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SUMMARY

The effects of the gyroscopic forces on aircraft with large inertias
during rolling manoeuvres are dascussed and criteria given for the three
resulting divergent flight conditions: yaw divergence, pitch divergence
and autorotational rolling, The critical loading cases in practical roll-
ing manoceuvres are disoussed and methods for the determination of peak
loads outlined,

Alrcraft responses in inadvertent pitch up are analysed and data are
given for the estimation of peak loads both for uncontrolled conditions
and for pitch up with pilot's counteractaon,

The principal causes for luss.of directional stability are indicated
and possible dangerous flight conditions are outlined,
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1 Introduction

The advent of the transenic and supersonic aircraft has brought with
it drastic changes both in the shape and in the mass-distribution of modern
designs., Moreover the aecrodynamic stabilities vary markedly for supersonic,
transonic and subsonic flight,

To avoid exceasive stability it is often necessary to accept marginal
conditions with the supersonic aircraft at some part of 1ts speed range.
The aerodynamicist is of course endeavouring to remedy these faults and the
associated critical flight conditions. In many cases, however, he may not
be too asuccessful amd the structural engineer will have to design adegquate
strength into the airframe to withstand the loads resulting from these
flight canditions,

The most conspicuous design features responsible for the inadvertent
response characteristics of the modern aircraft are in particular:

(i) In order to accommodate the increasing amount of loads and equipment
of the high speed aircraft behind a minimum of frontal area, fuselages tend
to be more elongated and more densely losded all along their axis. As a
result inertias in pitch and in yaw have been increasing steadaly without
being balsnced by increases in the co~responding aerodynamic stabilities.
As a consequence, inertia effects tend to be more prominent in aircraft
dynamics creating novel and generally undesirable flight conditions.

(ii) As the centre of pressure at the wing moves rearward from subsonic
to supersonic flight, the stability margin becomes excessively large. In
order to reduce It to the lowest possible level, rather marginal values
will ususlly be tolerated in subsonic flight,

(iii) The progressive reduction in the lift slope of the stabilizing sur-
Taces with increasing supersonic Mach number will lead to gradual loss of
directional stabilaty™,

(iv) As fuselage fineness ratio increases in relation to the size of the
tail surfaces, vortices shed from the body will more seriously interfere
with the efficiency of these surfaces. This and other aercdynamic inter-
ferences will affect in particular the fin so that directional stability
diminishes with increasing incidence. This is most undesirsble at high
speeds where the basic value of n, s already reduced due to (iii).

(v) The thin airfoil sections and swept planforms of modern wings are
prone to localized flow separations, which lead to loss of longitudinal
stability at incidences well withan the aerodynamcally useful range of
1ift coefficients’.

(vi) The increased incidence range of the small aspect ratio wing makes
it imcreasingly daf'ficult to locate the horizontal tailplane in & region
sufficiently removed from the downwash field behind the wing. Again thas
may lead te pitch up characteristics similar to those described under (v).

This increased incidence range has also an accumilative effect on
inertia cross-coupling phenomena, which will increase in severity with the
degree of misalignment of the principal ineriia axis with the flight path.

As distinct from the customary treatment of aircraft responses by
"classical stability" theory, the phenomena discussed an this paper are
associated with non-linearities in the differentisal equations. As a con-
sequence the prediction of aircraft responses and loads resolves into
tedious computetions by numerical processes making electronic computations
essential, In this situation it is most essential to understand the nature
of the problem well s0 as to be able to select with assurance the really
criti~al cases for more thorough analysis.
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In this paper an attempt will be made to give criteria for the assess-

ment of these critical flight comditions and to suggest methods for the
gstimation of aircraft loads,

2 The physical basis of inertis cross-coupling

The phenomena associated with inertia oross-coupling have only recently
been understoed after some flight incidents could no longer be explained by
conventional theonies, The occurenoe of inertia oross-coupling was first
predicted by Phillips in Ref,1, where he shows that aircraft inertia effects
couple the lateral and longitudinal modes in the presence of rolling and that
this will lead finally at certain critical rolling velocities to yaw and pitch
divergencies, Before discussing these theories in greater detail, it is
pessible to explain these effects by simple qualitative analysis.

The inertia cross-coupling terms appear in the Euler equations of the
sircraft metion? as products of variables, Using principal inertia axes as
illustrated in Fig.1 for simplicity of analysis these are:

L = Ap - (B-0) ar (1)

M = Bq+ (A-C) rp (2)

N = or - (A-B) pq (3)

X = (.é-aa) wV (%)
\V

Y = (B+r-pa) oV (5)

Z = (a-g+pB) mV (6)

In acoordance with the concept of small perturbations in the past
products of variables have generally been omitted from stability analysis.
This simplification was highly desirable as then the longitudinal and lateral
equations could be separated and these motions considered indeperdently.

However, rate of roll p can be large when compared with umity so
that at least the products with p may have to be taken into account, if
the associated inertia terms are sufficiently large,

2.1 The physical origin of the aircraft gyroscopic terms

This leaves four cross-coupling terms to be considered:

M = (4-C) rp (7)
AN = (B-A) pa (8)
0Y = -pamV (9)
AZ = pBmV (10)

The first two of these terms are gyroscopic couples, which oan be easily
understood by reference to Figs,2 and 3,

In Fig,2 the inertia distribution of an aircraft is represented by two
pairs of concentrated masses, m,, to represent inertia in yaw (C) and my
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to represent inertia in roll (A). For convenience of pictorial representa~-
tion the rolling inertia couple my is shown in the plane of symmetry of
the aircraft, i,e, normal to the wing plane which normally contains the
rolling inertia, but this does not affect the argument. Now, if rate of
roll p and rate of yaw r are present simultaneously, they add up to a
resultant angular velocity 0., Thus ?he aircraft spins with  about an
axis inclined at an angle a = tan~? {¥/p) with respect to the principal
inertia axis, The yawing inertis couple will now be subject to
centrifugal foroes exerting a nose up pitohing moment M, if both p

and r are positive - as illustrated, or if they are both negative, If
p and r have opposite signs the resulting pitch will be nose down

(My < 0}, As seen from Fig,2 the rolling irertia.couple M, will alwuys

orpese the yawing inertia couple MA, as expressed in equation (7).

A similar argument can be applied to explain the term N = (B-4) pq,
In Fig.3 the aircraft inertias in pitch B and roll A are again
represented by psairs of masses gy ard m, . Simultancous rotation in
roll p and in pitch g results in an angular motion subjocting these
masses to centrifugal forces, The pitchang oouple mp will preoduce
negative yawing NB and the rolling couple m, positive yawing N,, if
p and q have both the same sign and vice versa,

The two remaining product terms pa and pp can simply be inter-
preted as kinematic relations: B =pa amd a = -pf as illustrated in
Figs.h and 5. In Fig.k an aircraft rolls ebout its fuselage axis starting
from an initial incidence « , This is seen to lead to a build up in
sideslip, Samilarly in Flg.g rolling with an initisl sideslip ﬁ is
seen to lead to a build up in negative incidence,

2,2 Pitoh and yaw divergence in rolling

With the concepts derived in the preceding section the generation of
inertia induced aircraft divergencies can easiiy be visualized,

As an introduction the more conventional case of an aircraft with
strong static stability both in yaw and in pitch (or negligible inertias)
is 11lustrated in Fig,6. The aerodynamic restraints will retain incidence
and sideslip constant throughout the rolling manceuvre, The motion is
stable,

To go to the other extreme, consider now an aircraf't with very pro-
nounced inertias and negligible aerodynamic stability, The aircoraf't rolls
about its principal inertia axis which will retain its position in space
and thereby enforce a periedic interchange of a« and B. The motion
again is stable, The same situation arises with an aircraft with less
exivreme combinations of inertias and aerodynamic restraints, 1f one rolls
it fast enough, so that the aerodymamic forces have little time to act on
the aircraft, whalst the gyroscopic forces are amplified as they increase
with the square of the rolling velocity,

The phenomena referred to as inertia oross~coupling arise gererally
from a situation half way between the two extremes discussed so far, They
are the result of an unfortunate interplay between inertial and aero-
dynamic effects.

This is illustrated in Pig.8 for an aircraft with insdequate longi-
tudinal stability, The motion again is steady rolling startlng with an
initisl incidence &  at stage I, After rolling through 90° (II) the
aircraft would have 8eveloped sideslip as indicated by the dashed outline.
As this ajrcraft is assumed to pessess powerful directional stebility n_,
this will force the aircraft directionally back unto the flight path by
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imposing a rate of yaw. This rate of yaw r will combine with rate of roll
p to an angular velocity €, under the influence of which the yawing
inertia couple ms Wwill produce a nose up pitching moment, increasing the
aircraft incidence, If the serodynamic restoring mement in pitch is too
weak to hold the aircraft against this inertia couple, the motion will
become davergent,

An analogue reaction will take place in the ocase illustrated in Fig,9,
where My is assumed very powerful and inadequate, Starting the motion
from an initial displacement in sideslip, the patching inertia couple is
seen to produce a yawing moment in a sense to inerease the initial sideslip,
If n, is below a certain level, the motion will become divergent in yaw. .

The rolling inertia couple (not represented in Fig,9) will counteract
the effect of the pitching inertia couple in this condition, If as illusirated
in Fag.10 A is larger than B, the motion will be stabilized even in the
absence of directional stability.

2.3 Autorotational relling

To add further to the previcusly discussed list of discomforts inertia
eross~coupling is also oapable of destabilizing the rolling motion itself,
This phenomenon has not yet made any dramatic appearance in flight, but there
are indications that the autorotational rolling states predicted by theory
may afflict the next generation of aircraft,

This motion may again be visualized by the technique used for the pitoh
and yaw divergences. In Fig,11 an aireraft is depicted rolling steadily from
an initial negative iuacidence & at stage I. Rollang through 90° (stage II)
negative sideslip will have deveioped. Directional stability n, tends to

restore aligmment with the flight path by imposing negative rate of yaw on the
aircraft, As n_ is not infinitely strong some sideslip will remain, In
stage IIT rate o¥ yaw and roll are seen to combine to give an aircraft rotation
0 which releases, via the yawing inertia couple, a nose down pitchaing moment,
In stage IV this is seen to have increased the negative incidence, the result-
ing negative 1lift will enforce a negative pull-out with a rate of pitch q.
(As the motion will stabilize itself into a steady state, this will produce

a "barrel roll".) In stage V rate of pitch and roll are combining to an
angular rotation displaced directionally from the fuselage axas and the
pitching inertia couple will release a yawing moment N,, Finally this
yawing moment (stage VI) will lead to an increased sideSlip in a sense that
the resulting rolling moment due to sideslip &v w1ll assist the rolling
motion, provided £_ at the large negative incidence reached at this stage
is still negative,

-*

This sequence will lead to an autcrotationally stable state for certain
combinations of the parameters involved. This is analysed numerically in
Section 3.2 of this paper,

3 Stability criteria for gyroscopically induced airecraft meades

The equations of motions to be considered for rumerical analysis,
retaining only those terms which have been found to be significant, are as

follows:
Iﬁ B+ L, r+ yp p~Ap = = IE g

- M, M (12)

M, a=+ M& g+ M o+ (C-A) pr- Bq

NB3+Nrr+NPp-(B-A)PQ-C;:'=-Nzé—NEE (13)
Yb .
Eﬁ..1:'-ﬂ+p(304—!:‘:11) = ( (‘”"')
2 .
;E%.Aa.}.q_pﬂ-a = 0 (15)
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Being non-linear these equations cannot be readily analysed. In the above
form they are, however, the equations to be solved in response calculations,
Making certain simplifying assumptions, useful generalized stability
criteria can, however, be obtaineg, which will be sufficient to allow a
first assessment of an aircraft's proneness to inertia cross-coupling
effects,

3.1 Pitch and yaw divergence

Assuming steady rates of roll p = p , the rolling moment equation
(1) becomes redundant ard the remaining fgur equations linear with p
as a parameter, A simple solution for the case of zevro aircraft damping
is given in Appendix I, This process as suggested by Phillips1 gives the
most fundamental criterion to say that there will be a divergence pre-

dominantly in pitch if
0 0o ¥ AJB-A

or a divergence predominantly in yaw if

Yo > Py > Oy BSA (17)

whichever case applies, In these equations:

wg = %E = angular frequency of the uncoupled paitching oscillation
)
W, = %E = angular frequency of the uncoupled directional
v ¥ oscillation
p, = steady rate of roll in rad/sec,

In words that i1s to say that the aircraft will beoome unstable if rates of
roll (in rad/sec) exneeds rumerically the lower of the two frequencies of the
basic modes of the aircraft, whereby in the case of the lateral frequency
the critical rate of roll is further increased by the alleviating infJuence
of inertia in roll., The corresponding stability diagram is given in Fig,12.
The beneficial effect of A is shown there by the fact that the vertical
(yaw stability) boundary is moved towards the origin as A increases in
relation to B.

The broad trends in the relation of A4: B in aircraft design over a
period of 20 years are shown in Fig.,13%. It is clearly seen that in the
past the occurence of the yaw divergence was delayed by more favoursble
irertia in roll contributions, even if the other airecrafi parameters would
have encouraged this phenomenon,

The interpretation of the stability diagram may be assisted by the
sketeh in Fag, 14, which illustrates the case of three distinet aircraft
configurations,

Airoraft "A", the most common case where Wy >> w¢ i.2, n, << m,

Increasing rate of roll, i,e., movang redially towards the origin of the
diagram, the vertical boundary is first struck at the critical roll rate
and for a range of p_  above this value +he aircraft will show a diver-
gence in yaw until finally at very high rates of roll the motion would
again be stable, This condaition is most likely to occur in supersonic
flight where n, tends to decrease and m. is very large.
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Aircraft "B" exhabits the opposite temdencies, Here Wg << W

the instability will be predominantly in pitch leading to 1arge no 1
accelerations,

Aircraft "C" illustrates an interésting cordition. By "tuning" direc-

tional and longitudinal stability so that Uy = m‘lr ’ﬁ_%K y 1e€a

m £ = n, 5 _B—(-ZI stability is assured for the full range of rolling

velocities, The designer is of course aware of this escape route and will
tend to utilize it, other considerations permitting, Unforitunately this
tuned condition can normally only be maintained over some part of the speed
range, as inevitable changesin the aercdynamic derivates with Mach number ete,
will change the ratio of moin . It should also be peinted out here, that,
although no actual divergence occurs, the response of an aircraft rolling
anywhere near the unstable comditions will most likely exhibit amplitudes in
incidence or sideslip which are large enough to constitute a stressing hazard,

The effect of the other parameters might be best discussed by rewriting
the two crifical rolling condition in the form

2
n Vi
p2< : - Wi/-é-f—f— 0,0765 (18)
in( -35
and
Peo X W__vf 0,0765 . (19)
ig Vs e

Large atatic stability derivatives n, and m,  are obviously beneficial
and so is speed, When cons:,derlng speed it must however be realized that
the loads might be larger in a mild instability at high speeds than in a
ragpid divergence at low speeds,

Finally there are two further parameters influencing the stability
bourdaries, but none of these to a very dramatic extent,

Aircraft damping in pitoh and yaw will separate the two unstable regions
as illustrated in Fig,15. As a consequence there is now a greater margin for
tuning the aercdynamic stabilities to avoid divergence,

The effect of the momentum of the rotating parts of an engine is shown
in Fig,16. This effect is asymmetrioc, i.e, for rolling in a sense opposite
to the engine rotation divergence occurs at a slightly lower rate than in

the case where aircraft and engine rotate in the same sense, It has been
suggested to represent engine momentum by interpreting the parameters:

WaN\Ne 2 T w
376) to read G;g) + gpe (20)

o 0

2 w\N T w
'S ad _}9 e_© (21)
(;o) to re (P "B P,
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where I, @, is the angular momentum of the engines. For an assessment
of the more severe condition rolling in the sense opposite to the engine
rotation should be considered.

3.2 Autorotational rolling

In Appendix II the existence of autorotational rolling states under
the influence of inertia cross-coupling is proved., These are basically
pessible 1f en aircraft flies with an incidence of 1ts principal inertia
axis below a critical value which can be read from the graph in Fig.17,

As this phenomenon is thus largely confined to flight under negative
ancider.ce, it is most likely to be met in pushover manoeuvres or with
aircraft layouts featuring an inherently negatively inclined principal
snertia axis. It is interesting to note that tuning m; eand n, will
agaan give the least unstable comdition, although the instsbility cannot

be completely removed, provided the negative incidence is made large enough.

For the condition with negligible aircraft dampang the critical
rolling velocities are plotted in Fig,18 against the relevant parameters.
The dotted lines represent the minimum rates of roll at which the rolling
motion becomes divergent and the full lines give the rates of roll at
which the motion would become autorotationslly stable, The practical
significance of this phenomenon to the pilot is not fully understood yet,
but it can be shown that in quite realistic desigm the critical roll rate
may be of the order of 20%/sec,

For the structural designer there are two significant consequences:

(1) Even if available aileron pover does not permit exceeding of the
critical roll rates, inertia cross-coupling effects will tend te reduce
efTectively roll damping so that higher roll rates may be achieved with a
given aileron power and the aircraft may have to be stressed for these.

(ii) If the critical roll rate is within the ailerons power, the possi-
pility of the arrcraft inadvertently attaining the steady autorotational
rate nust be considered, even if it seems possible that the pilot will
regain control, so that the condition could be tolerated as a handling
nuisance,

& Alrcraft loads in cross-coupled rolling manoeuvres

The stabilaty crateria discussed before for the conditions of yaw
and pitch divergence in steady rolling can serve as a useful and reliable
guide to assess the probability of a given aircraft to be seriously
impaired by inertia cross—-coupling. If the stability criteria show
the aircraf't to be safely clear of regions of reduced stability, inertia
cross-coupling may be dismissed from stressing considerations. In all
other cases and of course in case of doubt, the more critical manceuvres
mst be fully computed and evaluated for peak loads. Unfortunately at
this juncture the problem ceases to be simple and tedious numerical work
must be faced., If electronic computors are available, this task becomes
manageable, The solution will be found by computing equations {11} - (15)
for all desired control manceuvres. However, in addation to the stabilxty
criteria discussed there are still some further more generalized conclu-
sions, which may help to understand better the particular problems of air-
craft response in controlled manoeuvres and so to short-cut somewhat the
final computations.

Obviously at low speeds, where structural integrity is inherent
up to the stall both in incidence and in sideslip there is no stressing
case and the problem can be left with the aerodynamicist. On the other
hand relatively small disturbances will at high speeds produce quite
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intolerable loads, It is therefore most important not to overlook a
relatively innocent flight condition if it is associated with high speeds.

As the airoraft response deteriorates rapidly as the oritical condi-~
tions are approached, in borderline cases it is wise to use the most pessi-

mostic estimates for the aerodynamic derivatives and for the inertia
distribution,

In cross-coupled reolling the aireraft is likely to experience large
disturbances in incidence and sideslip, Non-linearities and ohanges of
derivatives with these parameters may have to be taken into account, such
as non~linear pitching moments and variations of e.g. n, with incidence,

4Le1 Trimming the aireraft in rolling manceuvres

A quick assessment of the magnitude of the problem is possible by
estimating the forces required to hold the aireraft during rolling in its
initial trimmed condition. In Appendix IIT the rudder and elevator movements
required to perform a rolling manoeuvre with constant incidence and zero
sideslip throughout are determined as:

¢ s  B/p
Raters  Y4) = e, BE) - %ﬂt) S22 oy (22)
4
Elevator: n(t) = - GM' A & pz(t) . (23)
n
Thus apart from the conventionally known effects of and n, & yawing

moment proportional to acceleration in roll i: and to the inciaence of the
principal inertis axis «_  must be held. Elevator must be applied to hold
a pitching moment proportgonal to L and to the square of rate of roll,
This is illustrated by an example based on a current design in Fig,19. The
trim forces indiocated for this condition are quite formidable, a good indica-
tion of the severity of the oase,

Equations (22) - (23) reveal, however, two trends which are a reflection
of similer effects to be observed in general response and load estimations in
cross-coupled rolling, The disturbances imposed upon the aircraf't by the
gyroscopic inertia forces are proportional to « and so as a consequence are
the incremental loads resulting from such manceuvres. The yawing excitation
is further propertional to acceleration ain roll, thus the more rapid a rolling
manoeuvre is initiated and also terminated, the greater aircraft disturbances
and therefore loads are to he expected, This again is generally found in all
response ocomputations,

4.2 Peak loads in banking and rolling manoceuvres

Here we will give the conclusions drawn from a large mmber of response
caloulations on aircraft subject to inertia cross-coupling., The majority of
these computations were based on the assumption that rate of roll is largely
governed by the isolated rolling moment equation, which can be considered
separately and that the aircraft response in pitch and yaw is then adequately
determined by treating rate of roll as an indeperdent variable, For a given
time history p(t) i.e, for a given rolling manceuvre the aircraft response
is then found by computing:
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M, e+ M q + M. @+ (0-A) p(t) T -8By = O (24)
NgB + N, r- (B-4) p(t) - Cr = -N_ p(%t) (25)

Y
;1% P -r-B+p(t)da = -p(t)a (26)

Z
E%Aa-i-q-a-p(t)ﬁ = O (27)

if the elevator and rudder are assumed fixed, Mathematically thas repre-
sents a system of lanear differential equations with time-variable
ooefficients, The terms on the right hand side represent the exoitation
functions, As the eguations are linear, solutions to the two imput terms
both varying with p(t) can be treated separately ard then superimposed
linearly, It has generally been found that the contribution of is
rather small when compared with that due to the LR term, so thatp it is
generally true that the response amplitudes in incidence a.nd sideslip and
the corresponding loads are proportiocnal to the imitial incidence a  of
the principal inertia axis, Thus the loads expeccted in a pull-out under
ng can be simply deduced from the loads computed for a similar rolling
manoecuvre at 1g by increasing these by the ratio of the incidences in the
two flight conditions, e.g.

ba ox(vg) o (ng)
se (1g) — 2 (1g) ”

(28)

The response and the loads in incidence Aa(t) are indeperdent of
the sense of the rolling motion, sideslip changes sign with the sign of p.,
This neglects of course the effect of the engine momentum, which as shown
earlier makes the response slightly asymmetrioc for port and starboard
rolling,

A typical time history of an inertia-cross-coupled rolling manoeuvre
is shown in Fig,20. This illustrates another significant general observa-
tion, namely that the peak amplitudes in incidence and sideslip occur
frequently after the termination of the rolling manoeuvre, Computations
must therefore be continued until the airecraft motion is without doubt
damped out. As already mentioned, the more abruptly rolling is initiated
and terminated (in particular the latter) the greater will be the load
peaks,

The duration of the rolling manoeuvre is another important parameter,
Though « as expected - the peak loads increase at first progressively with
the duration of the aileron application, this is not necessarily true over
the full range, This may be allustrated by the results of response caloula-
tions bas2d@ on the family of rolling manoeuvres illustrated in Fig,21 where
the duration t1 and thus the total bank angle 4¢ has been varied system-
atically, These computations have been carried out for a wide range of
aircraf't parameters, The peak amplitudes in aincidence Aa and side-
s1ip Bmax have been evaluated and plotted against A4A¢, These plots have
been found to follow three distinct petterns (Fig.22), and that these types
are associated with the principal regions in the stability diagrams
Pigs, 14 - 16, if the parsmeters “e/po and wllr/p are based on the finmal
rate of roll p. in Fig,21, which i8S rather a nomlnal value, being
only approached for manoceuvres with longer duration,
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In flight conditions associated with one of the stable regions the
characteristic depicted in Fig,22a was found, In this case the worst
response occurs for rolling through a quite modest bank angle (I), If
case IX, i,e. 10lling through about twice this angle would have been con-
sidered, a much too optimistic result were obtained which did not cover all
rolling menoceuvres up to the computed case, The characteristics found in
conditions at the stability boundary (22b) and in the divergent regions (22c)
are progressive as would be expected,

The variation of peak loads with rate of roll for an otherwise identical
manoeuvre mist obviously be related to the traverse through the unstable
region of the corresponding loci in the stability diagram, Fig.14. Although
for continuous rolling the worst condition would be expected right inside
the unstable region, for rolling manoeuvres with limited duration the worst
load peaks are usually obtained for rates of roll well beyond the unstable
range, as illustrated by two examples in Fig.23.

It is practically impossible to give any general rules on the effects
of height, speed and Mach nunber., Height and low speeds will give the
greatest peak amplitudes (provided the aerodynamic derivatives are constant,
which of course they are not), This does not, however, necessarily mean
maximum loads also, as these increase in proporiion to Vf , again assuming
constant aerodynamic ajroraft characteristics, Frequently the most severe
stressing case is found at sea level near the top speed, contredicting com-
pletely the simple criteria one is tempted to apply. Full exploration of the
performance envelope of the aircraft is generally neocessary to determine the
critical condition.

Increasing the aerodynamic stabilities m, and n, is generally
beneficial as is apparent from simple stability considerations, but again
if only one stability is increased, the relief in the corresponding freedom
is frequently bought at the expense of greater loads in the other freedam.
Aircraft demping has a mildly alleviating effect, in particular pitch damping.
ny and n_ add, as explained earlier to the other effects in cross-coupling
and ought Ptherefore to be kept small.

4.3 Pilot's contribution

Theoretically a pilot would be able to control the aircraft in rolling
by applying suiteble co-ordinated rudder and elevator movements, A glance
at Fig.19 will show, what he would be expeoted to do and it seems obvious
that he has little chance of achieving these movements which are not related
to readily perceptible flight sensations and parameters, In general his
interference may easily be ill timed and then contributory to inertia cross-
coupling rather than corrective., At the present state of the art, pilots shcould
be discouraged from interference and load assessment based on manceuvres with
rudder and elevator fixed,

Lo  Autostebilization

So fer no effective autostabilizer has been designed to alleviate signi-
ficantly the effeots of inertia cross-coupling, The principal obstacle is
again - as with the problem of pilot's control - the very substantial control
authority such a device would have to be given to be effective, Even conven-
tional pitch and yaw dampers are of little valuec as they have rather limited
authority and their contribution would terminate very early in a manceuvre,

5 Alreraft rzsponse and loads in pitch up

The term pitch up is usually meant to describe a nose up pitching motion
resulting from loss of longrtudinal stability over a part of the incidence
range of an eircoraf't usually below the stall, The aerodynamicist is naturally
more concerned with a cure of this phenomenon than with the prediction of loads

- 13 -



resulting from it, As our understanding of the aerocdynamic basis of
pltch up grows, this unpleasant feature may be controlled in the design
stage, For the time being, however, it appears that a mmber of airoraft
will be affliated with some degree of pitch up and it may be worth con-
sidering the aircraft leeds arising from pitch up manocuvres,

Fig,24 shows a typical example of a pitch up characteristic as a
localized reversal of the slope of pitohing moment G'm against incidence a,

In order to obtain some general ideas on the airoraft response and
loads resulting from such a characteristic for ease of enalysis this
Ppitching moment curve was represented by the two simplified cases
illustrated in Fig, 25,

In each of the two cases a stable slope (Ma < 0) is assumed up to
the critical incidence , beyond which an unstable slope with (Ma > 0)
is assumed, In the second case considered at an incidence %o stability

would be restored and for « » aLR the pitohing moment curve 1s again
stable,

Based on a simple one degree of freedom approximation the stability
roots are plotted against static stability M, and effective damping in

pitoh D = Mg/B + Mz/B + Z, in Fig.26, For unstable M the motion is

desoribed by two real roots, 7L1 representing the divergent mode and 12

the co-ordinated subsidence, This graph will assist in the interpretation
of the pitch response data given in the following paragraphs,

5.1 Pilot controlled pitch up

In Apperdix IV aircraft response in pitch has been computed for the
oase where the aircraft is unstable for all « > . In the manoeuvre
computed, the aircraft is assumed to be initially trimmed in steady flight
at exactly the oritical inocidence . The pilot is assumed mnot to be
aware of the inherent danger and puts on elevater 7m_ so as to inorease
incidence, After t_ seconds he has realized the resulting motion is
divergent and appliea corrective elevator as shown in PFig,27, If
this attempt is adequate, i,e, early and powerful enough, an asirgraft
motion as illustrated in Pig,27a will result with a finite maximum over-
swing amplitude Aa max * If he is too late or has not applied enough
forward stick movement R the pitch up will not be arrested and the
aircraft will pitch as shown in Pig,27b into the stall, For ease of
analysis the two elevator angles involved are represented by equivalent
"trimmed incidences",

m
- -
& = n g < 0 (29)
w
m
ag = T&iﬁz > 0 (30)

where mg = aGm/aa in the unstable range, These angles can be readily
obtained from & pitching moment graph as indicated in the sketech in Fig,29.
In Fig.29 the peak values of the incremental incidences Aa are plotted
against pilots' time delay tp times the divergenece root K]‘:x with the
ratio between 'R/A)_  as a parameter, A further parameter considered is the
ratio of the two roots describing the pitching motion in the unstable

condition: 7‘2/')&1 . This ratio increases as can be readily seen from
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Pig,26 with increasing aireraft damping My . The data given in Fig.29 can
be interpreted in two ways, First they determine the maximmm time delay for
recovery action permissible to prevent uncontrollable divergence, Secondly
they give values of peak amplitudes in incidence for a given recovery action,

For this purpose we must make some plausible assumpiion for %, which ocan
be considered to be composed of three contributions:

tp = tp+ tp+ tg (31)

(1) %7 is the time passing before the pilot realises that the motion
initiated by him is divergent, This will deqend on the violence of the
pitch up and as a tentative value 'tR > - Z\.:" may be used,

(i1) tD y the pilots' inherent reaction time lag 13 approximately 0.3 seca.

(1id) t, is the time required to move the stick forward to my . This will

deperd on the stick feel characteristics, as a mimamum Q.2 secs may be a
reasonable value,

Thus

ty 3 :-17:; + 0.5 secs (32)

If we write equation (32) in terms of the parameter used in the response
calculations, Fig.29, i.e.

Aoty o= 1+ 0.5 (M)

it can readily be seen that recovery is unlikely for values of A, < -2 and
even then a very considerable amount of countercontrol R has to be applied.

Thus only a rather mild degree of pitch up of this form would at all be
tolerable,

However in many cases the incidense range over which instability
exists, is restricted and the aircraft would stabilize itself at an incidence
beyond the unstable region,

5.2 Load peaks in a self-stabilizing pitch up

For pitch up restricted to a relatively limited incidence range as shown
in Pig,25b, the motion illustrated in Fig,28 was computed, Initially the
airoraft 1s again assumed in steady trimmed flight just at the oritical
insidence X and is then daisturbed by the pilot applying elevaior N, »

which in this case is held on steadily until the aireraft stabilizes itself

in the re-established stable range beycnd « The overshoot in incidence
resulting from this manceuvre has been computed in Appendix V and is plotted

in Fig. 30 against Z,D the damping ratio of the pitching oscillation asscciated
with the stable range,

The damping ratios of the pitching oscillation of moderm high speed
airocraf't at operational al&;itkdes are generally below 0,25, With a typical
value for the parameter -&-9- 1 of approximately 1.0 the overshoot in

W
)
incidence would then be 100% based on GS s 2 quite considerable amount,
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Generally the loss of longitudinal stability in the pitch up region
leaves the lift curve slope practioally unchanged, thus the incremental

incidence pesak Aamax will produce normal g's in proportion to these,

Por the assessment of tail leads the origin of the instability must,
however, be considered in detail, If the deficiensy arises from a loss
of tailplane efficiency (due to downwash) the tail will be unloaded and
the stressing condition is alleviated., If on the other hand the pitch
up is generated on the wing itself, teil loads will increase in propor-
tion to the incidenoce build up and this will tken bte further enforced by
the nose down elevator applied as corrective control,

6 Directional divergence

Deficiencies in directional stability will normally be of a
character quite different from those leading to the longitudainal pitoh
up, which resulted frum non-linearities in the restoring moment itself,
The more likely case of loss of directional stability is a reduotion of
the derivative n_ as flight ocondations change.

E.g. n, will be progressively reduced with inoreasing supersonic
Mach number until at some critical speed direotional stability disappears
altogether, The pilot would be faced as a consequenceé with an insipient
directional divergence and of course long before then with trouble in
menoeuyring for instance due to inertia oross-coupling. The aircraft would
in this oase violate all basic requirements ard a fundamental design-remedy
is demarded,

A more practical case arises if n, 18 reduced with increasing
inoidence due to induced flows. If the pilot pulls out in such a flight
condition he may suddenly find himself without yaw-stability and for the
duration of the pull out sideslip wall buald up in a divergent fashion.

If one should decide to acoept this case as an acoeptable handling hazard,
pesk loads in sideslip resuliing from this manoeuvre can be estimated by
methods similar to those outlined with the pitch up,

7 Conclusions

It has been shown that supersonic aircraft are prene to develop
unstable flight conditions for whioh the aerodynamicist maght not be able
always to find a complete cure, They may then create new stressing cases,
The conditions discussed in this paper are:

(i) If aircraft inmertias inerease in relation to the weathercock
Stabilities in yaw ard in pitoh, the aircraft will be liable to divergent
pitching and yaw:ng metions during rolling manceuvres, These phenomena
are further encouraged if inertia in roll is small corpared with inertia in
pitoh, The load peaks resulting from ineritia cross-coupled manceuvres
inorease generally in proportion to the initial incidence ¢f the principal
inertia axis and progressively wath the duration of the roll and with the
rapidity of the aileron application at the beginning and the erd of the
manoeuvre, The most severe flight conditions are at speeds where com-
pressibility effects or other aerodynamic phenomena reduce either m_ or
n, to marginal values, v

(ii1) The gyroscopic forces generated by an aircraft with large inertias
may also lead to autorotational rolling states predominantly at negative
incidences, These rolling states can be easily predicted and may be well
sbeove rates of roll for which the aircraft is normally sitresscd,

(iii) Unsteble pitch up characteristics result from aerodynamic deficiencies
inherent in a typical supersonic aircraft layout, Data are given to deter-
mine whether a given pitch up would be controllable ard alsc to assess the
peak loads from pitch up manoceuvres with and without pilot counteraction,
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(iv) Loss of directional stability may occur at high supersonic Mach mumbers

and/or at high incidence,

As it generally leads to wholly unacceptable

flight conditions, this stability deficiency should basically be cured.by
design modifivations., However, methods of calculating load peaks resulting
from localized directional instability are suggested,
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APPENDIX I

The stability of the rolling sircraft with inertia cross-coupling

Neglecting gravity and minor

aerodynamic terms in the force equations

and assuming constant speed the ajreraft motion is described by the five
simultaneous differential equations:

ézp(ao#la) r o4+
1

&:mpﬁ+q+m7ﬁ'z
L

- .....B- i

P - A qr+AE|
W

. C"'A. i

q = B I‘P'*'Bn
N

s, . A-B &

r - C pq+0§

Assuming constant rate of roll

1
o7 g B (I.1)
aa ] (I.2)
L L L
3] r
+T§-B+I—P+Tr (1.3)
Ma M& M
+~§-aa+-§-&+-§lq (I.4)
N N N N
+-§§+-§B+aﬂp+-§r. (I.5)
P = Py the rolling mament equation

(1.3) becomes redundant and if rudder £ and elevator 7 are assumed fixed the

reraining equations are reduced to

N N
2 _I: B - .A. . - ___E
wlLrB*G P+adP ™% = =5 F (1.6)
M M
& - = O It
—Neﬁa+—BQq+§—&+p°—q ( ?)
YB .
—B+p da-r-B = p o (1.8)
Za
Eﬂa—;)oﬁ+q-—&=0. (1.9)
In these equations it is assumed that approximately
C = A+3B (X.10)

and the aerodynamic restoring moment is expressed by the frequencies:

W and “e“fm'

w)‘,;:

neglected, the characteristic equatzon will reduce to a biquadratic in

~ A
+ A

B
B

G - HED -6

If aerodynamic damping terms are

®

B
B

NBGE =Er

: i}Z _ @2@2+ @2—

(-6

eeees (I.11)
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APPENDIX TI

Autorotational rolling

Assuming steady rolling with
P =t =3 =28=8 =0
and
P = const; r = consat; g = const; & = const; P = const

equations (1.1)-(I.5) are reduced %o

Lg B+ LP p = O (11.1)

Ny B-pg(B-a) = O (11.2)

M, o~ Mq Q+prB = 0 (11.3)
Za

<%+q-m = 0 (IT.4)

0. (11.5)

-Tr +p (a+ao)

1}

These equations give a biquadratic in p, the real solutions of which
describe two equilibrium rollaing states

IR o RO M I (R o RO )

eesas (1I,6)

with

‘1’0 = w‘# %“:A‘/

&V 10-»2:1A
vy = 2 =
w4 n
p v 5
o, &
ko= 2 _g< ,A)I_ ,
won B “2
Co-ordinated values for the other variables of motion as applicable to
the steady rolling states can be obtained from equations (II. 1)= fII.6):
2
1- ) L b
“Yo. B _p /2
v = CPTY
v
(11.7)
£ v
- W2 RoL2 -
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AFPENDIX TII

Control required to prevent pitch and yaw building

Putting Aa
and thus p(t) =

d

N,

13

o
=

up in inertia-coupled rolliag

B =0 and assuming a given rolling manoeuvre as

dtt , equations (I.1)~(1.5) are reduced to
L -ADp = 0
¥ g+ LP P P
E+N;?;+NPP+Nrmop-Gpao=O
MM + (C~A) ea = 0
mn o '

These equations can now be solved for the control angles:

£(t)

z(t)

n(t)

1t

A 5(t) > (L)
‘_}.?'t - P:-'
LE LE

N N N
C . r g
S o 3(%) —(——E .a -—Q p(t) - <& E(t)
N; o N; o N Ng

T

-23 .
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(ITX.1)

(111.2)

(111.3)

(III.4)

(I11.5)

(I11.6)
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AFFENDIX IV

Pitch up response wrth pilot's counter control

Representing the aircraft motion in pitch by the one degree of freedom
approximation

M My M
a 5] .
Fl+ga-3=~-3n (1v.1)

where q = %% s ond %Q is an equivalent total damping in pitch

M. 'ﬁiﬂ
T S Rty otL, (Iv.2)

The roots of the characteristic equation for this system are

— et A i

N2 M
S PR R e

Assuming the alrcreft to be initially in steady flight i.e. at

as plotted in Pig.26.

t=0: Ax =& = 0, the motion resulting from a disturbance in elevator
Nn=mn_ for 0<%t < tP is described by
o
At Ayt
= 1 2
ba = a, e’ +o,e“ +a (IV.4)
where from equation (IV.1)
m
- -n -1
A= -, = (1v.5)
w
Mt Ayt
from & = « 1?\1 e + &, © and the initial conditions:
% %o
a1 = Y H az o - n . (IVQG)
1 2
_ - 15T
R 2 1
Thus after tl; seoonds
* P & A @ Aot
. TAG = - o?\ 8 1tP—- e 2% 44 (v.7)
Ter s}
\ b0 A M
:‘g‘:x L
%o Mtp, .%o oY (1v.8)
s = = A, ——iz— e - A — @ .
= - ‘*sz,j‘ 1 e ?\. - - 2 ?‘-
1 2
- T 1 ===
o - e 1

At 'bP the pilot applies counter elevator 7 = 'y and using
t* =t - tP we get for t > ‘LP the aircraft response as:
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Ay t® At*
T"rae? 4+ (Iv.9)

A = A, e 3

1

AL t¥ )\21:*

b= A A1e1 +r, A e . (IV.10)

From equation (IV.4) the "trimmed incidence"
m
as = "‘nR Eﬂ . (IV-11)
w

Substituting the expressions (IV.4) and (IV.5) as initial conditions
into equations (IV.9)-(IV.10) we get

a Aty
1 --£<1«e1tP)

A @
1 3
- = - T (Iv.12)
3 1
1 - T
2
% Aytp
2 5]
—— - - . (Iv'13)
o A
] 2
1 - -—1
1

The maximum overswing amplitude in da occurs for & = 0 at t; which can
be obtained by putting in equation (IV.10} & = O +to give

« Aot
o} A
1-——(1-e )
) %
e = o Nt
1 - —2<1-e 1 P)
3
or
o at
4 -=2(1-6 2 P)
1 S
* -
tm ?\1 = 7‘2 £n = I . (IV.44)
g 1«—‘3(1-315’)
s [ 38
1 3
Thus the peak overshoot in Az 1is now cbtained as
Ax A, At* A M t¥
—EE L g de P22 (1v.15)
S 3 S

These values have been computed for a representative range of the
«
parameters A, tp, s/ao = %/m, and for two ratios 7L2/)\,I = -1 and
K2/7‘1 = 2. Results are plotted in Fig.29.
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AFPESNDIX V

Aircraft response in self-stabilizing pitch up

Considering the pitohing moment characteristic illustrated in Fig. 30,
the aircraft is again assumed to be initially trimmed for steady flight at
an incidence ag. Elevator m, is then applied to induce nose up pitch
and held untal the motion dies down,

If Aa is the incremental incidence from the initisl state, i.e.
& = oy + Aa, within the unstable range the sircraft response is given by
equations (IV.4)-(IV.6)

At At

1 2
1)
E_(_?t_:_e -eh‘i-'l (V‘1)
o 2

for not 100 small values of Ay, Ap being the negative stable root, the
second term on the right hand sides becames negligible after a short tran-
sient, this gives the instant when 4&x = «, , i.e. at the end of the
unstable i1ncidence range

Xt
e! .t &
x - T T
1 c o
b w
2
Substituted into equation (IV.8) we get
E oo E o= A« (v.2)
o - TMa or R T *

Thus values A4« = au eand & = R‘I @ ~cen be used as initial conditions for

the motion in the succeeding stable range beyend e

»
Ket

Ax (V.3)

a, (ugt®+e) e

ALt
. ¥}
& = a [?\.6 cos (wet*—q-s) - wg sin (wet*+€)} e . (Ved)

These equations are again solved for the maximum in A4a. From the
initial conditions we get

%y / P M
ag N\ 5 ) (7.3)
and
s
cos &€ = == (Vv.6)
A
o
where Z’D z - ;é- , the damping ratio of the oscillation.



Putting & = O in equation (V.L) we get

.=
tm = Zﬂ-sn-sm &D.

The peal: overshoot amplitude is then given by

/1 _gg e—ﬁn(m-en-sm"1;}))

Ao

UJ‘:z |b-9
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FIG.l. SYSTEM OF AXES USED IN THE ANALYSIS OF
INERTIA CROSSCOUPLING PHENOMENA.

FIG.2. THE GYROSCOPIC MOMENT M = pr (C-A)



FIG 5. THE KINEMATIC TERM pp = -d
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FIG.1O. ROLLING INERTIA COUPLE STABILIZING AGAINST
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"IONITdNOOSSOUD VILYINI WOYHd ONILINS3Y 77104 NI NOILVLOHOLNY ‘II'DId

10y
J SL515SV
1 .wﬂm“.ﬁoﬂ LENOD =8 dIIN NV
0 %%d = g/ 73ONVD

Ol 4 S33Aq0Nd N

€ s35v3YoNt N




Al

3-0f

-0

> N
2 il
Z
<« N u
b YU 2 STABLE COUPLED
3 J>
0 \3|nf' YAWING - PITCHING
S - OSCILLATIONS
- a 4
w > >
9z %
—_ <«
= fa)
el Z
o 5
;‘ 0
= ® wel® B+A
o BOUNDARY AT —3} =T |0
. Po
\\\\\ OO N SO NSNS N SO SO NSRRN
IN
N\
STABLE. [ DIVERGENCE PREBDOMINANTLY
OSCILL. IN PITCH
™.
\ g L 1

I-o 2-0 3-0
()
Po
We = FREQUENCY OF UNCOUPLED PITCHING - OSCILLATION
Wy = FREQUENCY OF UNCOUPLED LATERAL - 0SCILLATION
STEADY RATE OF ROLL IN RAD/SEC.
INERTIA IN ROLL

A
8 = INERTIA IN PITCH.
C = INERTIA IN YAW.

;D‘
1}

FIG.12. STABILITY DIAGRAM FOR THE ROLLING
AIRCRAFT ACCORDING TO PHILLIPS.



-0 _

&

0-5¢

7";—/-_

/’ .«, 4 /,

f// 7 /

P

—~ars

e} 1 " { e
1940 1945 {950 1955 {260

YEAR

F1G.13. TRENDS (N (NERTIA DISTRIBUTION
BETWEEN ROLL (A) AND PITCH (B)

FIG.14. THE EFFECT OF INERTIA CROSSCOUPLING
ON THREE AIRCRAFT CONFIGURATIONS.



FAl

ey

NO INSTABILITY FOR

/N ALL VALUES of P
/ IF 175 4(-w—w) <113
/

L L Ll il

-
R
2l / /
] /
> V.
o R
Po )
o
l TN N % % N N N R W R R RN N RS
/
/
/ /
J/ DIVERGENT

//

&

0 i {ww}z 2 3
o
FIG.I5, EFFECT OF DAMPING IN YAW AND PITCH
ON THE DIVERGENCE BOUNDARIES.

b

GI\NE
3

s .

v
VRSR

ROLL TO STARBOARD

:,“_\. SANNAN NN NN

N

Vel s ee ol

E
PV Yy

\\\\\\

AR RERRAERRY R S S Y AR

77
A
AT

ROLL TO PORT

777 77277

6 1 L

0 | [wy)? 2 3
o

FIG.16. EFFECT OF ENGINE MOMENTUM ON
THE DIVERGENCE BOUNDARIES,
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F1G.17. CRITICAL INCIDENCE oCn BELOW WHICH AUTOROTATIONAL
ROLLING EXISTS.
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FIG.18. CRITICAL RATE OF ROLL FOR ROLL DIVERGENCE AND
AUTOROTATIONAL RATE OF ROLL.
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FIG.19. ELEVATOR AND RUDDER ANGLES REQUIRED TO HOLD AN

AIRCRAFT WITH INERTIA CROSSCOUPLING IN A BANK
MANOQEUVRE THROUGH 180°

FIG.20. TYPICAL TIME HISTORY OF INERTIACOUPLED
ROLLING MANOEUVRE,



FIG.2l. FAMILY OF ROLLING HMANOEUVRES USED IN
THE COMPUTATIONS.
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FIG.22. (a-¢) VARIATION OF PEAK LOADS IN INCIDENCE
AND SIDESLIP WITH THE DURATION OF THE ROLLING
MANOEUVRE.
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4 FIG.23. EFFECT OF ROLLING VELOCITY ON THE PEAK
VALUES IN INCIDENCE AND SIDESLIP.
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FIG.24. TYPICAL EXAMPLE OF A PITCH UP CHARACTERISTIC,
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FIG. 25(a&b) SIMPLIFIED PITCH UP CHARACTERISTICS FOR
NUMERICAL ANALYSIS.
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FIG. 26. ROOTS OF THE PITCHING MOTION FOR STABLE AND
UNSTABLE STATIC STABILITY M. =9,/ 9%.
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FIG.27. TYPICAL TIME HISTORY OF A PITCH UP MANOEUVRE
WITH ATTEMPTED RECOVERY BY THE PILOT.

FIG.28. TYPICAL TIME HISTORY OF AN UNCONTROLLED
SELF STABILIZING PITCH UP MANOEUVRE.
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F1G.29. PEAK OVERSHOOT AMPLITUDE IN PITCH UP WHERE
PILOT'S RECOVERY ACTION FOLLOWS WITH A TIME
DELAY OF tp SECONDS.
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