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SUMMARY

Wheatstone bridge networks of four and of eight resistance strain gauges
are considered from the point of view of the errors which may arise from the
assumption of a linear relation between applied strain and bridge output,

The effects of mismatch of initial resistance and gauge factor are also
examined.
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1 INTRODUCTION

The object of this short Technical Note is to collect together and
record a few simple results obtained from the analysis of same Wheatstone
bridge networks of reasistance strain gauges in common use, The main emphasis
is placed on the magnitude of errors which may arise from the assumption that
the bridge output is linear with applied strain. The effects of mismatch in
resistance and gauge factor between the strain gauges forming a bridge are
also examined.

2 BASIC ASSUMPTIONS AND DEFINITIONS

The strain gauge networks considered are of Wheatatone bridge type,
although it is immaterial if all the arms are active or not. Supply voltage
and out-of-balance indicator are assumed to have no electrical interaction with
the state of resistive unbalance resulting from strains applied to the strain
gauges, and the networks are considered purely resistive, This enables the
voltage unbalance due to strain to be taken as linear with the applied voltage,
and tc be cbtained by the simple consideration of changes in resistance of the
gauge elements,

The resistance parameters of interest are defined as follows.
R is the naminal, unstrained resistance of the strain gauge

51 is the initial fractional deviation from naminal of strain gauge
No.1, so that its total unstrained resistance is R(1 + 51).

A, is the fractional resistance change of strain gauge No.1 due to
mechanical or electrical strain

so that

=v}
[H

rR{1 +b1)(1 +A1)

R{4 +62)(1+A2), ete. (1)

s
{

We have further to define a gauge factor, k, (assumed negative) such that the
change in resistance due 10 mechanical strain is equal to k times the change
in strain, or

A1 = k1 61

b, = k,e, , etcd, (2)

where €5 €5 ete. are the mechsanical strains applied to strain gauges

Nos.1,2, etc.

In normal practice, & will be limited to about *0,005 ohms per ohm, i.e.
dbout & per cent, by considerations of linearity in the indicating equipment,
which will not be examined heres The vaiue of the mechanical strain, e, using
steel balances, is normally limited to about *0,001 inches per inch, so that 4
will not exceed about *0,002 ohms per ohm, assuming k to have a naminal value
of 2, which is roughly eppropriate to the strain gauges most commonly used.

In later sections, the consideration of possible errors will be restricted to
these maximum variations in the main parameters.



3 ANALYSIOS OF THE SIMPLE FOUR GAUGE BRIDGE

The network caonsidered is depicted in Fig.1 and consists of four
resistances arranged ih a conventional Wheatstone bridge: any or all of the
resistances may represent strain gauges, although we shall sssume here that
all d¢, the most general case, The results for particular cases can be
obtained by the simple expedient of equating to zero in the general result
the 4's corresponding to fixed resistences.

A voltage, V, is applied across the corners AC, causing in general
a small voltage, dV, to appear across the corners BD, as shown. The
solution to the problem is taken to be the variation in the ratio avV/V
corresponding to the electrical strains imposed on the strain gauges,

Now clearly, inwriting down the equations, we need consider initially
only one pair of adjacent arms, such as R 4 R2, since those for the other
pair, R3 Rh_, will follow by changing the subscripts appropriately. Such
pairs of gauges connected across the voltage supply are colloguially
referred to as 'half-bridges’,

Assuming, then, that each resistance represents an active strain
gauge, the value of the voltage at point B, say, referred to the point C
is given by

Yo/

RZ/(R1+R2)

R(14 +62)(1 +A2)/iR(1+51)(1 +B1) +R(1 +82)(1+A2)}

H

(1 +62)(1+32)/{(‘|+ 51)(1+A1)+ (1+62)(1+A2)}

in the strained condition of the gaugess The value in the initial,
unstirained c¢ondation is obtained by putting A_’ = A2 = 0. Thus the change
in VBC/V due to strain in the half-bridge is

WV = (148,)(1+8,)/E(148,)(148,) +(1+8,)(1 +8,)}

- (1+8,)/1(1+8)+ (1480} (3)
=3, (AZ-A1)(1+51462+5162)f1+% . (61+62)}"1[1+%. (a1+52)+‘g.a1(1+51)+%.A2(1+52)§"1 .

Use of the binomial theorem enables this expression to be expanded, and
simplified to sufficiently high orders of & and A as

Wo/V = Fo (0gmd Nl (B0 8)) 5 (8,0 8,)% 50 (8,-8, 0§ (8,2 8,)(5,-5,)]
(&)



This result shows among other things that the initial resistive unbalance of
the bridge represented by the 8's is restricted to third (and higher) order
terms, In fact, in equation {}) sbove itz influence is confined to the
terms

2
- %".(61-52) +%'(A2-A1)(51-62) = E1 (sa.y).

The largest pessible value of E ’ under the restricted values of § and 4 laid

down in paragraph 2 sbove is *0,000035 ohms per ohm compared with unity, the
approximate value of the terms inside the curly brackets in equation (L..S.

It thus represents a maximm error of 10,0035 per cent in the value of
dVBC/V, which is negligibly small in all practical applications. The effect

of initial resistive unbalance may therefore be ignored, leading tc the result,
obtained from equation (3)

vy c/v

i

(4 +A2)/(2 +8,4 Az) - %

Lo(a,=a )1t (8 48 7 E S0, -0 )15, (8,48,)} .

1]

Tt is seen that for the classical case where A1 and 132 are equal in magnitude

but opposite in sign

- - - 1
avBc/v = 4.(52 b1) = z.h .

In all other cases, the linear relation

. -
dec/v = 4.(A2 A1)

may be taken as an appreximate solution, with an error arising only from
ignering 5 . (8,+48,) compared with unity. The maximum value of % . (A,I +4,)

under the restrictions imposed in paragraph 2 is £0,002 ohms per ohm, which
implies that assumption of the linear relationship for 4V G/V will not intro=
duce errors greater than (0.2 per cent in this voltege ratio.

Note that this error arises from the non-linearity of c'iVBc/V s which can
most easily be seen by putting A2 =4 and 61 = aA, a heing a constant in the
range -1 < a < 1. Then

deC/v

o2 =% (0, a)]

F.0(1-a)f1-2.0(1+a)} .



The error in the voltage ratio incurred by assuming the linear relation

is greatest as a—1 (and the voltage retio = Q), but the error expressed

as a percentage of total output is always less than 0,2 per cent for a finite
output, and can be seen to be actually 1/10. (1 +a) per cent.

The solution for the complete bridge may be written down as

av/v

it

avy, C/v - dvDC/v

|

Tolby=0 ) 1ed. (048,87 F (8, -0 )11 +5. (a548)]7"

¢-%.(A1_A2-A3+Ah)

where use of the linear approximation incurs errors of not more than ebout
+0,2 per cent in dV/V, provided the outputs of the individual half-bridges
are of opposite sign, so that their difference is greater than either.
Such an srrangement is sometimes celled sn 'additive' bridges In the case
of an additive bridge with each arm sustaining strains of the same magni-
tude, note that zero error is incurred.

The alternative arrangement, where the ocutput of the bridge as a
whole is less than one or other of its component half-bridges is sometimes
celled a 'difference' bridge, and appreciable percentage errors may be
incurred by the assumption of linearaty of output, having regard to the
decreased output itself.

These errors arise under conditions where the separate outputs from
the half-bridges tend tc balance out, whereas the errors involved in the
linear assumption tend to accumulate, This can be demonstrated easily to
be the case where two strain gauges in opposite arms of the bridge wndergo
strains which are small and comparable in magnitude, whereas the remaining
two gauges suffer large strains, comparsble in magnitude but opposite in
sign, Such a case is represented by

ﬂ1 = 4

AZ = =phA

63 = =bl

Ah- = =(1+rc)h

where a, b and ¢ represent small quantities compared with unity.

The linear output aV/¥ = =% (A1-A2-A3+a!+)

- Z.0(a+b+c)

in the present case, and is small compared with = «4.



The error in the linear assumption can easily be shown to be

a2 .2 .2 .2
- 58,2 0,°-0,540.%)

In cur special case this reduces to = 3. A2(2 +2C —a2-b2+02), which may be
approximated 85 % . a2,

It is now obvious that when (a+b +2) is compareble in magnitude with
b, the error is of the same order as the output, and that if (a+b +c) further
approaches zero, the linear output will correspondingly decrease further,
wheress the error will remain virtually constant. The maximum value of this
error is gbout -1 x 10™° in our range of interest, and it follows therefore
that the standayd of %0.,2 per cent error which applies to more ususl strain
gauge arrangements can be assumed only when the output of this special type of
difference bridge is *500 x 10-6 or greater, i.es a+b+c 18 of order plus or
minus unaty. Fortunately, in practice the arrangement likely to give the
largest errors is seldom encountered, since the gauges of any half-bridge are
normally strained more or less equally positive and negative.

In conclusion, then, the additive bridge may be used with confidence
that the linear spproximation will not introduce errors of more than about
+0.2 per cent in bridge output, whereas the difference bridge must be placed
in a different category, end some care exercised in assuming the validity of
the linear relation.

L BRIDGES OF EIGHT STRAIN GAUGES

These Wheatstone bridge arrangements are similar to thosefor four gauges,
but employ the strain gauges connected eather in series (Fige2) or in parallel
(F:i.g.r;s> in each of the four arms instead of a single gauge. The analysis
nreceeds in both cases in a samalar manner to that employed in the preceding
paragraph, namely by expansion of the relation for voltage ratio to sufficiently
high orders of § end &, using the binomial theorem, The manipulation of terms,
however, is congiderasbly more tedious.

Le1 Series arrangement (Pig.2)

The result for the left-hand half-bridge is

i - - -
dVBc/V = -3.(131 A2+A5 A6){'1 4.(A1+A2+A5+A6)}

“ V16 (8,- 8)(8,= 85) +V16(8,- 8)(8,- 5,). (5)

The higher order terms in this equation may be considered in two parts.
Firstly, the last two terms

PR As)(51—65)+146.(132- 8g)(8,-8,) (6)

which are the only ones involvi initial resistance mismatching, may amount in
magnitude to as much as +5 x 107° under conditions where the output would be

expected to be zero, narmely, when A1 +A5 =0 = A2+A6. This figure is derived



within the limitations on & and A of paragraph 2 above, and compares with
a maximm output from the half-bridge of *1000 x 10-6." The error incurred
by ignering these terms is thus significent, and may become very large in
scme applications. The significance of the terms may be severely reduced,
however, by matching the initial resistances of the strain gauges, that is,
by meking (51 - 65) and (82- 66) sufficiently near zero,

An alternative approach suggests itself, in that the last two terms
of equation (5) may be made very small by making A1-—A5 $0 28,-00

This implies that the pairs of strain gauges in the same arms of the bridge
should undergo almost equal electrical strain. This is a little difficult
to arrange in practice due to variations between the gauge factors of the
individual gauges, and is impossible where the main use of the eight gauge
network arises from the desire to eliminate interacting strains, which
effectively ensure that this condition camnot be satisfied. (It should
also be noted that in situaticns where the condition can be satisfied for
all four arms of the bradge, there would appear to be adventages, and
certainly no disadvantages, in using a simple four gauge networks. This
latter approach would appear, therefore, to have little practical appli-
cation, and the last two terms in equation (5) may be ignored only if
attention is paid to matching the initial resistances of the strain gauges
in the sgame armg of the bridge.

In the second place, the inherent non-linearity of the network with
strain is contained in the factor

i‘] -"j; . (A1 +£\2 +A5 +A6)} .

Under the restrictions on & which we have assumed, this factor departs fram
the value unity by up to £0.002. Thus errors of up to *0.2 per cent in
dav. C/‘V may be incurred from this quarter in assumaing the linear relation

B
deC/v = ~g.(8, -84+ A5-A6).

We may now write down the approximate solution to the complete

network as
AoV - &V, /Y

~g. (A1-A2+A5- A6-A5+bh- A7+A8)

av/y

it

to an accuracy of about *0,2 per cent in aV/V, provided the strain gauge
resistances in each arm are matched, i.ce 61- 85, 62- 56’ 83- 57, 51;.'58

are all approximately zero, (note that this is en extra restriction on
initial resistive balance compared with the simple arrangement of four
gauges), and provided the half-bridges are comnected as an additive bridge,
i,e, the bridge is arranged such that the total cutput is greater than either
of the indavidual half-bridges, If this latter condition is not satisfied
and a difference bridge arrangement is used, the errors arising from the
assumpticn of linearity may be found to be greater than 0,2 per cent in
output, the general arguement following the lines of that detailed for the
fcur gauge bridge (Section 3).

4.2 Parallel arrangement {(Fig.3)
Once more, the result for the left-hand half-bridge is

-8 -



o/ = ~Fe(8,=0,+ b, b l1+%. (8, +A2+A5+A6)}

2 2

2 2
+%.(A1 —A2+A5-ﬁ6)

+ 146-(51'35)(51'65) ~"he 48y =20) (8,3 (&)

There is considerable similaraty between this result and that for the series
arrangement, equation (5). In particular, the last two terms of each are
identical except for sign, and the discussion of the contribution of those of
equation (6) is the same as for those of equation (5), and need not be
repeated here, except for the outcome, which is thet the 1nitisl resistances
of strain gauges in the same arms should be matched to make their contribution
to the voltage ratio neglagible.

The inherent non-linearity of the network with strain is again cbvious
in the fector

{1+%.(A1+A2+A5+A6)]

which is the seme as for the series arrangement save for a sign chenge. The
pervious arguments therefore apply, and ve may assume that errasaf up to
£0.2 per cent in dVBC/V may be incurred fram this quarter in assuming a linear
relationship

avBc/‘v = whe (A1-A2+A5—b6).

There is now left, however, in equation (6), & further temm
2+ A 2_ A 2)

1 2
B'(A1 B IR Bl

whach expresses a further non-linearity in the getwork's output. The magni-
tude of this term is never greater than 1 x 10°° compared with a maximm out-
put from a complete half-bridge of *1000 x 10“6, and only reaches this value
for the case where one resistance in each arm is passive. In the practical
case, where the strains in each gauge in the same arm are of the same order,
although not necessarily equal in magnitude, the total contribution from this
term can be assumed negligible with confidence. The occurrence of this term
does, however, suggest that the series arrangement might well be preferred to
the parallel, all other considerations apart.

The apprcximate solution to the complete network of eight gauges may
now be written as
WVpo/V - avDC/v

av/v
= -‘l - — - -
= -5, By+bg=Be-bysd, A7+A8),



which is identical with the result for the series arrangement, to an
accuracy of sbout *0.2 per cent in dV/V, provided that the strain gauge
resistances in each srm are matched i.e. 61-85, 52- 66’ 53- 67, 54- 58

are all approximately zero, and provided that the half-bridges are
connected together so as to form an additive bridge. If difference bridge
comnections are made, under some circumstances the error incurred by the
linear assumption may rise considerably sbove *0.2 per cent, for similar
reasons to those which are discussed in detail in connection with the four
gauge bridge (Section 3).

5 THE EFFECT OF UNMATCHED GAUGE FACTORS

The electrical strain, A, is related to the mechanicel strain, e,
by the equation

A = k,e

where k is the gauge factor, assumed negative in this case, Now k depends
not only on the strain sensitavaity and mechanical condition of the resistance
wire used in the strain gauge but also on temperature and, in an imperfectly
understood marmer, on the materials of the gauge backing, the adhesive
employed and even upon the method of application of the strain gauge to the
host specimen. It is therefore appropriate that the effect of any mis-
match of gauge factors between the ganges in a bridge arrangement should be
examined briefly. Let us teke the cese of a simple four gauge network.

The linear relation is

avi

-3 (8)-0,m8540,)

1
- e (k1 e1ﬂk2 ez'—k3 354-1&"34) o -

Now let k1 =k (4 +a1) etc., so that the a's are a measure of gauge

factor mismatching, then

it

av/v

- % ik(1+a1) e1-k(1+a.2) e2—k(1+a3) e3+k(1+el+) eh}

- .k(e1- e, e3+e&_){1 + (a,le1—a2e2-a3e34-aheh_)/(e1-e2-33+e 1.

This demonstrates that even when mechanical strains are applied perfectly,
gauge fsctor variations may produce, in the limit, a markedly non-linear
calibration,

In the case of an 'additive! bridge with equally strained arms, where
e, = =8 ~e_ = & , the effect is zero, since

1 27737y
av/v = -%;.k(h.e,')i‘l+e1(a1+a2+a3+ah)/ue1}

= -k.e1 if k is now defined as the mean,

- 40 -



Non-linear effects may cbviously be minimised by the approximate matching
of gauge factors, This, however, is a process which would appear to have
little practical possibility. It 1s evident, then, that 1n designing a
strain gauge balence, 1t is useless to aim for performance or interactions
of better than about *1 per cent, which 1s the tolerance on gauge factor
usually quoted by the manufacturer of the resistance strain gauges,

6 NON-CANCELLATTON OF INTERFERING STRAINS DUE TO UNMATCHED GAUGE FACTORS

It is frequently found in the design of strain gauge balances that
strains due to the designed structural load occur only in the presence of
strains arisang from other loads which are not required to contribute to the
output of the bradge. It is convenient to arrange the strain gauges on the
balence structure and in the Wheatstcne bridge in such & menner that the
interfering strains are effectively cencelled, and the required strains
effectively summed, so far as the bridge output is concerned., Taking the
simple four gauge bradge as an example,

av/v

'-'%,' -(A1"A2‘”A3+Al‘-)

1

+ - -
-4.(k‘] e, ~k, e, -k; e, +K el._)

573

where the symbols are as defined in paragraph 5.

Now suppose that the strains e 4 etc., are compounded of a strain n

required to contribute to the measurement and an interfering strain ec required
to be cancelled, Then if

®1 = Py Sty ©
e = Pp e +95 &
65 = P5 em +q3 eC
elp = P)-;- Sm +q!" ec

where the p's and q's are constants which may have any values within the
range *1, we have

d.V/V = = 13 . {em(k'l P1 ‘kepz- k3 P3+kb' PL}.)
+ e (k, a1k, ay-ky a5 4k gl .

Putting es before k, = k(1 +a.1) etc., where k is the mean gauge factor

1
(160 2 42,42 +a)+-0)

dV/V = = 4' i (P1 P2 p3+P )+e (P1 a.""pz 2-P3 a3+PL|_ azb)

+ ec(q1 -qz—q3+qh_) afec(q,l 8,=q, 2y~ Q; 85 +4 814-)}

- 11 =



The condition that the interfering strains should cancel to the first
order, is now seen to be

9= G- a5+q, = O

and the interaction then remaining can be expressed as a percentage of
bridge ocutpuc,

Th = 100 x (efe) (q; 2=, & -q; a5+, 8 )/l(p) -p,-P5+D))
+ (P1 &1—132 az‘P} a3+P}+ ah)}'
Maximm signal (dV/V) and minimum intersction are obtained from the

network if p 4 = "Py = ~Pg = p&' = 1, thus defining an 'additive' bridge
with equally strained arms, The interaction may then be written

I% = 100 x (e /e )eze{a 8,-q, a,-a5 25+9 7).

In the worst case, where gauge factors may differ by *1 per cent, the
interaction becomes

1% = *%. (eﬁ/em)(q,I +q2+q3+q,+).

The fectors q are required to satisfy two conditions; that shown above
for first order cancellation of interference, and the restriction of
value to *1. In the majority of practical cases, these conditions are
satisfied by

q_1 = q2 = q5 = qii- = 1,
and then the interference may be expressed as
= +
I% = _ec/em .

Good strain gauge balance designs aim at keeping the ratio e c/em to a

maximm of unity, but cases do arise in practice where this is difficult,
and the value may be as high as 10 or 15. It must be borne in mind, then,
that unfavourable ccmbinations of gauge factor variations may penalise the
balance design with interactions of equivalent percentage.
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FIG.2. EIGHT - GAUGE BRIDGE
(SERIES ARRANGEMENT)



FIG.3. EIGHT - GAUGE BRIDGE
(PARALLEL ARRANGEMENT)
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