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SUMMaRY

The formula suggested in ref.1 for the varaation of turbulent
skan fraction with Mech number and heat trensfer as

Op, = Cry

I

when Rel Rem T1/Tw

wnere subserapt "i" refers to the incompressible values of skin friction
cocfficient {Op) and Reynolds number (Re), subscrapt "w" means that den-
suty (p) and viscosity (u) are to be evoluated at the absolute wall
(skan) temperature (T,;) eand Tq 1s thc absolute static temperature in the
strecam outside the boundary layer,

The experamental results an ref,? gave a check on the worth of the
formula only for flow over a flat plate under zcro heat transfer condi-
tions at My = 2,46.

The present note cxtends this check by analysis of two sets of
American tost results<sb,

The first set® covers flow over a flat plate under zero neat trans-
fer conditions for Mach numbers between 1.9 and 2,2, while the second
set™ covers subsonic flow through a circular pipe for temperature differ-
ences up to 684°C. In each case a good correlation 1s obtained on the
basis of & known ancompressible flow formula,

In the latter case, the hent tranofer results can also be corrsla-
ted by the seme method, substatuting ky, for Cp in the above formula.
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1 Introduction

Analysis? of measurements of the turbulent boundary on a flat
plate, made under zero heat tronsfer conditions ab Iy = 2.46, suggested
a formula for the variation of the twrbuloent skin friction coefficient
with Mach number ond hcat tronsfer. It s

veenvae (1)
T
when Re, = Roy =
Ty

where Cp = —--F—"-)-- (= moan* skan friction coefficient)
T ow <L

uié
ke = - (= Roynolds mumbcer)

subscript "a" refers to the incompressible volucs, gubscript "w" mecans
that density (p% and viscosity (V) arc to be evaluated ot wall (skin)
temperature (T,) and Ty ond T_ are the static temperatures, in the
stream outszde the boundary layer and ot the wall respectively.

This formula 1s based on the sssumptions

(a)  that the gencral leog-law - vcloorty profile of incompressible
flow can serve os an approximation an tho compressible flow cose
if density and viscosity are evolunbed at well temperature. (This
was the case under the cxperimental condations of ref.).

and (b)  that Reynolds annlogy between momentum and heat exchange 1u
valid, (This leoads to the assumption of constant total energy in
the gero hent ironsfer case).

It should be noted that Mach number docs not appear explicatly an
equetions 1. TInstead, cince the static pressure "p" 1s constont across
the boundary loyer,

m

- 5y
Go, = GFWIT veenena(2)
yoooT
a.!’ld I{e - Re ¢ cmam s e e can 5
W 1 HW TW ( )

% Tquetzons 1 should also give the varialion of the local skin friction
coefficient.

#% The various power law velocity profiles are gpproxamations to thas

law. In particular, the 1/7th power law profile gave good sgrecment
with the cxperimentel results of refl 1.

.._’5-..



Hence equatizons 1 to 3 indicate that the ratio (T1/D,) 1s the only
fattor in the variation of OF1 with eirther My or heat transfer, at given

Req. (Under zcro heat trensfer conditions this temperature difference
is obtained by aerodynamic heatang, the awount of which varies wath M, e

Throughout the remainder of this note the subscrint "" will be dropped
and Cp ond Re will be teken as denotaing free stream values of p and .

The results in ref.1 gave a check on the worth of equations 1
only in the case of flow over a flat platc under zero heat transfoer
conditions at My = 246 and for a limited range of Reynolds numbers
(based on free streem conditions) betweon 0.6 x 10 and 3.5 x 100, when
good sgreement wes fownd.

The purpose of the present note 1 to cxtend the check to other
velues of My and Re, including cases wath heat transfer. To this ond,
two setsZh of American test results have been cnalysed.

The first set? conbains measurements of the boundary layer on ao
flet plate under zero heat trensfer condataons, for tunnel Mach nusbers
between 4,73 snd 2, 55 and for Reynolds numbers (free stream) between
b x 106 and 20 x 10P.

The sccond set* contains mepsurements of skin friction and heot
transfer for subsconic flow through a pipe up to high rates of heat transfer
end covers a renge of Reynolds numbers (beosed on pipe dismeter and buli
temperature) betwecn 7,000 and 500,000.

In addition to the check on the skin friction variation, the sccond
seth of resulis affords a means of checking the relation between skin
friction coefficient and heat transfer coefficient (k) for pipe flows.

2 Skan fraction on o flat plate under zero heat transfer conditions
at supersonic speeds

2.1 Source of experimentsl evidence

The experimental date are token from ref, 2 which gives the results
of pitot traverses made in the boundory layer of a flat plate at tunnel
Maoh numbers of 1,73, 2,00 z2nd 2. 25. The tests were made 1n the Ordnance
Acrophysics Leboratory (0.4.L, ), Deingerficld, wind tunnel by the
Defense Research Leboratory (D.R.L.) of the Unaversity of Texas, For
each tunnel Mach number, the plate wos set ot two angles of incidence
so that results werc obtsined for mean Mach numbers {in the stream out-
side the boundary layer) of 1.695, 1.733, 1.897, 2,003, 2,121 and 2,186.

Only a lmumted amount of data 1s svaarlcoble ab ¥y = 1,695 ond 1.733
(two traverses at My = 1.695 and one ot My = 1.733) because mechaniecl
defects were found in the apperatus, Most of these dofects were correc-
ted beflore tests were made ot the higher Mach numbers, whiach proved more
successful, For that renson the emphasis of the present note is placed
on the latbter results (at My = 1.897, 2,003, 2.121 ond 2,486),

2,2 Anelysis of results and comparison of skin fraiction coefficrents

2.21 D.R. L. Annlysig@

By similar methods to those used in ref.], the paitot traverses
are enalysed in ref. 2 to give velooity profiles and velues of momentun
and displacancnt thicknesses,



With two excepiions, all the - clooltj profiles are fully turbulent
and show reasonable agreement with the /7 th power law profile. Follow-
ing this 1t 1s assumed, by analogy with incompressible {low, that

]
- /5 ()

1 R
(,FHARO sea s s e v e

where the factor A replaces the constant 0,074 of incompressible
flow. The mean skin friction coetrficient (0F) is obtained from the
mementum thickness (0) via the mementum cquation.

Op - 2 ceeeen cena(5)

X o= Xg
where x 1s distance from leading edge of plate and x, 18 the valus
of x at the position of the effertive siart of the turbulent laycer.
The distance (x - x.) 15 used as the characteristic length in
both Cp and Re 1n cquation 4. "x.' was cbtained? by an arithmetiecal
fairing of the test results on the basis of equation &4,
The resulting experimental values of A ~re shown in fig, 1 as a

function of My, and are compared (as in zef, 2) with Von Karman's sugges—
ted variation given by

1/
pr = 0.074 Re, u teeean ceend(F)

from which, by taking (as in rof, 2)

m — m
Ty = T

where TO 1s the free stream stagnation temperature

and aTO'768
we obtain
. -0 64604 4
- -
Cp = 0.074‘ ; e ne /5 e {6a)
B -2
. -1=0., 6461
-
1., A= O.O?Li-lr 1 + i M.Ji2 .-....(7)

Fig, 1 shows that equatlnn 7 oveérestumates the compressibility variation
and in ref, 2 4n empirical correction 1s obtained by_retaining the form
of equation 7 whalé -changing the ndex. That taken® is

1 L
e’ o at

1-0. 348 ,

M'i 2

e (8)




which gives the uppermost curve in fiz. 1. It misht be noted that a
better mezn curve through the experimental results would be cobtained by
retaining the index (-0,6464) and increasing the incompressible value
from 0.074 to 0,08B75,

2.22 Analysis on the basis of eguations 1

Equations 1 give
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in compressible flow.

At zero heat transfer, experimental evidence 1ndicates that for
a turbulent boundary layer

v o4 4088 X W e (10)

T4 2

Also, application of Sutherland's formula for the variation of viscosity
with temperature shows that vhen iy = 2.0 apd T, = 150°F (as 1n ref. 2),

then
0,82
Ha Tw)
vl (T—{ Ceeens (1)

Combining equatlons 9, 10 and 11, we gbtain

. -1 L =00hd 1y
Cp = 0.0?Aw 1+ O.88-—~5—- MﬂZ‘ Re > (2a)
»\r..ﬂ 2‘ -O.Ll-llr
1.6, A= 0.074]1 + O.88~—é——M1 )

The variation of A with My according to equation 12 1s shown by the
full line in fig. 1, which 1s lower throughout than the empirical mean
curve (equation 8) of ref., 2, and 1s also lower than the ma jority of
the experamental values from ref, 2, Alsc shown.1s the experaimental
value at iy = 2.46, obtainaed from the R,A.E. tost resulis of ref. 4 by
a power law analysais,



However, by adjusiang the values of X, (the agssumed starting point
of the turbulent boundary layer), the R.A.E. variation for A {equatien
12) can give good agreement with the experimental results of ref, 2.
This 1s shown by Pigs. 2a to 2d. These are plobs of momenium thickness
against distance from leadang cdge and assuning that

A/

‘:)H'R[‘( ’C'“xn>

a5/4 <% )

should be a linear function of x. Good agrecment 1s found with experi-
ment and the diffcerence between the R,A.E, (equation 12) and D.R.L,
(equation 8) curves is small. (The results for My = 1.695 and 1,733
are not included because of their limited number and the possibaility

of doubts of thexr accuracy). Fhus the apparent discrepancies boetween
the R.4,E. and D.R.[L. cstamates for the factor "A" an Faig. 1 can arise
from small differcnces 1n the fairing of the experimental results.

then

a2

§

T
Fag. 3 gives 2 plot of CFW against Roy 1/Tw, where beoth Cry and

Rey are based on distance from the leading edge of the plate, 1.c. they
1nclude the effeet of the laminar laycr over the forward portion of the
plate. Included arc_the experamental points from the R.A4LE, tests! and
from the D,R.L., tesis™ at tne 0.4.L., plus the mean curves resulting from
the proesent analysis, Tweo conclusions can bé drawn. They arc

(1)  Equations 1 can give good cgrecment with experiment for the
variation of Cp with M) over a range of Rey *1/p. from 10% to 5 x 10
and for My between 1.9 and 2,45,

and  (2) Despite much carl.er transition to turbulence, the turbulent
boundary layer obtained in thoe R,ALE, tusts' 1s consistent with the order
of mgnitude of that obtained in the 0.4.71. tosts?.

3 Skin friction and heat tronsfer in subeonic flow through a
circular pipe

3.1 Source of experimental evidence

The experimental data are taken fiom rel, 4 which covers tests
made with air flowang through an electrically hcated Inconel tube with
a "bell-mouth" entrance, an ins:dce diameter of 0,402 inch and a length
of 24 inchss, They represent an extension of the date given in ref, 2
and cover average wall temperatures up to 1140%K. At the highest test
Reynolds rnumbers, tube cxdt Mach mubers of up to 1.0 were cbtained.

The tests were made at the N,A.C.A. Lewis Flipght Propulsion Labora-
tory at Cleveland, Chio.

3.2  Analysis of resulis

The resultis ar~ given asg curves of Nussclt number against Reynolds
number (based on tubv diameter) and of mean skin frietlon coefficient
against Reybolds number for different temperaturc levels, Nusselt
number 1s based on the differcnce between the mean inside tube wall
temperature (T 1n the present notation) and the mean total tempera-
turc of the air flow (Tﬂm). In subsonic flow, thc latter 1s close
to the wall tempcrature for zero hoat transfor The static pressurs

-7 -



drop due to friction (Apr) was obtained by subtracting the mean rate
of change of momentum from the measured static pressure drop along
the tubé length., Mean skin friction (¥/L) 1s then given by

F L. D

T % APt gT
where D 1s the diameter of the tube
and L is 1ts length.

For the present analysis, values of Nusselt number and of mean
skin friction coefficient were read from the curves of ref. L. The
former were then transformed into mean heat transfer coefficients

(k) by using the relation

where g is the Prendtl nunber.

Fanzlly, mean skin friction and mean heat transfer coefficients
were correlated against Reynolds number on the basas of equations 1,
taking the tube doameter as the characteristic length,  Fhe results
are shown in fags. 4 and 5. Fig. 6 then shows the ratio of mean heat
transfer to mean skin friction cocfficient,  Throughout the analysis
the NACA values for the physical properiics of air were used, as given
in fig. 4 of ref. 3.

3.3 Discussion of results

3,31 Skin friction

On the basis of eguatlons 1, fig. L4 shows a plet of I, against
Rey, Tm/TW where

Apy

Yy T —T—
oo %PWW

is the mean skin friction coefficient, (The factor "3"' is included
to a1d the comparison with heat transfer coefficicnt).

"T," should be the mean static lemporature of tne anrflow, but
this 1s not given in ref, L. Consequently the mean total tempsrature
"Iyt was used in 1ts place in cvaluating the factor (Ty/7,) in

Rey T/ Ty However cince the flow was subsonlc, any errors thus intro-

duced arc small, (For example, in the ¢xtrume cascs when the speed of
sound was reached at the tube exit, then 1t might be plausible fo assume
that the mean Mach nuiber of the flow was of the order of 0.7, Thuis
corresponds to

Ty

2~ 1,1
Tra

so that the maximum error in Rey Tm/TW 1s of the order of 10k.  Refercnce

~8 -



to fig.k shows that a shaft in Re, /T, of this amount would have
negligible ef'fect on the correlation).

There 1s considerable scatter in the experimental points on fig.l,
but at each temperature level they show o tendency to approach a cormen
mean curve as the Reynolds number 25 1ncreased,

For "incompressible" flow, Blasius gave the empirical formila”

DY =%
LY = 0,0396 (ﬁ’l_ﬂ_) . L (13)

v

Adepting this to compressible flow conditions in accordance with equations
1, we cbtain

-'
T\™7
Z Yy = 0.0396 (RBW_E) soeenes (14)

T
and this curve 1s in reasonsble agrecment with the "fully turbulent"
experimontal values over the whole range of Rey Tm/TW (from 1,000 to
£400,000).

Thus on the grounds that they bring "fully turbulent" results
sver a wide range of temperatures on to a common mean curve and that
this mean curve agrees wrth an exasting curve for incompressible flow,
it can be said that equations 1 give a sufficiently accurate estimate
for the variation of skin friction with temperature in subsonic flow

through heated pape.

3% 32 Heot transfer

If Reynolds anslogy between momentum and heat exchongs were valid
througlout the whole of' the boundary layer, then we should haved

In fact, since there 1s always a lamnar sub=lagycr present, this
could only be the case if o = 1. Howover 1t suggests that it might be
possible to corrslate heat transfer results on the basis of equation 1,

Lo, by plottang kp  egeinst Rey, Tm/r,

This 13 done in fig.5, which shows that the experimental results
are correlated on a mean curve with much less scatter than in the ecase of
the skin friction results of fig.4.

For Reynold's numbers greater than 2100, McAdamss

gives the formula
Nu = 0,023 Re@ 8 0.4

for flows through pipes, which 1s eguivalent to

1‘-{-}“ = 0.023 Re—0.2 O_-O.6 -b--.;(15)

-9 -



However, if the data which support equation 15 were analysed
usmg the physical properties of air given in ref.Jj, then 1t 1s glvenf,
that the constant 0,023 should be altersd to 0,0205. Thus

K, = 0.0205 Ro™O*2 670k6 cereea (16)

1s the comparable "incompressible" cquation to the present rcsults"".

Applying equations 1 (substituting ky, for Cp) we get (arbitrarily takang
0 =0y)

- T Y =0.2 =0.6
ky, = 0. 0205 Gew ﬁ) o cenesa (17)

(The mean valuc of oy, = 0,66) Fig.5 shows that equation 17 is in
good agreement with the experamental points for the higher Reynolds
numbers at each temperature level. In genersl 1t may be said to give
a good fit for Re, Im/T_ > &4,000. Thus the spplication of equations 1
to heat transfer coefficients (k) seems justifisble.

The toiling=off of the experaimental values at the lower Reynelds
numbers would scom $o be an entry effect. Subsequent tests by the
suthors of refs.3 and 4 hove shown! that changing the entry shape has
considerablce influcnce on ihe heat transfer results at {the lower Roynolds
numbers. The 1llustrations in ref.7 ere not however of suffircient
size to warront cnalysis.

The same entry effeot was not noticechblel in the skin fricton
results.

Consideration of the other curve on fig.b 1s deferred till the
next section, since 1t 13 besed on the ratio of heat tronsfer to skan
friction.

2,33 Ratio of heat tronsfer cocfficiont to skin friotion
coefficaent

The preceding scctions have shown that the correct variaticons
with temperature cen be obtoaned by tokang both Yy end kj,  as funotions
of Rey Im/T,. This suggests that the ratio

K/ (2 1)
might also be plotted egeinst Re, m/T. .

This 1s done in fig.6 which shows that despite a lorge emount of
scatter (occasioned by the scatber of the skin friotion results, fig./)) ),
the results lie within a definate band. The tealing=off for Re,, ImAp <10
1s caused by the ocorresponding feature in the heat transfer results ond
must be treated with rescrve, since ref.8 shows that this tarling=off
varies with the entry shope.

Now for incompressible flow over o flat plate, Von Karman's exten-
sion to Reynolds anzlogy glves

~ 40 =



R
3
S
R

m_l.

{(@w 2(0')} ceenenn (48)

where 2(e) =5 |{o=1) +én (22_6_""_1)

It 1s easily shown that for the range of Prandtl numbers associ-
ated with air (of the order of 0.7), en approximation within +25% of
equation 18, for a range of Reynolds numbers from 109 to 108, 18 glven

by

kp = (:_'_; Cf) ‘7“1/3 ..-...-(19)

There e¢xpressions are striotly velid only for flows over a flat
plate. For pipe flows, Squ:.re8 shows that a small correction term &
must be included in equation 18, giving

1.2\ [[= . )
kp, G}f) {Gf) Z (cr)} vereese(18a)

This correotion term &, depends on the relation between the
velocity and 'gemperature prof]:lg.es and analysis of some experimental
results gaves

m

Re | 106 | 05| 106

by [ 1,08 | 06| 070

{H

In the present cese we shall eprly equations 48, 18a and 19 to
end % Vo ? with o evaluated at well tomporature. Qver the ronge
o?v’test temperatures, o, varied from 0,69 to 0.6k, according fo the
values of the physical properties of air given in ref, 3. A mean value
of 0,66 has been chosen for the present analysis.

Fig.6 then shows the comparison between the XKarman relation for
flat plate flow (eq, 18), Squire's modificationd of this relation for
pipe flow (eg.182), the epproximation of equation 19 and the experamental
results. %In applying equetions 18 and 18a, the varistion of & Yy with
Rey Tm/T., according to cquation 14 was used).

Both the modified Karman reletion (eg,18a) and the approximate relas
t1on (equation 19) are seen to provade a fair mean curve through the
experimentel volues of kbﬁ T Tor Re Tm/T > 0%, This belng sc, then

combination of equation 14

L
%Y, = 0.03% (ﬁewzni) “ ceoreans{(14)

T

W

-1t -



with equation 19 (with Yy for Cf)
= -
Ichff = (% YW) o /3 smsee ( 19)

gives

- o\ A
Khyy 0., 0396 (Rewﬂ) % - /3 ee...{20)

TW

and the variaticon of Ehw with (Rew 2.‘2) according to equation 20 is inclu-
Ty

ded 1n Fig,5 for comparison with tho experimentsl values of Ehw « lhen

Rey Im o qoh s there 1s fair agreement, which lends further support to
Tw
the use of equation 19 as an approximabion.

However 2% should be noted that the sgreement obtained with equation
20 1s not as good as that already obtained withk the modification of
McAdam's formula (equation 17).

4 Conelusions
1 Analysis of measurements® of the turbulent boundary layer on o flcot

plate for Mach numbers between 1.9 and 2.2, under zero heat transfer condi-
t1ons, shows that the formula

GF L ¥

g

cenae (1)

1]
o
@

when ey

of ref.1, gives good agreement with the experimental skin friction results
when applied in conjunction wath the incompressible formule

Op, = O.OTk (Rey)™ /5

2 When considered together with the results of ref.1, this means that
the formilo has now boen chocked for flat plates under zero heat transfer
conditions over o range of Mach mmbers from 1.9 to 2,46 and for frec
stream Reynolds numbers between 0.8 x 106 and 20 x 106,

3 Analysis of measurementst of skin friction and heat transfer for
subsonie flows through o pape of circulsar cross sectlon over o ronge of
Reynolds nunbers (bascd on pipe diameter and bulk temperature) between
7,000 ond 500,000 and for temperature differences (Ty - Tp) up to 6840C,
shows that application of cquation 1 wath ¥ and ky, replacing Op, gives
a good correlation of the experimental results,

4 A mean curve through the skin fraction results 2s given by

m -~
W - O. OE 91 G?_ev; —_}‘)

m
'LW

- 12 -



which 15 the modification according to equations 1 of the Blasius ampiri-
col formila? for pipe flows.

i
¥ = 0,079 (Re)™ /%

(T, s the mean temperature of the sirflow)

5 A mean curve through the heat transfer rcsults, for Rey %_"l > 4,000,

W
18 glven Ly

v,

T 0. 2
e - m * ""Oo 6
klnTI = (O 0205 (Re-wl-ﬁ") G‘.ﬂ-

which xs the modification according tQ cquations 1 and the physiocal propor-
ties of air used in ref. 3, ol Mcadomst cvmpirical formulea

Nu = 0,02% e P 5005
where N1 = Eh « O « Re,

6 For Rey _%g_n_ s 10 , the results of ref.4 gave
W

kl’-ﬁ{ N ! //
ngr Our

LIST OF SYMBOLS

{a) Plate Flow

X distance along plate from leading edge

Xo value of x at the position of the effective start of
the turbulent boundary layer

B momentum thickness

T static temperature (degrees obsolute)

p density (mass wnits)

H dynamic viscoslity

v kinematic viscosaty ( = "/b )

u velocity parallel to plate

M Mach nunber

- 13 -



subscript ™" denotes ree stream condtions
subscript "w" denotes conditions at the surface of the plate
Cp mean skin frichion coefficient

o
(= - ar based on digtance from 1, E,

91 1112x

Pt

= F 1f besed on distance from effective

o1 1, 2(x_xo) start of turbulent boundary layer,

Tuf+

= —F
Op., : 5
Foyw?x
u,x u, {x=x_ )
Re Reynolds number |= —— or -1-—-0—-)
U-] U.I
u,]x
Re, = ——
Vwr
. . /5
A factor in relation GF = 1A Re
Pipe Flow
L length of pipe
D diameter of mipo

u, o, v, T as for plate flov

subscript "'m" denotes mecan awrflow conditions

Y mean skan friction cocfficiont

L
= 2
D Pl

where App is the pressure drop due to friction

L‘S‘,lD
Re Reynolds number = L.
v
U
o Prandtl mmber = _.:}.{-_

wherc Cp 18 the specific heat at constant pressure and

k is the thermal conductivity

mean heat tronasfer coefficient

(Ys)
Piwnd OPW (T~ Tp)
-1k -

Ebl’i'l

n



No.

where Q s the overall heat trunsfer rate

3 is the areg of heated surface

g 1s the acceleration due to gravity

and Tim 18 the mean totzl temperature of the airflow
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FIG.3 CORRELATION OF SKIN FRICTION RESULTS FOR FLAT PLATES UNDER
ZERO HEAT TRANSFER CONDITIONS.
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FIG.4 CORRELATION OF SKIN FRICTION RESULTS FOR PIPES WITH HEAT
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FIG.5 CORRELATION OF HEAT TRANSFER RESULTS FOR PIPES.
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