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Summary.

A study is made of the linearized differential equation for supersonic flow of a gas relaxing in one mode,
assuming a linear rate equation, in a two-dimensional non-uniform channel. An exact solution to this
equation is found which includes the corner flow problem as a special case. This solution clearly demon-
strates the exponential decay of disturbances along the frozen characteristics associated with the relaxation
process. The results obtained for the corner flow problem agree with the earlier results of J. F. Clarke and
1. J. Der. Approximate solutions are also obtained which are shown to be adequate for most practical
values of the ratio of the equilibrium to the frozen speed of sound.

Similar exact and approximate solutions are also found for the linearized case of a two dimensional jet
expanding into a uniform pressure field.

LIST OF CONTENTS

Section

1. Introduction

2. The Differential Equation, Boundary Conditions, and Solution by the Laplace Transform
3. Exact Evaluation of the Pressure Coefficient

4. Approximate Evaluation of the Pressure Coefficient

5. Jet Expanding into a Uniform Pressure Field

6. Discussion

7. Conclusions

Acknowledgements

List of Symbols

References

*Replaces C.0.A. Report Aero. No. 172— AR.C. 26 140.



LIST OF CONTENTS—continued
Appendices—I to V

IMustrations—Figs. 1 to 5
Detachable Abstract Cards
LIST OF APPENDICES
Appendix
I Isentropic flow of a non-relaxing gas in a two-dimensional channel
I Morrison’s method applied to the corner flow problem
HI  Evaluation of L (t,, y,)

IV Alternative method of solution of the exact differential equation

V  One-dimensional analysis using a linear rate equation

1. Introduction.

Non-equilibrium effects in gas flows may arise from chemical reactions between the various species
comprising the gas or from a redistribution of energy among the internal energy modes of the molecules
after the gas has been perturbed from an equilibrium condition. Kirkwood and Wood' have shown the
basic similarity between the two types of relaxation. Both processes introduce a source of dissipation into
the flow (i.e. the flow is no longer isentropic), and if the processes take a time of the same order of
magnitude as the time for a typical molecule to pass through the flow field considered, the relaxation
effects become important.

In the present work, a simplified model of the gas, in which only one type of relaxation is present,
is used in order to formulate the problem. In many cases, this approximation to the real gas behaviour is
not unreasonable as one type of relaxation is found to dominate all the others. For instance, in a dissoci-
ation relaxation region the change in energy associated with the internal energy modes is very small com-
pared with the change in energy associated with the dissociation; and similarly in the case of a gas in
chemical equilibrium, in certain temperature ranges one internal mode is found to have a much longer
relaxation time than the others which are treated as active modes, i.e. reach equilibrium instantaneously.

Gunn? investigated the effect of heat capacity lag in one-dimensional nozzle flows by linearising the
equations to find the loss in available energy due to the temperature lag and hence the loss in total energy
and found it to be a small effect. Chu?® indicates how the problem of a relaxing gas may be solved by
a step-by-step numerical calculation using the method of characteristics. Bray® and others showed that
in the case where the amount of energy in the lagging mode is small, a criterion could be established for
the ‘freezing’ position in the nozzle. This sudden ‘freezing-out” of the flow where the lagging mode, having
followed the equilibrium distribution closely at first, suddenly breaks away and rapidly approaches an
apparently steady non-equilibrium value (frozen flow), is also borne out by the numerical calculations of
Stollery and Smith® for vibrational temperature lag, Freeman’ and Hall and Russo® for atomic recom-
bination together with the recent analytic formulation of the problem by Blythe*.

The governing linearised differential equation satisfied by the two-dimensional perturbation velocity
potential ¢ (x,¥) has been derived by Vincenti® and Clarke'® in the form

K (B_['Z ¢xx_ ¢yy)x+ Bez (bxx— (pyy =0

where K is the relation length, B, = M2 —1,B,> = M,>— 1,



where M ; and M, are the free-stream Mach numbers based on the frozen and equilibrium speeds of sound
respectively. The importance of the two speeds of sound was shown by Chu? and Clarke'® while Vincenti
solved the equation for flow past wavy walls. The method of Laplace transforms has also been used by
Clarke!! to solve the equation for flow past a corner, and by Der'? for flow past an arbitrary boundary.
Moore and Gibson!® approximate to the third-order equation by the second-order linear telegraph
equation for flow past a wedge and a wavy wall. Clarke and Cleaver!* find solutions to the third-order
equation for ¢(x,y) by use of a Green’s Function technique for the flow past thin aerofoils.

Clarke has also used the axisymmetric form of the equation to investigate relaxation effects on slender
bodies!.

In the sections that follow, the method of Laplace transforms is used to solve the equation for relaxing
flow through a two-dimensional channel with sharp corners at x = 0. The solution includes, as a special
case, the flow round an isolated corner, and thus Clarke’s solution for the latter problem which will
apply up to the first reflected characteristic from the opposite corner is obtained directly. The solution
for a general point in the flow field in the case of the isolated corner is compared with that obtained from
the analysis of Morrison'®. Approximate solutions are also obtained for most practical values of the
ratio of the frozen and equilibrium speeds of sound.

At the suggestion of Professor N. H. Johannesen of Manchester University, the method is also applied
to the case of a two-dimensional jet expanding into a uniform pressure field, and exact and approximate
solutions are obtained.

2. The Differential Equation, Boundary Conditions, and Solution by the Laplace Transform Method.
Differential Equation.

It has been shown by Vincenti that for the two-dimensional flow of an inviscid, non-heat-conducting,
non-radiating gas, relaxing in one mode, when perturbations from an undisturbed uniform supersonic
flow and deviations from equilibrium are both small, a perturbation velocity potential ¢(x,y) can be
defined by

u,_ﬁﬁé v’—%
T oax’ dy

where
v= (U, O+, v)
which satisfies the linearized differential equation
K(B ¢xs—Pyplxt Be” drx— by, = 0 2.1)
K is a parameter proportional to the ‘relaxation length’, tU, and B,, B, are the equilibrium and frozen

Prandtl-Glauert factors respectively. T, the relaxation time, is assumed to be constant and the rate
equation is

¢ DeT)= e(T)—eT)

where e{T;) is the internal energy of the inert (relaxing) mode specified by the temperature T;, and e(T)
is the energy of the active modes specified by the translational temperature 7.

In ‘equilibrium flow’, when the relaxation processes are infinitely fast and all modes reach equilibrium
instantaneously, t—0, K—0, and equation (2.1) reduces to the Prandtl-Glauert equation

B? ¢xx_‘¢yy =0



At the other extreme, when the relaxation process takes a very long time t— o0, K— , and equation
(1.1) becomes

(Bi' ¢xx'_ ¢yy)x =0

1e. B‘%‘ ¢xx" ¢yy = f(y)'

But the equation must hold for all x, including the region of undisturbed flow, hence f(y) = o, and the
equation reduces to the Prandtl-Glauert equation

. sz" ¢xx—¢yy = 0.

This other limit of isentropic flow is known as ‘frozen flow’

Boundary Conditions.
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It isassumed that the flow is uniform and in equilibrium upstream of the station x = 0, and the boundary
conditions are therefore

$y s = 0,x<0

0
v = q_(b = 0,y = 0, by symmetry, and
cy
! d
U:-l- o= d—fc ony = + (h+ex), or with sufficient accuracy
1 0¢ dy
— 7 2 = 45
U 2y =dx ony= +

where the walls of the channel are given by y = +(h+¢x) and ¢ is a small parameter.

Solution by the Laplace Transform Method.
The Laplace transform ¢(y.p) of ¢(x,y) is defined by

Ay.p) = je"”‘ d(x,y) dx .
0



Equation (1.1) transforms to

d*¢  , ., (Kp+a\
o P B xpy1 )¢ =0

where a = B,?/B,? and is greater than unity.

This equation has the solution for ¢ (y,p),

B ) = Ap) &Y T LBy “o/E B

The boundary condition

0
;%:i =0 ony=
transforms to
dd
— =0 =0
dy ny
and this implies
A(p) = B(p)
while the condition
a
—¢ =4+U,s ony= +th
dy
transforms to
d¢ £
—=U,- ony=h
dy P Y
Thus
K
Px cosh p\/ p+?ny
d(x,y) =

p+a
/ sinh py/ Kp Bfl

where 7! denotes the Laplace transform inversion operator, viz:

+ico

- 1 -
Lt {d)(y,p) e"x} =5 j e p(y.p)dp.

—io0



In the linearized theory

2u’ 0
c, = —Ui’ where ' = 5%

a@
Hence the pressure coefficient is given by

K
eP*cosh p pta
c Bf K +1

— et (2.2)
imh \/p+a
\
\/ +1 P

The above equation (2.2) reduces to the pressure coefficient transform for ‘equilibrium flow’ on putting
K = 0, and for “frozen flow’ on putting K = oo. The inversion for these cases is performed in Appendix I
by a straight-forward contour integration giving

c,B Zi ”.mzx nmy
T o=

= x
28 Bh

cos
Bh h
where B = B, or By.

The frozen and equilibrium pressure coefficients on the wall and on the axis are presented in Figures 1
and 2 for comparison with the relaxing case.

However, the same method cannot readily be applied to the inversion of (1.2). The integrand has a
non-isolated essential singularity at p = —1/K, and although the correct answer was obtained by inte-
grating round a ‘dumb-bell’ contour around p = —1/K and p = —a/K, it could not be proved rigorously
that the integrand remained well-behaved at all points of this contour ; nor could an alternative suitable
contour be found.

In the case of one wall, the pressure coefficient for the flow round a sharp corner is

Kp+ta
Px —pa/Kp+1Bsy
By e e ’

=Lt with y now measured from the wall, (2.3)
2e /Kp+a
P Kp+1
and this has been solved by Clarke for Cp,,, the pressure coefficient on the wall (y = 0). The evaluation
for a general point in the flow field can be obtained from an analysis of Morrison (as mentioned above)
which is outlined in Appendix II.

In Section 3 below, an analysis by series expansion is given for the channel flow, which includes the
corner flow as a special case; and in Section 3, an approximate method is presented.

3. Exact Evaluation of the Pressure Coefficient.
The pressure coefficient for the relaxing gas in the two dimensional channel is given by equation (2.2),

K
eP*cosh p pta
c,By

, Kp+1

ry
=I!
2¢ Kp+a Kp+a ,
sinh B/h
by Kp+1bm PVKpr1”




and this can be simplified on transforming to the normalized co-ordinates,

B,y
- K , [ __f_
x =x/K,y X
*cosh p’
c,B \/
t _ P f: L—l
© 28
r smh
where r = Kp.
Let C = 1 +p,, thena

B e e¥ cosh({—1) /C+a—1,
2¢
-1 smh(( 1) / W

Write r = a—1, and noting that

(3.1)

0
1 z Z —-2nx
X

simhx  €e¥ /T,

(3.1) becomes

, , E+r t+r
=x" x| (E—1)4/ ¥ —({=1)+/ v
By e e [e t4e ¢ ] i - 2ng- 1) /W
e

-t

2 C—1) % e(c—n./%h’ n=o

where

G = e L'l{ et ( i e—(c 1SS b~y + 2nm7)

)31 ( 1 C"]‘rn A .
o= e ¥ -1 et 4 i e—(c D/ S ey +2nh)}
’ -1V i+r 5

For simplicity of notation, let
V= h—y'+2nl,

z, = W +y +2nk.



Then

{(—1V {+r .=,
= —-x' y- et { & -u-v gﬂh
N P —C_ng 3
B
and _Spie—f = 5P1+5P2
= Y bt Y ¢ say, (3.2)
. Lx’ T Ltr
where b,=e > L1 { ¢ /ie—‘/“c" Yot /T (33)
=1V {+r
but
VU Hr) = JC+1/22=rY4,
so that if L=C+r/2,
and s =./A2—r?/4,
(3.3) becomes
R F =y e e
" i=1—=r2V A+r)2
- e—ax' L—l{ix' ;l'—ﬁ [e(l‘s)yl 1] e“lyne\/j,—f%yn
ATV A+p
: e JA—B - J"—f—‘iyn}
B Tge e 3.4
+e L {j'__a /{+ﬁe e ( )
where o=14+r/2,8=r/2.

Define 1, = x'—y,,t; = x'—z,, and let the right hand side of ¢, transform to semi-characteristic co-
ordinates from the ‘top’ corner and for each n, along the (n+ 1) characteristic parallel to the first; and
similarly for ¢,,:
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et [i—B S5 y,,}
‘ = -1 -8
Let Lit,,y,)=L {,{—rx it—i—ﬁe

Loy y) = I {e’“ [e()]}

So that if L, and L, are known, b, is given by the convolution formula from equation (3.4), or

th

by = €™ Ly(ty, y)+e™ J Ly(t, y) Ly(t, =7, ya) d (3.5)
[

and similarly for c,.

The inversion for L, (t,, y,) is given in Reference 17, or

Lz(t/ y)=r_yy_1 Il(ﬁ\/ (t;l+yn)2_yn2
Y (N

where I, is a modified Bessel Function of the first kind.

Therefore

th

, , I 2_ 42
b= e | Lot 2 [ Ly R i

(T+yn)2_yn2

0

i

—-ax’ ’ ¥ nx B I TZ— n2
e [Ll(zn,y,,)+i J Lyx—r,yy L/ E ) lez.’dT] . (6
2 T =V

Yu

Now when n = 0, corresponding to the flow field between the corner and the first characteristic from
the opposite corner, it is found from (3.6) that the solution in this case is similar to that found by Morrison
(see Appendix IT). However, the solution on the wall y = h, corresponding to y, = 0, found from (3.6) is

—ax’ ' —ax’ e’b g A— ﬁ
e Ll(to,O)—e J‘m /mdl,
El



since the second term vanishes, and from Reference 17,
o

Ly(t5,0) = e |:€‘°‘"' Io(ﬂx’)+J€_““ Io(ﬁ#)dﬂ} H(ty),
0

where I, is the modified Bessel function of the first kind. Hence Clarke’s result,

owB ,
~m = e (ﬁx’)+j e 1o (B du, (37)
0

is recovered directly.

For duct flow it is seen from (3.6) that terms corresponding to the double system of reflected character-
istics for the frozen flow are added to the solution when n = 0. In other words the duct flow-solution is
constructed from a series of isolated corner-flow solutions. It remains to evaluate L 1 (¢, y,). This requires
some manipulation to reduce it to a standard form. The inversions are obtained in Reference 17 and the
evaluation is performed in Appendix HI giving

e8] ym
Lty y) = e Y m—",Pm(I-‘;) (3.8)

m=o -

where _(is a function defined in Appendix I1I which satisfies the recurrence relation

t

P.(t) = Pm;z(t)%—re*‘J' eP,_,(t)dr (3.9)
0
and the infinite series —r}% P, (t,) is absolutely and uniformly convergent for all y, and t, since

|P.(t)]<a? forall mand r,and Y~ (y\/fT) is absolutely convergent for all y,.
a m!

The exact expression for the pressure coefficient is therefore from (3.2), (3.6) and (3.8),

.Bf < —ax’ ath - y:ln ’
——”7: Y [e ey P ()

m=o

- N N L N
+e N By, T Y P (- T gey
J m=om! " (@=y2)

y"

0 Zm

+eT M N Thp ot +

m
m=am!

,x , [vel m I 2_
+€Ame\ﬁZ,‘ea(X -1} Z %Pm(xl—'[) I(B\/T Zn) dT—J )

(1*—z])

10



Because P, (t) = Ofort < Oforallm, b, = Oforalln > k+1 whenever £, ; <Oand ¢, = Oforalln > E+1
whenever . ; <0. Thus the first two terms are summed from n = o to n =k only, and the last two
from n = o to n = k' only, in the region where t;, > 0, t;, > 0 so that

k
-_‘Cprz Z [e—ayn Z yn Pm(tn)+

28 n=ao m= 0

m=o M —y,,

+ﬁynJ e™™ Z Yo j Pul LBy ) ]

k’ o0 g © L m I 2_ .2
+ Z [e—azn Z u +ﬁZ J Z _”_' X —T .J_(ﬁ_;___%")dt:l .
7 m=o T

(3.10)

It should be noted that k' = k, k+1, or k—1, so that in the region ABC in the diagram above the first
sum is from o to k, the second from o to k— 1. In the region CDE the first sum is from n = o to k—1, and
the second from n = o to k. In the region BCEF, both sums are fromn = oton = k.

The pressure coefficient on the wall and on the axis is shown in Figures 1 and 2 respectively, together
with the frozen and equilibrium values. In computing these pressure coefficients, the half-width of the

o8] 1]

channel was taken to be h' = 05, a = 1-5, and it was found that ten terms of the series ), y—”'Pm(t)
m=oM:
were sufficient to obtain a value accurate to two decimal places for values of y, (or z,) up to 3.
The pressure coefficient at a general point in the flow round a corner is, from (3.10)

By R i ﬁP (t'0)+ B i y__ 1 1(ﬂ\/ yo 3.1
2¢ - oz m' ml 0 Yo - ' ‘C y . )
o M. = I
Yo

11



which is equivalent to

c,B; ) g e LB/ x? =1
———L =Hty) s ¢ + fe te T ———X———-"1
2¢ /x/2_.L.2

Yo

+ﬁ\/Fe"“x'J ' j o HT)T L2/ ﬁ‘/(x/jL“)z_(““)z)dydr}
o

V& = (1)

Yo
as obtained by Morrison (see Appendix II).

Both expressions show that ¢, = 0 for y, < x” since the disturbance from the corner is confined to the

region downstream of the Mach wave associated with the frozen Mach number M 1> a result which is
well known.

For y = 0, Morrison’s method gives,

x

By [ MOVET,
2e \/*

T,

o d - - +T)\/—- ﬂ\/ (x +:u)2 T"',u)z)
+8 J J wll TNV o Sr dr
SR A N

and although this is equivalent to (3.7) the equality can only be established with some difficulty. (3.11)
above has the merit that the simple form for ¢, found by Clarke, equation (3.7), is obtained directly in
place of the rather intractable relation above.

4. Approximate Evaluation of Pressure Coefficient.

The solution for small differences between the frozen and equilibrium sound speeds.

It is possible to obtain a very much simpler expression than (3.10) for the pressure coefficient if it is
assumed thatr =a —1=(B?/ , —1 <« 1.

Equation (3.2) for the pressure coefficient is

By _ ) e \/ o —<c-1)\/g~i- 4'«1)\/9}-?: } e
& J . L — » Vn 9 n x'
” {C—F‘ C+12; ¢ ¢ Pte t e

Now suppose r << 1, so that

Jetr _ 3
7 (1+r/0)> = 1+2C+O( r?).

12




; . r
The equation for ¢, when terms 0(r®) are neglected then becomes, remembering that § = 7

_..—_Cpr = [ { i [egl-'rn‘t;n‘ﬁ}’n‘*l}.zgu_l_eCti{‘l;"“ﬁzn‘*’ﬂZ&; (L) <_1_>} (41)
2e n=o0 @ C+ﬁ C—l

= Y (b,+c,) as before, where now

et | g1 em(eﬂyn/f:_l)} _1{£}_ _l{e;r'n(eﬁynﬂ;g-l)}]
e [L { TES VI SRR Y S T

Equation (4.1) retains all the important features of equation (3.1). It possesses an isolated essential
singularity at { = O and simple polesat{ = §,{ = 1.

The following results are obtained from Reference 17, with the aid of the convolution formula
" opx (e¥'% —1)

= dp=\| e, 2yt e tde,

e
o

eet—dp = | Iy 2yt ) e at

and

Therefore, using the above results,

th

by =e e { J By 1 124/ B yoit) € 7" dp+ € —

0

-—BJ Io(2y/Byap) e~ dp }
0

th

th
d
. { J L1 /‘“zry,,u)e-uduﬂ—ﬁj Io(«/ryn#)f”du}
[4]

0

th

= e P/ 2ryt) e +(1—B) e"’”‘j Lo(/2ry,u) e du

0o

after integration by parts.

13



Therefore, substituting in equation (4.1),

th
Cp

B, & :
- 28f= ) {e_”y" Lo/ 2yt e +(1~ﬁ)e"”"J Io(\/2rynu)e"‘du}
n=o 0

1

k, n
+Y {e—ﬂzqo(m)ew' +(1—B)e‘”="J To(\/2rz,0) e“‘du} (42)
n=o 0

where the summation is over a finite number of terms for the same reasons as in Section 3.

This approximation to the pressure coefficient gives excellent agreement with the exact result, and
remains a good approximation even for values of r as high as 0-5 as shown on Figures 1 and 2. It is parti-
cularly good up to the first reflected characteristic and therefore for the corner flow problem (4.2) reduces
to

o

B .
_szpf — g~ Bvo p—th ]()(\/ny_o?oH_(l_ﬁ)e‘l”’ﬂjv Io(s/2ryou) e * du (4.2a)
()

and when y, = 0, (on the wall y = h)

_prBf
2¢

= (1—B)+pe* (4.2b)

whereas from (3.7), with r << 1,

B 1 .
__Lm f=_(1+ﬁe—ax)
2e o

but since & = 1+ f3, it is easily verified that these are the same to 0(r%), provided x" << 0(1/f).
The approximation (4.2b) for the pressure coefficient on the wall is compared with the exact expression
(3.7) for various values of r in Figure 3.

Figure 4 shows the variation of the pressure coefficient with ¢ for different values of y (at different
distances from the corner) for a = 1-1, calculated from equation (4.2a). Since for large values of ¢,

m—1

P, (o) = (1+r) ?
and

oo

2 2
oo | BT o
N

Yo



it follows that the exact expression (3.1 1) gives,

—ay
_c Bf € ° V1+ryo __1__ (1 +r2-JTHr)yo
- e + (1—e )

2 f+r J1+r

1 B e _ R
— (e—(1+r/2 J1+r)yo +1-—€ (1+r/2 ¢1+r)yo) as t— oo,

1+r

showing that, for all y,

_%Br By
2 B,

Thus the flow reaches equilibrium far downstream of the initial frozen Mach wave, corresponding to
large values of ¢ for a fixed y, and this is demonstrated in Figure 4 where the pressure coefficient approaches
B,

1+r B,

Il

(1—B), for all y. (1— p) is the first order approximation to

It is shown below that for small values of 7 the disturbance decays exponentially ase™#*°away from the
corner. The approximation to ¢, given by (4.2) is equivalent to replacing 2.1) by

) 2% ( 9 ) )
(rx * 6x’> ox"? I+ ox'/ oy’? 0 43

in the normalised co-ordinates. But if (1.1) (in the normalised co-ordinates) is differentiated with respect
to x, it becomes

ot Fide) ) i)
o U G ey ey T
r4 2
and adding a term T 2072 to both sides and rearranging gives
8\ 2% ( ) ) 3¢ r* 0%
- —— —_— = — 44
(a+(‘x') ox'? 1+6x’ oy* 4 ox'?

so that (3.3) is a form of the exact linearised equation when r << 1.

It cannot be assumed that inclusion of the additional term in (4.3) modifies the rate cquation. However
the term involving r*/4 in (4.4) is a diffusion term and it is thercfore this weak diffusion effect which is
neglected in the approximate equation (4.3). Because this diffusion term is of small order, solutions to
this simplified equation give reasonable agreement with these obtained from the original equation.

Solution for small values of t.

Certain useful results can be obtained from an investigation of the flow in the vicinity of the leading
characteristics, i.e. for small values of ¢’ or .

From Section 3, since P,(0) = 1 for all m,

Li(t,y)e @ > east, -0,

15



so, for small values of ¢,

e Ly (ty ya) = e~ [e7" I (ﬁti.)+j ™ Lo(Bu) dp] +e™Pm—em (4.4)

[=]

ast,—0
Hence from (3.6) together with (4.5),

th
by = e Lot +o j e~ To(B) dp+e ™ — et

0

x'—t

+ﬁyne-“’j (5*_?_; 2 1t -y [ 1 aus

n 0
+ ern ea(x’ -1 __ ea(x’ -1) } d’E.

But

1(5\/ -y — L f’—r )

—y; BT d

Therefore

in
b, = e™memon {e-'*lo(ﬁtm j e~ 1o(6p) du—-l} +
0

th

~aYn —a{th—1) "
thae Jr+y,, d‘t[ (B (e +ya)" = ] {e ( Lo(B(t,— 7))+

th—t

+J- e‘““IO(Bu)du-l-e”"——l} dr.
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Therefore as t, — 0,

th

-Qt d
— o~ B —ayntyn | € —_ 2
b,=e P+y,e Jr+yn 7 I:IO(B«/r +21y,,)] dt
0

th

- e~ﬁyn+e“ﬂynje—arad; I:Io(ﬁ /21'_]),,)] dt

0

=e P (1400). Similarly ¢, — e~ %,

showing that along leading characteristics, the disturbance decays exponentially with distance from
the appropriate corner, as found previously by Clarke and others. In addition the reflected disturbances
decay exponentially with distance from their points of reflection. As already noted above, it is seen that
the nozzle flow solution is obtained from a series of isolated corner solutions. The results of numerical
solution by Der!? justify this approximation.

5. Jet Expanding into a Uniform Pressure Field.

Following a suggestion by Professor N. H. Johannesen of the University of Manchester, the case of
a jet expanding into a uniform pressure field is also considered

L L LS

(L4 L1

Po Yo — p@

ssmadi

//////'

T7777

The free boundary, for a linearized problem, is assumed to be at y = +h, and the boundary condition is
P =D

where p, is the external pressure.

If p, is the stagnation pressure, p,, is the static pressure at the nozzle exit, and ¢, is defined as

— P—DPy

c >
Po— P

14

¢ = Pa—DPw
b Po—Pco’

then the boundary condition on the free boundary is



The case considered is when p,, > p,. Thus the first Mach wave is one of expansion, followed by one
of compression and so on, but the analysis could equally apply to the case when p_ < p,, when the first
wave is a compression, provided that the pressure difference p_, — p, is small enough to prevent the form-
ation of shocks beyond the mouth of the nozzle. This condition must apply anyway to keep the problem
within the scope of a linearized analysis.

Applying the method of the Laplace transform as in Section 2, the equation for @(y,p) is

3w = A K0 | gy oo/ BT

gives

The boundary condition v’ = 2—? = 0 on y = Ostill applies and gives

A(p) = B(p)

or

Kp+a
®(y:p) = 2A(p) cosh p Kos1 27

The boundary condition ¢, = ¢, ony = +h gives

q5x=-—--23caony=ih

14

which transforms to

U, ¢
poyp) = ——== fony: +h

2
giving
. Kp+a
U coshp Kp+1ny
¢0p) = =3¢y, )
hcoshp1 / Kp—i_aB h
b Kp+1~7
Therefore

x Kp+a
eP* cosh p /Kp-i-Iny
Kp+a
Zcoshp, / B
p-coshp Kp+1 oh

P(x,y) = U°°2€"“ Lt

in the notation used above, or

K
eP*cosh p pta

B
ﬁ=L‘1 Kp+1 4

. 5.1
€ra cosh Kp+aB hoi -
PEOSE P Kpri1 ™!
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The frozen and equilibrium solutions are obtained by putting K = co, and K = 0 respectively, giving

[ { e?* cosh (p By)

— —I)—CW} ,(B=BsorB,)

o]

Pa
which is evaluated in a similar way as in Appendix I, giving

1y 1 1
c ) (n—l— X cos (n+3Hmny '

o (=
Zo n+2 Bh h

]

|

-2
I

3]

Pa

On the axis of the jet, making use of the well-known result (Reference 18),

cosG—lcos39+1c0556....= <f<

T
3 5 4’

s
SR

fe 0 —_Bh<x<Bh

cpa

=2 Bh<x<3Bh

ete.-

Equation 5.1 is evaluated in exactly the same way as 2.2. On transforming to normalized co-ordinates

B
X' =x/K,y = -kfl ,and putting { = 1+p,

- {+r
Cx x' '
& _ e cosh ({—1) cy
e (¢ —1)cosh ((—1) CZL'
Since
t — gx i (___1)n e—2nx’

coshx €/,

+¢,, » Where now

i

PPN /Z T
(—1)e =1/ gy,.} ’

o

e 1)
=
]
I
3
5
-
P
)
|
—_
=
1~18

( e (;—1)«/-&?%}

lf\e
HMS

Ex’
¢, = e""L"l{ ¢

=§ b+2( 1y ¢, say



where

-1

x N Ltr
. e N4 "
b,, =e X1 {__. eViE+nyn o [44 } .

Let

et IR
Ll(t;u yn) — L—-l { e AFRY ,

A—o

Lz(t;,, yn) _ L—-l { elnl I:e(}t-—s)y,, _1] } ,

where A=1{+7/2,s =./A>=""/4.

Then,
I / t' 2__.,2
Lyt y.) = By, (B (’ nty "2) Z" )as before,
Y/ (tn + yn) = Vn
but now

egt;l e L?Yn
{—1

= Pt i T -1 { et (@)m/z }

m!

Ly, y,) = L7} {

m=o

= ¢~ % i X"‘H—L—l et fu+a\"?
m=oM! u\u+l

[eo]

- aty, ynm ’
=e Z ;}?Pm+l(tn)1

m=o

where the P,(¢) are the functions defined in Appendix ITI. Hence the exact expression for the pressure
coefficient in the jet is

m=o

k [=>] m
. Z (=1 [e—-ayn Z %Pm+1(t;)+

car S Y . LB/ =)
+By, | e Z ‘r;l_,Pm+1(x _T)_——_Z 5 dr | +
’ VT Y

m=o

n

k' m

- od Z" 74
+ Z (=1 [e e Z, ﬁpm+l(tn)+

n=g

x

© m 1 /2 __ 2
+ﬁz,,Je‘“’mgo%PmH(x’—t)—l(ﬁ—\/%f"—)dr] . (5.2)

2n
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Asin the channel flow, a much simpler expression than (5.2) is obtained if it is assumed that the relaxation
parameter r << 1, so that

S = Lo

and

becomes

S J i(__l)n{elt;—t;—ﬁyﬁﬁ’"lf +eCt;.’—t$.’—BZ..+ﬂ‘"/4} L
4 Ln=o C“'l

as before, but now

h [ Bon t
o o= th— B e e —1) j €
b =e { j e |
L

L

u

th
= e“”yn{ j ;— [Io(\/Zrynﬂ)] e *du+1 } (Reference 17)
0

In

= ™Ml 2ry,tr) e e J To(y/2r yat) e ™" dps

after integration by parts.

Hence

—th

k

Sp _ Z (—1)yr e fom [Io(~/2rJ’nt;.)€_';‘+J\ Iy /2ry,,,u)e""du:l +
(i

Cpa n=o

+ Z (=1 e o [IO(,/2rz tye ™ +j Io/2rz,w) e "d,u} , (5.3)

for sufficiently small values of r.
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The exact solution (5.2) and the approximate one above (5.3) are presented in Figure 5 together with the
frozen and equilibrium values of the pressure coefficient along the axis of the jet for a = 1-5, k' = 0-5.

The summation over # in both (5.2) and (5.3) is over a finite number of terms as in the channel flow,
and it can be verified that

c
—“~ =1ony = +h,
cPa

all terms but the first cancelling out.

6. Discussion.

An exact linearized solution has been found for the flow of a relaxing gas in a two dimensional channel,
and in a jet, assuming a linearized rate equation where the relaxation time, 7, is assumed to be constant
along the channel. Of course it might be expected that t will vary with temperature and pressure and will
increase with increasing distance downstream in a diverging channel. ‘Freezing-out’ is therefore not
apparent in a solution with a constant 7. This is verified in the one-dimensional analysis which is per-
formed in Appendix V, and the resulting pressure coefficient on the axis is shown in Figure 2. This shows
no evidence of ‘freezing’ found by Blythe who used a rate equation of the form

% = wlp, T) (e{T)~e)

(where e; is the equilibrium value and & = p Q(T) where Q (T) is assumed to be Q « T%) for a one dimen-
sional analysis (see Reference 4).

Figures 1 and 2 show that the pressure approaches the equilibrium value between each reflected
disturbance, but does not remain between the frozen and equilibrium isentropic solutions as may at
first be expected. This is because of the exponential decay of the disturbance along characteristics found
in Section 4. In the isentropic case, disturbances are reflected with the same strength at each intersection
with the channel wall, but by the relaxation process each reflection is weaker than the preceding one by
an amount corresponding to the exponential decrease e ~#- 2* where 2k’ is the distance between reflections.
This effect can also be observed for the flow in a jet in Figure 3.

The approximation for small values of the relaxation parameter of Section 4.1 follows the same trend,
and the reason why it remains a good approximation even for values of r as large as 05 is because it
is equivalent to adding a term of smaller order than the existing terms to the original differential equation,
as explained in Section 4.

The method of solution of the isentropic channel flow by contour integration is immediately applicable
to other wall shapes. It is just a matter of calculating residues at the poles of the integrand which are the
origin, + inn/Bh , and any others introduced by the transform of the wall shape ; see Appendix I. However,
the method of solution of the relaxing flow given in Section 3, is not easily extended to other wall shapes,
as additional terms in the integrand will change the form of L, (t,y) radically. However, when the wall

1 |
boundary condition produces an additional term such as- (for walls +(h+¢ x2)) or I:i { for walls

+[h+e(1—cosx)] ¢, the solution is immediately obtained from the exact solution above for the walls

+ (h+ ¢ x), and the transform of the additional term with the aid of the convolution formula.

In addition an alternative method of solution of the equation in the form (4.4} is outlined in Appendix IV
for the corner flow problem which gives results correct to 0(8%) and it is shown that this method can also
be extended to channels with different wall shapes with the aid of the convolution formula.

The linearized duct theory used in this report as well as being restricted to values of x not too far down
2

e

€
2B /a—1)

this nozzle from the corners will only be valid for values of << 1, since for larger values
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of this parameter, non-linear inertial effects will introduce a streamwise displacement of the equilibrium
characteristics of the order of the spread between the equilibrium and frozen characteristics in the linear
problem. Thus the present analysis is restricted to not too large x’, small values of ¢, and values of M,
not close to unity.

7. Conclusions.

An exact linearized solution for supersonic flow in a two-dimensional diverging channel of a gas
relaxing in one mode, assuming a linear rate equation, has been obtained which contains as a special
case the solution for flow round a sharp corner.

The pressure coefficient for the relaxing gas, compared with the two limits of isentropic flow in the
same channel, demonstrates the effects of damping introduced into the flow by the relaxation process.

An approximate solution, assuming small values of the relaxation parameter, which involves much
51mpler algebraic expressions and which remains in good agreement with the exact for values of r up to
0-5, is also obtained.

The solution for other wall shapes is indicated. Similar solutions are found for the case of a two-dimen-
sional jet which also demonstrate the damping effect.
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LIST OF SYMBOLS

a BZ/B}
a, ay Equilibrium and frozen sound speeds
b,, ¢, Defined in equation (3. 2)
¢, Pressure coefficient
e(T) Internal energy
h Halfwidth of channel
p Laplace operator; also pressure
u Perturbation velocity in x-direction
v Perturbation velocity in y-direction
r a—1
t x'—y
oty Defined in Section 3
x Direction of axis of channel, x’ normalized co-ordinate
y Normal to x, y' normalized co-ordinate
Vs Zn Defined in Section 3
B \/_M_Z———_l for the perfect gas
B, B, JME-1), /(M2=1)
Iy, I, Modified Bessel functions of the first kind
K Relaxation length (proportional to tU )
L.,L, Functions defined in Section 3
M Mach number; M., M,, freestream Mach numbers based on frozen and equilibrium
soundspeeds
P,(t) Function defined in Appendix I1I, equation (3)
T Temperature
U Velocity in x-direction
1477,
B 2
& A small positive quantity: angle of the corner
¢ 1+p
T Relaxation time
¢ Perturbation velocity potential
() Denotes a transformed quantity, except ¢, which denotes ——%
Subscript
o0 Denotes freestream conditions
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APPENDIX I
Isentropic Flow in a Two-Dimensional Channel.

The pressure coefficient for the flow of a perfect gas in the two-dimensional channel is given by

c,B . _,) e coshBpy
26 psinhBph |’

where B = B, for equilibrium flow, B = B, for frozen flow.

The singularities of the integrand are a multipole at the origin, and simple poles at p = i% ,n=1,

The path of integration can be closed by a semicircle in the half plane in which Re p is negative, the
contribution from this part tending to zero as the radius tends to infinity, provided (x,y) lies downstream
in+3%)

Bh

of the characteristics through (0, +4) where R = and R— co through integral values of n, so

that the contour does not pass through a pole.

I

x <

Then, by Cauchy’s theorem, the integral = 2zix(sum of residues at singularities enclosed by C).
The residue at the origin is obtained by expanding the integrand as a Laurent series about p = o and is

. . . . . . X
the coefficient of 1 /p in this expansion. It is—-.

Bh
. e ®* cosh inn By
. inm . Bh
The residue at p= Bh is P
B l:zi—— (sinh Bph)] _inm
innx
B os 1Y

T — 1y imx n
_ (=1 thos_”_}’_

inm cosh inrt inn h
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inm —1)r -inmx nm
nw __( )e B oMY

Similarly the residue at p = — B - P
wnn

. in .
so that the sum of the residues at p = iB—Z forall nis

= S0 S

Therefore
B x 22 (=1 . nnx nmwy
2 “Bh TR w S gy oS

Hence, on the axis y = o, using the well-known result,

i (-—1)"Sinn7rx . omx <™
Won Bh 2BK’ Bh

o _x_(x
2¢  Bh Bh) _uy <y <o

The resultant of the two terms is a step function. The perturbation pressure coefficient is zero up to

<, {(Reference 18)

4
the first Mach lines from the corners, and changes discontinuously by an amount _Es , where the Mach

lines
x = +B(y+(2n+1)h)

(the characteristics of the differential equation) cut the axis.
Similarly the pressure coefficient on the wall ¥y = his given by

ch_ X N Bh—x
28 _Bh Bh 0 <x<2Bh

again using a known result

i’: lsin@_n(Bh——x)
2=y n  Bh  2Bh °’

0< Z—Z < 27, from Reference 18.

On the wall, the first pressure drop at the corner is half the magnitude of the first pressure drop on the
. . . . 2¢
axis, but the subsequent steps are of magnitude 4¢/B, i.e. there is a pressure drop of magnitude B for

each characteristic the flow passes through.
The discontinuity in the pressure coefficient is the result of linearization, which effectively approximates
to the expansion fan by one of zero thickness parallel to the Mach line.
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For a different wall shape, the contour remains the same but there will be additional poles introduced
by the transform of the wall shape, e.g. for the walls y = +(h+£x?)

T cosh Bpy d
2¢ ) p?sinh Bph

L

On the axis, y = o, and the infinite series reduces to the well-known Fourier series for

7 , B nx
W(‘“X T3 ),—n<B—h<n(Reference18).

The two terms cancel out for x < Bh, and in general, when x = 2n Bh+x’, — Bh < x’' < Bh,

c,B

> = 4n? Bh+4nx'.

There is a continuous linear pressure drop down the axis between x = (2n—1)Bh and x = (2n+1)Bh
with discontinuities in slope at odd multiples of Bh.
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APPENDIX 11

Morrison’s method applied to the corner flow problem.

Morrison (Reference 16) solved an equation analagous to (2.1) for the problem of wave propagation
in rods of Voigt material and visco-elastic materials with three-parameter models. Morrison’s method
for solving equation (2.3) is as follows:: if the Laplace transform of f(x,y) is written L {f(x,y)}, then (2.3) is

written

L{san} =1 ol o/

pV p+a

(IL1)

where (x,y) now denote the normalised co-ordinates of Section 3. The following general results for

Laplace transforms are required ;

If G() = )

_L { glxw) }

and
e = L { 9(x) }
where
h(l) = /22— B2 —A+B,
then

Gl () = ¢ LR
=L H &%y g(y',y) dy’}

According to equation (IL1),

flx) = L-l{ f’-’f\/”—“e"’v p‘”‘}

p p+a

and on applying the transformation 4 = p+«, equation (5) becomes

f(xyy) = e_ax L—l { ejlx "{_ﬁe"-"(l_‘l) i._t_% }
A—aV A+ B

o]
fAtB
_ -1 A —w(d—-a). puse
=e°"‘JL {exew * A”}dw

y
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But Morrison showed that -
o /48 _e—wl—w(a—Zﬂ)—*w[h(l)—%%]

so that equation (I1.6) can be written

fGy) =e > j e W20 J e’ "4 G(w,h(2)) d Adw
‘ y

L

o

= oo J- e~ @20 H(x —w) j dx—w, ¥y)g (', w)dy dw
0

y

where H(x) is the unit Heaviside function.

Morrison gives the following results,

‘ib(X,J’) = L_1 { e}'x e‘yh(}-)}

s [6(x)+ByH P Bt )
where d(x) is the Dirac delta function,
and
glow) = L { e 03) }
= S(x—w)+wrH (x—w) /28 I‘[zvj)%‘_w) (IL8)
where 26 = r.

Thus from the general results (I1.2), (I1.3) and (I1.4), with (I1.7) and (IL.8),

J\d) (x’yl) g (y',W) dy’ =1 {elx e"“’[""‘)‘i(ﬁ] }
0

- - I [ﬂ\/ x(x 2“’)
=8 wix— 2f) pw 1
= (x) e + ﬂ we ———————( ) +

i c Y 1 2y
+ﬁje—ﬂy J’y, iM:v 1[ﬂ\x/(>;(:€_;y;’)]11[2 S —w dy
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and

- x —wii-a) /A8 /22 2
L 1 {eA e (A—a)/ 7 ﬁ} — 5(X—W)ew+ﬁwH(x——w)e‘WM

x2 —w?

Hic—wye» | etr YO o ps L AL VPG w0
P - N N e S T

Hence from (I1.7), (IL.1), and (2.3), Morrison’s method gives

% = Hxy) {e"”‘+ﬂe"“"Jwe"”~———~Il(ﬁ“ D s
2% N
x S I . : s .
—I-ﬂ\/;e"’"‘j e_wj‘ e Py ———WII(Z. /rwy’) lliﬁ/\(i(i—;;)_(yg_;;? ]dy’ dw.

y 0
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APPENDIX 3

Evaluation of L (t,, y,)-

e i «/ﬁ—@yn}
' _ 71 [
Ll(tmyn)"‘L {A-"a i+ﬁe N

Replace A = {+r/2, and for simplicity write ¢, = t, y, = y.

N NG
Then Ll(t,y) =M {‘C':'—l' C—-{;e ¢ Y} . (IIII)
N AN AN AY p
Expand ¢ = Y T for all values of y and {, so that (II1.1) becomes

0 m 143 m—1
Liey) ="} —fmrl{ c{—l(%ﬂ> z }

(The order of summation and integration can be inverted, since the integral is shown to converge below).
(This expansion procedure can only be used to evaluate (II.1); it cannot conveniently be applied for the
evaluation of 3.3) say, because of the extra ({— 1) term within the exponential). If 4 = {—1, then

a2 Y [ e futa\"
Lt = ¥ 20 {7 (m) . (I1L.2)
m-1 1
Let P()=L" { o (ﬂ) 2 —} (I1L3)
p+1 2

so P,(1) satisfies the recurrence relation,

t

P ()= P, _,O)+r e"J' e P, _,ltYdr. (111.4)

0

P,(t) and P, (t) are given in Reference 17,
.

Polt) = H) [e Lo(0)+ j e~ Io(By) du]

0

" Py(t) = H(1)

where H(t) is the Heaviside unit step function, and from the recurrence relation (I11.4), all the P,(t) can
be evaluated.
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Thus

- J HILS
L= 3 Zp )

P,(t) to Py(t) are given below,

t

Pty =H(@p) [ 7™ Io(ﬁt)+(1+r)f e” ™ Lo(Bu) dﬂ] )

- 0

Pi(t)=H() (a—re"] ,

t t

P,(t) = H(r) (e_“'lo(ﬁt)Jrazj e‘““lo(ﬁ#)dﬂ—rze"f e P Io(ﬁu)du] ,

0 0

Ps(t) = H(®t) e"+a2(1—e_’)—r2te"] s

t t

Ps®)=H@®) | e ™ Io(ﬂt)+a3j e By di—rH 3+ e Je"”“ Lo(Bu) du —

[ [\

T T
—r3 e"j J e PR Io(Bu) du dr] ,
o "o

P.(t) = H(®) [e" +a*(l—e ™ )—rPte ' +r(l—a¥)te =13 2 et 4 o2 r(l—e“')] ,
1

Pg(t) = H(t) [e"” Io(ﬁl)+a4j e o(Brydu~— e P64+ 4r + 1) Je“’}“ Io(Bu) du —
)

0

jje'”“lo(ﬁu)dudfdr’J ,
00

1
Py(t) = H(t) [P7(t)—r(a3—1) teT' +ir2 (1—a?—r)t? e“—g e +a? r(l—e")] .

t

—r*4+r)e”! j j e P LB dpudr—rte
) .

0

t

Oy
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APPENDIX IV
Solution of the Exact Differential Equation in the Form (4.4).

As shown in Section 3, the exact differential equation can be rewritten in the form,

)\ 9% 624) r? 8%¢
(“*a) Fx (‘ +6x> 51 o av.1)
where (x,y) denote the normalized co-ordinates of Section 3. This form of the equation can be solved as
follows; writing the Laplace transform ¢ (y,p) of ¢ (x,y) as :

¢(p) = J e~ ¢ (x,y) dx,
(o]

equation (IV.1) transforms to

(@+pp | * - 0§ _
[ Ttp ] W —A(y,p) (IvV.2)
where
2 " 62
0

The boundary condition on the wall for the corner flow problem has the transform

B
' 6(15 Eo ny =20
U, 0y p (Iv.4)
and since the disturbance must be bounded at y = co
$(c0,p) = 0 (IV.5)
The solution of (IV.2)is an integral equation for ¢ and has the form
B0 =3B op) [ +e ] +d 0 @m0y
y
N e atpyay =2 | o gy pydy V.6
Tt (y,p)y-zq e A(y',p)dy'. (IV.6)
0 o]
In order to satisfy the boundary condition (IV.5),
Fon) = L | oo aypay (IV.7)
) = ‘IBf/Uac q y.pjay .
o .
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and hence

e~ Gy pdy +

eP* p* coshqy
(1+p)q

~ o &/p o r2q* coshqy
P(y.p) = 4B, U, ¢ +4(1+p)2 q
y
r2p2 e—qy . —
hqy ¢(y.p)dy
+4(1+p)2 Jcos qy ¢o(v.p)dy
0
where
q(p)=(a+p)p
14+p
Therefore
e epxe"ly r2
xy) = — Lt +r L
¢( y) B’j//L’, { qp } 4 {j
y
2 4 2
r P e—qy —
AN —————coshqy ¢(y'.p)dy } ,
; {L T+ qy ¢(v'.p)dy }
or since ¢, = 2u = 2 %
P U, - U, éx’
B px - qy 2 [ orsp? h
: p Py q
;
2 ; 2
. ePx p2 oY ¢ B
AN —— ——coshqy [—2LYdy } .
4 { | g O ( 2% )"

e ¢(y.p)dy } +

Ean ’
2t g
)i} e

(IV.8)

(Iv.9)

(1V.10)

Now the last two terms in (10) are in the nature of correction terms and so a reasonable approximation

¢,B

to — ~—2—J in them will be obtained if the first approximation (correct to 0(8)) is inserted in these terms,

&

r —qy
_chf _¢

2 q
so (IV.10) becomes

_ Cpr =

+0(8%)

e?*p

oPX oWy [32
J bR QAN ST Ay 5ot D S A
2 { g }+2 {U+Wf

2
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Replace p by { — 1, and write t = x—y to get

__C_I_’_l_;_f= —t —ﬂyL—l{ e it } ﬂze_[e—ﬂylfl{ eerie }
2 ¢ ¢ C-De+peTf T 2 C-DC+pre T "
2 -t ,-f tL 8
Be 2e ”L-l{(e&::ﬁ)’j} . (IV.13)
But Y e(ehi®o) =%IO(~/2yﬁt)
’ - Bt '
and It { e’gm } = lj—e_’_—ﬁ—+1—_erﬁ , from Reference 17.
Therefore |
14 1_ t 1__ - pt 1__ 2
L_I{ (C—l)(Ce-Fﬁ)sC_l} - l—oer”_ l—ecc3 (I+at— I—aZﬁtZ) (IV.14)
and
_ ot
L_l{l_}(ifﬁ}: te (IV.15)
so that
e By
c’:’zzf » {e + e~ # J[e’ “4 Bebe- ’)] \/Eﬁ_;)dr}
2 ,—t ,—8 2 2
+‘ﬁ—820(36—j {e'— (1+<xt—a [2-3t )e"”+
p 2
+J [e““—(l+oz(t—r)—-96-2£(t—r)‘)e"““”):l %Io(ﬂ/4yﬁt) dr}
5 v
5 e g t .
+ﬁ—%8i-—yy {te"”'+J‘ (t—r)e“““’)%lo(m)dt} : (IV.16)
0

After integration by parts and rearrangement, (16) can be written

2 2 » 2 2 2
B o [ o)

[—ﬁ-(l aﬁt)—&] M(z,y;B) +;%N (ty;B), (IV.17)
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where

Ltyp)=e? {e"lo(\/4YBt)+j e~ " Io(\/4yB7) df} ,

J(typ)=ePe {Io(\/‘lym)—e"".[ e Io(\/4yPr) dt} ;
0

t

M(ty;p) = ﬁtJ(t,y;ﬁ)—ﬁe“”‘e"J‘ e eP J(1,y;p) dr} ,

0

t

N(ty;B) = pt M(t,y;ﬂ)—ﬁe""e"j € e M(z,y;B) dr} .

0

For f << 1, (IV.17) reduces to (4.2a) and

Cpr _1 . /_3 .
~ 5 T4 Lty:p)+ " J{t.y:h) (IvV.17a)

and when y = 0, this reduces to

B _1 B [B_PB B, ] -
- =4 g x .18
% a-‘rzaj—f— 7253 1L+ox— - e *e (IV.18)
which could have been obtained directly from (1V.16),
since
L(x,03p) = 1,

J(x,0:8) = e * e F*
M(x,0;8) =0
N(x,0;8) =0

equation (IV.18) gives

cm(o)Bf_

——p—t =
and

ey 1, B 36 ﬁ
—“”—28— o 1—ﬁ+—— +4p*+0(B°%)
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where the exact results is, [giveh by Py(o0)]

cp(0)B, 1 3_,82_§ 105
B RS A R L O

so that the approximate theory is correct to 0(8%). To apply this method to the channel flow, the co-
ordinates (x,y) in the above analysis must be replaced by the normalized co-ordinates (x',y,) and (x,z,)
of Section 3 and ¢ replaced by t',, when the result (IV.16) is now b, and ¢, and

¢ B k k'
_PTai =Y b,+ Y ¢, as before.
n=o

For a different wall shape, e.g. h = +(h+¢x?), the boundary condition (IV.4) becomes

B, o 2

U, 6y p°

which will modify the first term on the right hand side of equation (IV.8) so that equation (IV.12) becomes

By —1{epxe—qy} 2 ~1{ e p [e’q’v - ]}
el il G Y 5 + B L —tye®
2 qp 4 (+pPq| ¢ '’

and (IV.13) becomes

c,B; 't Pt

=2 ML 1‘{ } +ﬁ2 e te -1 { et ePrit } +
2 (C—I)Z(C“f‘ﬁ)c_l (C'—I)Z(C+ﬁ)3c—l

2t —py 4 et efyic
TPy L {(C~1)(C+ﬁ)2}

and these inversions can still be performed with the aid of the convolution formula in a similar way as
above.
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APPENDIX V

One-Dimensional Analysis Using a Linear Rate Equation.

The pressure coefficient on the axis can be obtained from a one-dimensional analysis as follows:

First, for a perfect gas, the basic equations are,

U([_U_|_1 dl_

Momentum : =
dx p dx

Continuity': Ed); (pUA)=0.

B,A

Normalize the co-ordinates to x’ =x/K, 4’ = , and linearize,

dA’ v’ dp’
U,B;,— A, B,—+U_B,A,—=0
Py s fdx/-i_poo 0 fdx/ o [ oodxr
dv 1 dp
I S
°°dx’+pm dx'
dp’ dp’ 1 dp

and eliminate I by writing on the assumption that the flow is isentropic, to get
X

d.XE/ - afi) d.‘x:,7

dv dA’
A B M>*-1)—-U_B, — =0,
el f( I ) x, o Df dx,
U
where M;=—=,
ar,

e du’ U, dA
l- . —_— I e ——— R
dx' A, B} dx'

2 ?
Take A, = 1, A" = 1+2¢B, ', and solving for ¢, = —Ui,

@

the frozen solution is

CHBf ’
—L£1= 2x.
2¢ X
The equilibrium solution is similarly obtained from the equation

Al U, dA
“dx' B? dx'
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SO

¢, B
28

== 2fo,

or

By B} 2,
2¢ B?

= 1333 x" fora = 1'5.
These are shown in Figure 2.
For the relaxing gas, the basic equations are,

dw 1 dp

Momentum: U, ,—+— 5 =0. (v.1)
dx  pe dx
Continuity: —d—( UA)=0
y . dx p -
or
dA duw dp’
—_ Ay — Ay —=0. V.2
pa)Uoodx+poo Oodx+U00 oodx ( )
du' dh
: — = V3
Energy Uy I x (V.3)
Equation of State: & = h{p,p.q)
where g is the energy in the relaxing mode, so that
aw dp’ dp’ dq
= ah, — = a: 4
dx B dx+h"°° dx—i_hqm dx V4
d ' —I_
Rate Equation: U Y _9-4 (V.5
dx To
where 7 = 7 (p,p) = equilibrium energy in the relaxing mode, or
dq/ _ dpr B dp/
— = — —_ V.
ax WP dx+q"°° dx (V.6)

Substitute (V.5) into (V.4) and then (V.4) into (V.3) and eliminate pressure and density gradients using

(2) and (1) to get
/p. —h,,) ) ]du’ U, dA h (cj’—q’)
Px  Pe ) U2 1| IO 9 =
[( h,, © dx A, dx-{_hmp00 Tq 0,
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or

de U, dA h q—q
B2 = T2 27, e ( ) =0 (V.7
Tdx A, dx by, Po To
where
U2 h .
B:=_—=__q, a,% =-——"=__ by definition.
ap lp,—h,,

(V.7) is differentiated with respect to x, and (V.4) and (V.6) used to eliminate gradients of q’, ¢’ and then
(V.1),(V.2) and (V.3) used to eliminate gradients of 4, p', and p’ in favour of velocity and area gradients.

Thus

B% @_Z“_’ izé+ <hpm+hqm qu) {[Uooz(l/p’x ~Tpe Py “hpoo)_lil du’

dx* A, dx h, .U, 1, hy, +hy, d,. dx
U, dA
T4, dx } 9
or
d*v U_ d%4 dv' U_ dA
K 2 - 2 ——% = O .
( Tdx? A, dx2> “dx A, dx (V-8)
where
ok, U,
hpoo+hq ql’
and
Bg — Uooz_l’ aZ — hﬂw+hlbo qﬂw
az, R VIl P (N

by definition.

. . B, A
Transform to normalized co-ordinates x' = */K, 4’ = % to get

&y U, £A4 dd U, A
—_— a—— _—
dx'? B} A, dx*  “dx' B:A, dx

where A = A,+2eB;x"H(x)

and so Ay = 1.
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The equation for «' is therefore

d*u v U,

21){7 GE;‘Bﬁszf=O

The solution for u' is

2¢U 1 2 ,
W =28 [ax'—l—l—e"“"] 42800 (1 _ -y

a* B, Bra
S0
CBf 2 s —ax’ 2 —ax’
—-32?=a—2 [ax—l-l—e ] +5(1~e *).

This is also shown in Figure 2.

43



-CpB¢

- CpBft

Fic. 1.

x' = DISTANCE FROM THROAT

Pressure coefficient on wall of divergent nozzle.
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Fi1G. 2. Pressure coefficient on axis of divergent nozzle.
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F1G. 3. Corner flow-pressure coefficient on wall.
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F1G. 4. Variation of pressure coefficient with distance from wall-equation (4.2a).
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FiG. 5. Pressure coefficient on axis of jet.
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