-off is left as a parameter.

In the results that follow the elastic forces are expressed as a
proportion of the static force. Forces arising from any internal pressure
are not included in either the elastic or static force. The static force

* The actual value of the k2 might be nearer 36 than 42. It will be shown
that this change in k2 does not have much effect on the forces.

- 1k -



in the fuel tank walls (spring (3)), for example, is equal to the weight of
liquid oxygen and its tank, the equipment bay and warhead. The values of

the first few peak forces and accelerations experienced by the different parts
of the missile are given bslow for a range of motor cut-off times. The
figures in round brackets are the values of the maxiinum possible peaks that
could occur if structural damping were really absent and the motion went on
indefinitely. The figures in square bracket are the corresponding figures
for k2 = 36 instead of 42.

TABLE 1

Peak forces in thrust structure

Peak accelerations of fuel tank

Cut-ofﬁ time‘in millisecs | Peak forces in thrust structure + 207,000 1b
(907 - 107 thrust) 18t peak| 2nd peak | 3rd peak |All-time maximum
29.5 1,50 1,60 1.57 (161)
3649 1,52 1.58 1459 (1.60)
59,0 145 142 Tobdy (1e1s5)
98,3 (1.17)
TABLE 2

Cut-off time in millisecs | Peak accelerations of fuel tank + g
(90% - 107 thurst) 1st peak | 2nd peak | 3rd peak | All-time maximum
2945 (1.86)
3649 (1.51)
59.0 0.89 1.36 1.39 (1.40)
98,3 (1.15)

-15 =




TABIE 3

Peak forces in fuel tank walls

Cut=off time in Peak forces in fuel tank walls + 130,000 1b
millisecs
(90/=10% thrust) | 1st peak| 2nd peak| 3rd peak | 4th peak Alé;;?me Alé;;?me
(k, = 36)

2945 0.38 o146 175 1.83 (1.83) | [1.80]
3649 0452 162 1,65 1460 (1.66) | [1.63]
39.1 (1.61)
50,0 (1.59) | [1.57]
59.0 0.75 14,9 1.6 1450 (1.50) | [1e19]
65.2 (1a1.3)
s (1.38)
8640 (1.27)
9843 (1.18) [1.19]

Figures for the peak accelerations + g of the oxidant tenk, equipment bay

and warhead are the same as those immediately above.

cccur about 7 times/sec; this corresponds roughly with the lowest natural

frequency of the system,

The above peak values

It will be seen that the maximum value, given in brackets, is quite a
good indication of the greatest peak value that cccurs in the early cycles,
In view of this it would seem justifiable in preliminary calculations of
this nature to calculate only this meximumn, and so reduce the computation.

These maxima are far easier to calculate than the first few peaks,
The greatest force (elastic or inertia) that can occur in any merter after
the thrust has ceased to act is given by the sum of the peak forces
experienced by that menmber in each of the normal modes.
this is that these peak forces must eventually coincide - or very nearly sco -
since the two normal modes will, in general, be of different frequency.
This force will usually be the greatest that occurs in the complete motion;
but it is possible that a greater force will occur before the thrust has

ceased to acte

forces that cccur in the complete motion.

The reascn for

The maximum forces quoted above in brackets are the greatest

Fig.6 shows a plot of these maxima against the motor cut-off time.
For a rapid cut-off a maximum force of about 1.52 (207,000) 1b is estimated

in the thrust structure.

The actual maximum force (longitudinal) in the

fuel tank walls is estimated to be about 1.59 (130,000) Ib less the force
due to intermal pressure.
tank is 1.16g, and that of the oxidant tank, equipment bay and warhead is

1e 59g.
lesse

--16-

The estimated maximum acceleration of the fuel

The forces and accelerations for a slow motor cut-off are all nuch




The above values for the forces in the thrust strucure and the accelera-
tion of the fuel tank are based on the assumption that the variations with cut-
off time are smooth. The force in the fuel tank walls is, in fact, shown to
vary quite smoothly with the motor cut-off time for cut-off time between 50
and 100 millisecs. The reason for the kinks in this 'curve' at cut-off times
in the region of 40 and 65 millisecs can be seen from equation 9b. Cut-off
times of 39.1 and 65.2 millisecs correspond to @ = r/3 and r/5 respectively;
and it will be seen from equation 9b that, when w has these values, the force
contribution from the normal mode of frequency r is zero for all times greater
then %/, This tends to level the meximum force curve in these regions.

It is of interest to compare the results plotted in Fig.6 with those that
are obtained when the missile is allowed only one flexibility, that of the
thrust structure. The expressions for the motion in this case are nuch simpler
and their derivation is given in Appendix 3. From these expressions the maxirmm
force in the thrust structure has been determined at a series of cut-off rates;
the graph is shown in Fige7. Also plotted in Pig.7 are the corresponding results
for the rigid missile and the results for the missile with two flexibilities.

This simple representation has also been used to estimate the effect of
stiffness changes in the launcher and thrust structure. TFor a specific cut-off
time, 59.5 millisecs, graphs have been obtained of the maximum force in the
thrust structure against the launcher stiffness and the stiffness of the thrust
structure; these graphs are given in Figs.d and 9 respectively. Increase in
launcher sciffness and decrease in the stiffness of the thrust structure are
seen to be beneficial.

Loty Results -~ other fuel cases

The forces experienced by the missile in any fuel loading condition are
given by equations 8a, &b, 92, 9b, 10a and 10b of the last section. As the
fuel is burnt m decreases but B may be assumed constant. This assumption will
be seriously in exrror only at very low fuel content. For a specific cut-off
time, 59.5 millisecs, the maximum force in the fuel tank walls and the accelera-
tion of the oxidant tank and head have been determined for a series of missile
masses. ('Meximum force' has the same meaning as it had in the last section,)
The maximum force in the fuel tank walls is expressed below as a. proportion of
the static force in the fuel tank walls when the missile is in its full fuel
condition.

TABLE 4

Variation with fuel content of the maximum force in the fuel
tank walls and maximum acceleration of the oxidant tank

Mass of missile ; Max force in fuel | Max acceleration of
tank walls oxidant tank and head
(slugs) (130,000 1b) (+g)
64.28,6 150 1450
0,80 ( " ) ; 1420 1453
019 ( " ) Ce78 1.59
o1 (" )y 0.1k 1 olily

The effect of fuel loading on the force in the thrust structure has
been determined only by the two-degree-of~freedom analysis described at ths
end of the last section. The results obtained for a motor cut-off time of 59.5
millisecs are given below. The maximum force in the thrust structure is
expressed as a proportion of static for the full fuel condition.

-17 -



LABLE ¥

Variation of max forcc in thrust structure
with fuq;'content

Mass of missile | Max force in thrust structure
(s1lugs) (+ 207,000 1b)
64.28,6 148
0,81 ( " ) 1,23
Oy ("™ ) 0.72
0t (" ) Oty

It will be seen that the results from both these calculations arc quite
similar to the results obtained for the rigid missile for the rapid rate of
cut~off: +the overall force dcecreases with decerease in fuel content but the
acceleration may increase a littlc, In vicew of this a more claborate investi-
gation was thought to be unnecessary.

5 CONCLUDING RELARKS

A repid shut-down of the motors of a tethered ballistic missile can
cause a greater accelergtion than that experienced at launch and could govern
the design of part of the stuoturc. If the missile is treated as rigid, and
we denote the naturel frequency of the rigid missile on the launcher by
v rads/scc and the cut=~off time (90% = 10% thrust) by 1.85/w sces, then the
maximum acceleration induced by the shut-dovm was found to decpend only on
the ratioc of w/v and thc magnitudc of the full thrust. In the case of the
mlssile, Blue Streak, the full thrust of which is 1.3 times the all-up-wcight,
the maximum acceleration increases from 1g to 2g as w/v increases from O to 1.

Analytical cxpressions were derived for the forces in a missile trcated
as flexible., The forces in the missile were then calculated for a parti-
cular missilc and launcher for a series of motor cut~off times, The results
show similar trends to thosec obtained for the rigid missile, in that the
accelcration increascs as the cut-off time dcerceases,

LIST OF SYMBOLS

Symbols used in Section 3:=

combined thrust of motors at time ¢

+3

combined thrust of motors before cut-off

motor cut-off frequency (sce equation 1)

mess of missile

mass of missile in full fuel condition

upward displaccment of missile from equilibrium position for zcro thrust

stiffness of launcher

> R K B B8 £

displazjmcnt before cut-off of missilc from cquilibrium position,
& ="7/k

Td/m 4
natural frequency of missile on launcher, v = [k/n]?

Hy

v/w, an even intcger



LIST OF SYMBOLS (OONTD, )

i

v/w, an odd integer other than 1

R v/w, where v/o < 1

Additional svmbels used in Section L=

r and s natural periods of vibration of the missile-launcher system,
r2 ot az - Ly
2 - 2
s
. 1 { k'j . k1 k2 ~
Bm }1-8 k’l + kzj
k, k. k
2
Y A 2

B (1-B)(k, +k,)

k7

T Bm(7 =B)

By v e e o

(x7- 0= 07) (7= (%= 27)  (07- 5T ("= %)
- ( s \ IR / T ) g%

E2 coazr t; ,—-‘5—2 coz S . coszs\t: ~2;0—2 coz 0
(0 = ) ("= ") (0= s7) ("=~ )

X, extension of launcher

X, extension of thrust siructure

x3 extension of fuel tank walls iiiiggimzopgzgiﬁ for

g Xy o+ X, displacement of fuel tank J aero thrust

k, stiffness of launcher (= k)

k2 stiffness of thrust structure

k3 stiffness of fuel tank walls
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APPENDIX 4

SCLUTION OF EQUATION OF WMOTION - MISSILE RIGID

The equation of motion for the rigid missile is shown in Section 3.2

to be
n
. __éo_ (1+ cos wt) 0<t< =W
mX 4+ kx =
0 t 2 ®/u.

The boundary ccnditions are x = £, X = 0 at t = O,
Using the fact that To = ké and writing k/m as vZ the equation becames
v2 £

2 2
0 t2 n/w .

(1+ cos wt) 0¢ t<¢ xn/w

The Laplace transform of this equation is

2
(p2+v2) X = y__é__{’i{:%“_e—fmp/w) +-,2-E-§ (1+e~np/w) } + pb
P 4w

where X is the Laplace transform of X.

Thus

- %y (1_e—qtp/w) p(1+e~np/w) D . pL
* =73 D 2.t T o 5.8 2 2 o
p(p+v7) (P +vI)(p T+ wY) p +v
w2 e (1 /1 p “np/w 1 P D ~mp/wy )
= S \T- (1=e ) + - (t+e )
2 2\p 2 2 2 2 2 2 2
v P +V w =¥ \p“4v P+ W
. ¢
P H v
hence
e v
b's = 3 i.*]-cos vt + ) (cos vt - cos wt) + 2 cos vt
(0 ¢ t<=m/w) -

it
rojes

{1+ 1 (v2 cos wh - 0> cos vt) }
ve-w
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Appendix 1

and
X - £ "1 s vt 1 t-X
= 3 - co8 vt - {1-cos y o I
(t>7/u)
v2 = o
A [oos vt -cos wt + (cos v 1;..-) - COS o (c-—-'))]-;.
W -y W ]

+ 2 cos vt}

= e’ {oos vt + cos v ( A)}
B 2 2 W .
2(w-y*)
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APPENDIX 2

SOLUTION OF EQUATIONS OF MOTION - MISSILE FLEXIBLE

The equation of motion for this case is derived in Section 4,2, and is

(1-8) m(321+32:2+'>'c3) +kyx, = 0 (11)
Bm(551+§€2) + (1-B) m(521+552+§3) +ky,x, = O (12)
T 'ﬂ:
o . - (1+coswt) 0 <t < 7
Bm(x,+%,) + (1-8) m x1+x2+x3) tk, X, o= (13)

0 VEXO/

-

The boundary conditions are x, = £, X, =%, =%, = :\c3 = ns'.3 =0at t=0,

Equations (41), (12) and (13) emable differential equations to be formed
in %y % and X, + %, (= xﬁ) separately., These equations are

T
. -§9- 7 w2] wk Q‘:_s ;‘:t 0<¢t <™
X, + 08X, +YX, = 1 2 (14)
0 t > Yo
Towzkzcoswt 0 <t<™/
e (1] _-2- Bm (k1+kz) “
g+ QX 4Ky = (15)
0 t> ™

T ¥ . 2
=2 _ 114 1~BM—- cos wt 0<t<ﬁ/w
e 2k1 k}

Xo + XXy +¥X (16)
B B B
0 t 5™ /0

where the symbols have the meaning that they have in Section 4.2, The
boundary conditions of equationsn%‘ll;.) (15) and (16) are determined from the
original equations of motion (11} (12) and §133 and their boundary corditions.
The boundary corditions of equations (14), (15) and (16) are respectively:-

of k,

x2 = 0, Xz = 0, ?.'2 = 5 k1+k2 R }’.‘.2 = 0, when t = O
%z = 0, 5:3 = 0, ':':3 = 0, '3:'5 = 0, when t = O
XB = £, :.KB = 0, '}E:B = 0, .SC.B = 0, when £t = 0



Appendix 2

The Laplace transform of equation (14) is

12

(pl*+ap2+y)5':2 = 82(T-u?)‘-é‘2--2-(1+e “’>+82p
P+
sz kJl TO wz
where s = = .
2 2(k1+k2) 2(k1+k27
Thus - o
2 W
T =t 1+ e
_ J (z-u7) p( ) o
X = &

2

2 2 2..2 2,2 2. Y7555 2
Upw>@+rxpm (p%4r?) (o248

where 1 Q@ + “2_!
-x

This can be expressed as

7
. 2 T L :
*p = sl p (H ° P‘) { (::‘2--(«»2)(S"z-.wz)(Pz'H‘“2 ) (r®) (5% “)(ph®

. 1 }.+
(@2-82) (2~s%) (p2ss°)

" %2 P{ (p +r1)(s —r* ' (p +3 ;(rz—sz)} )

Hence 2
fw k " ot
X = k k {(T'-w )[ 2002 W 2 2 + COS
2 20k #%5) (r"0?)(P®)  (Per®) (2
(0t <™/y)
. cos st ] +
(0%-57) (z*~57)
+ cos ri cos st
2 2 T3 2
S =X I -3
2wl x

4 {( 2% o cos rt cos st}
V' ) E + + .
21 k 1 +k2 ) 1 szﬂrz ra__sz
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e k, {( )[LOS rt + cos r (t-—%cj-) cos st + cos 8 (t--g—)]
X = T -0 — +
2 ) (%) (5217 (6Ps2) (2
(t>70
cog vt = cos st
PR AT
§ w1 r-s
o ST
ew? ky 08 T (t— 2@) 90s &= ©CoS 8 (t- zw) cos 3=
= (k+k52(“°) 7 82 VIR, +
r)(s%-r") (@°-s") ("=
cos rh . gos s%
IR
81 r s
_ 3"’2 k {2(,;_” ) E 4 Sos rt 4 08 st}
kK ) 22t a2
Similarly the Laplace transform of equation (15) is
0 T8
(pz"+ap +y) X, = € —-—:;Pf (1+e w)
3 5 (p° e
T Wk, e K, k,
where &, = -— =
3 2 Bm(k,l-kk? 2 Bm{k,+k,)
and henee

&w kkz

XS = 25m2k1+k25 E‘l
(0<t<™w)
(mz k‘lkz
s TR 2T
(> ™/u)



Appendix 2

The Laplace transform of equation (16) is

T i3
Ty - 2 -
R TR FY O YO O
B 2k, (P } b P+ w?
+ p38+ opd
and hence
2
ff[.{ 1 . 4 <cos rt cos st) +< w> }
- - - 1 ==—1E,} ¢
8 2227 P2 2 <2 pv) ™1
(o<t «™/w)
+ --—--------2E 5 (r2 cos 1t - 52 cos st) = “éo't'% (cosrt - s st)
. % . IT . Xy gin 2
) ] _fg'__{ ) (S:Lnr (t_%) sin 5o sins (t- 2&)) sin 2w> .
B 2 I'Z"'SZ r2 52

2 ~N
+ 2 ( - L) EZJ + *—(;16-*5 (1“2 Qo8 rt-—sz cos st) -
r Q

gl ]

- "'g&"'z' (cos rt ~ cos st).
roes




APPIENDIX 3

ANALYSIS OF SYST®L IN WHICH TURUST STRUCTURE AND
LAUNCHER ONLY AR ASSUMED FLIEXTBLE

The equation of motion for this case can be obtained by putting k3 = ®
in equation (14). This gives

T 2
. LY
) k1k2 5 E;‘I{zj cos wt Ost</w
T2 F T m 2 T
0 t2%/w
The boundary conditions are X, = 5(,) = 0,

The Laplace transform of this equation is

2 ui
(P2+n2) X, = 2(ik1:) 5 s 5 (1 re )
1752 P +w
k,k
where n2 5 ——i s
(k1+k2)m
hence
2
% _ 8k1 v {cos nt - cos wt}
2 Zﬁc,'i-kzj w2 2
(0 <t «™/w)
2 7 nn
. i Lk, o {ZGosn(t-—zb)) oouZw}
2 2(k1+}:2y W L 2
(t> )
LIFPRINT

D 543/Wt.59 K4y 2/64 R & CL - 26"~
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