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Page 4, Equation 2a, line 2i-

Page L, Equation Zb, line 2:-

i v, d v ¥y d
For (1 - --> read (-- - -£> -
o, dr R u,/ ar

Page 6, lagt three lines:-

In each line

% V Z
For (1 + —-C-1> read (—-- + _ﬂ)
Hx OR - uy

Page 7. In the expression for C:=

7 v r‘v
For IJ* T-" read -—- u* .;...
ig 1R i
Page 7. In the expression for D
Ly = lpn, v Lyt = lghy
For Hy —w==m===me- read ==l —-=me=--o-
1AlC 1R lAlc

Page 7, 1st line:-
For xg read xy

For xy read Xy .
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Dynamio Stability of the Helicopter =

The Equations of Moticn

4, H, Yates: BuSQ., BOSC.(EngO)Q

Alth Jenuory, 1951

The equations of motion, as used in
calcﬁlaticns of the dynamic stability of
the helicoptoer, arc stated hore.

They erc rcduced to dimensionless
form and the cxpended forms of the
aoefficicnts of the determanental egquations

arce given.

1itFoduction/



Introduction

Several reports have recently becn published on various
aspects of the problem of dynenmio longitudinal and lateral stability
of the single-rotor helicopter but the lack of a cormon notation has
made difficult the task of linking the various reports. This
task is simplified if we write down the six equations of motion
of the helicopter in terms of dimcnsionless derivatives in a manner
anclogous to that for fixed-wing aircraft.

The equations can then be sinplified where nocessary by
neglecting oertain derivetives and the characteristics of the motions
of the helicopter deduced from the golutions of the equotions. The
main problem is, of course, the ealculation of the derivaetives. Some
are amenable to direct celculation while others con be estimated by
seni-enpirical methods from the results of wind tunnel tosts,.

The equations of motion

The calculations cpply to small disturbances of the
helicopter from its equilibrium condition so that only first order
derivatives need be consgidered.

Almost all fixed-wing eircraft have a longltudinal plane
of symmetry so that, in the consideration of their stability, coupling
between longitudinal and lateral motions can be i1gnoreds Many
helicopters, too, will have this plene of symmetry but the single-
rotor helicopter with torque-balencing tail rotor, for exemple, has
not end there will be a coupling between the two motions. The error
caused by assuming that the motions are indupendent is found to be
small so that the couplang is ignored in the present poper.

Sonc other sgsumptions nade in deriving the nomal equations
of notion of a fixed-wing acroplana cennot so eesily be made for the
helicopter. TFor the former the direetion of the relative wind is
assumcd to be in the plene of syrmetry. We shell retein this
egsumption in writing our equations and will thus obtain the equations
of motions for small disturbances from forward or backward flight or
hovering only. Another assumption = that the products of inertis
D=lnyz and F = Jnxy arc zero ls reteined sinoe the torque
bolancing device dces not usually involve any shift of the centre
of gravity from the plane of symmctry.

In defining the motion of thoe helicopter we use a set
of rightehended axes with origin at the ecentre of gravity, G,
end fixed in the helicopter so thot they move with 1t when 1t is
disturbed. The exus GX end GZ are alwoys taken in the plane
of symetry with the axis GX approximately forvard and Ga
dowvmward. GY is taken to starbeoard,

If the axis GX coineidos with the direotion of the
undisgturbed motion of the holicopter then the axes are callad
'wind axus' but remain fixed in the helicoptors The wind axes
can be noved toc coincide with their originael position in
undisturbed flight by rotations ¥ about GZ, O about the
resulting GY and @ about the resulting GX.

Forcaes and velocities are defined in Table I and are taken
positive in the darecotions of tho axes, Angular velocitics and
mcnents are positive when thoy tend to rotata the hellcopter in the
sanses Y — 2, 23X, X1,

TLBLE I/



TABLL T
____________________ S O
Deseription Symbol Unit
Axes L X G2
2

loment of Inertia IA IB IC slugs. ft.
Product of Inertia - Iy - glugs. ft.g
Steady velocity V = = £t./sec.
Disturbed velocity V+u v W £t./sec.
Disturbed angular P r rad./sec.

velocity (= 5>) (;gb )(=‘- ’JJ)
Forces XY Z 1b.
Moments L 11 W 1befts

The equations of motion vhen 'wind axes! are adopted are as
follovs¥,-

Longitudinal
e
W
-1 - uX - i, - 8, + W6 cos T, = X,
(g
WO,
-(w - V9 - uZy ~ Wi, - éZq + Woain 74 = Zo 1}..-(1&)
g
Ip 8 - uy - i, - &, = M,
it
Lateral
W - y
; (++ ) - - éYP ol Wep cos T, + Yein T,) = YO
IAqb - IF};) - VLV -d]LP - 11)]:'1. = LO >¢0.("Ib}
I&“I:E#"‘VNV'(};N?"&NI‘ = NQ

-t
vhere X, M, etc. are forces or moments applied by control movements, etc.

If ve nov substitute the dimensionless derivatives (Table II), these
equationg become:~

Longitudinal /

¥he angle of climb of*the helicopter is often dencted by <. As
aerodynamic time is also conventionally written <t we shall here use <,
to denote the angle of &limb.



mongitudinal
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[ mote thet Cp = Taft / p(QR)’S where § is the Clac srea,
aR* , and thet Tift, measured as ususl normel to the Flight

path, = W cos Ty 1,
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The dimensionleuss derivetives and their derivetions aro
given in the table below.-

T RBLE 1T
I 1T ITT v
Units of Quunt- Divigors to
itiuvs in II Quantitics obtain Deseription
and IIT v
1b, X Y 2 |,0%%.s For30
goetficients™
L
1b. £t L M N | ofPR%S.R Morent
: aoefficients
1b. X
________ v T Zu Force
ft./scc. v 5.0QR.S velocity
X Z derivatives
W W
1b. Y Foroo
_________ X P g angular
rads/sec. . e 4 B 9 R.5.R velocity
‘Ir |} derivatives
1b,1f't, Mu I, Moment
e st e L, N,|p.2 R.5.R velocity
./ 80C, I‘% a derivatives
1b.ft.
_____ tﬁ_- Lp . Nb Moment
rale/ SCCs VLQ £.Q RS .R2 an%ul:}:
1, N velocity
r Tr derivatives
___1b. Y{J » Force
rad./sec? %y Z| P . SR anguler
q volocity
\ Yi derivatives
L. it. Momnt
IE‘{F' P . o SR3 ongular
"';.; - a volocity
Tads/8Cas Li. Ni. dorivatives
slugs.ft2 I I, I 2 Tnortia
s 1B 0 W/ g soefficionts

bl

XThe 1ift OOquicic,nt defined hero ds E(..?Z_’.Q tines the 11ft coefficiont
i

1
basoed on miN",.

#% Those Acrivetives erc usuclly noglected whon considering the stobility

of fixed winp onircraft.
affest the stability of the holicopter;

included in the cquations given nbove.

There is, howevers somg evidenoc that they nay
thay have not, howover, boon
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The dimensienlesa unit of time, the alrsco, is defined as

w

N
t =

- gEces
£ps3.4R.

and time messured in these units is denoted by T so that t .., =T ot

The relative density parameter is defined as
w

- v}

gpSR

The sets of eguations (28) and (?b) are solved by assuming that
the variables

He

L' W v
Ty T, 0 T, %, )
QR QR QR
u "
are functions of v eof the form —— = [— oMt s ete,
QR QR

0
Tf the motion with controls fixed is considered

(x, =2, =m_ =y, =£,=0,= 0) the equation for A becomes

DY B2+ P+ E= O

where the coefficients are functions ef the dimensionless derivatives.
If :\E and the acceleration derivatives are ncgleoted the coefficients
are

Toongituginal
A =1
Bq
B="(Xu+zw)-z—-
B

Illw Zq mu
"(xu.zw— qu) T (Xu+ztv)"u*g Pty =3

Ha 15
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E = p GL (z, = xy ten 'rc) - p,— Gy (2, — %y ten 7 _)
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Leteral
A = 1
ﬁp n.
B & —— = = = ¥,
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