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Summary.

This report gives a2 method of calculating the conditions under which a cascade of unstalled blades will
flutter in their bending mode. The blades are assumed to be flat plates and the flow is assumed to be two-
dimensional. It is found that, when there is deflection of the steady flow through the cascade, bending flutter
can occur in which there is a phase difference between the motion of one blade and its neighbours. The flutter
boundaries for a range of cascades have been calculated on a digital computer and are presented. For turbine
cascades these boundaries are not far from typical operating conditions in gas turbines and this may be why
blades in the low pressure end of steam turbines have been found to require lacing wires. Comparisons are
made with earlier theories due to Sohngen and Shioiri.

1. Introduction.

In the development of axial-flow compressors and turbines, blade vibration has been one of the
most difficult problems encountered. Due to the large mass of the blades compared with the mass
of the gas in their immediate vicinity, aerodynamic coupling between the various modes of vibration
of each blade is not significant, and each blade can be considered as though it vibrated in a single
degree of freedom which may be either bending or torsion. This report is concerned with calculating
the conditions under which self-excited bending vibration of the blades can occur. The blades will
be considered to be unstalled, since an analytic solution of the stalled flow does not appear to be
feasible at the present time. The theory may therefore be expected to be more applicable to turbine
blades, which seldom run stalled, than to compressor blades, which are often stalled at off-design
conditions and for which stall flutter is likely to be the more serious limitation.

There is a considerable amount of experimental evidence that bending flutter of unstalled cascade
blades can occur. Shannon? has reported a pure bending vibration in a compressor cascade which
gave large stresses at incidences below the stalling incidence, but this case may have been a
compressibility effect.

* Replaces A.R.C. 24 059.



Bellenot and d’Epinay® have reported bending flutter over a range of incidence in which the
blades would not be expected to be stalled. Shioiri? has made the most complete investigation of
unstalled bending flutter, using a cascade in which the first and last of a group of blades which
could vibrate were mechanically coupled together, so as to simulate the effect of an infinite cascade.
Unstalled bending flutter has also been observed by Leclerc® and by Skarecky®. In all cases the
flutter occurs with a phase difference between one blade and the next, and Bellenot and d’Epinay?
report that if the blades are connected together with a wire, so that all blades must vibrate in phase,
then the flutter does not occur.

In a large proportion of the theoretical work done on the vibration of unstalled cascade blades
it has been assumed that the mean deflection of the air flowing through the cascade is small. These
calculations show that bending vibration is always damped (see, for instance, Ref. 11) although
torsional flutter can occur®. However, Molyneux!® has shown that three-dimensional effects can
give rise to bending flutter in a helicopter rotor under zero deflection conditions. In order to account
for bending flutter in two-dimensional flow it is necessary to allow for the steady deflection. The first
theory to do this was given by Bellenot and d’Epinay?, and they gave the following qualitative physical
explanation of the effect.

Referring to Fig. 1, suppose that the blade numbered 0 can vibrate, but all the others are fixed.
Then if blade 0 was removed, owing to the steady deflection through the cascade there will be a
velocity gradient in the space between blades 1 and — 1. The velocity will be high near the convex
surface of blade — 1 and low near the concave surface of blade 1. Therefore, when blade 0 is displaced
upwards due to its vibration it moves into a region of lower velocity and would therefore be expected
to produce less lift. Conversely, when it is displaced downwards the lift would be increased.
If the flow were steady this would be equivalent to an increase in the spring force acting on the blade.
But in fact the flow is not steady, and the circulation round the blade can only change slowly by
means of vorticity shed from the trailing edge. Therefore, when the blade is in its mean position
and is moving upwards it still retains some of its extra lift generated when it was displaced
downwards. This force will therefore do work on the vibration and the system will tend to be
unstable.

This explanation is of course highly oversimplified, but it does show that the essential ingredients
of any theory are mean deflection of the flow, relative movement of the blades, and phase lag due to
the rate at which circulation can be shed from the trailing edge. Bellenot and d’Epinay? considered
that the effect of the neighbouring blades was equivalent to a rotation of the blade under considera-
tion, and they then used ordinary single aerofoil theory to give results which agreed quite well with
their experiments.

This type of approach has been improved by Shioiri® who assumed that all the blades vibrated
and all the blades except the blade under consideration could be represented by point vortices, and
then considered their effects on the centre blade. This produced results in good agreement with his
experiments. A different type of theory has been given by Sohngen?®, using the approximation that the
vorticity on the blades can be spread out in a direction along the cascade so as to give a smooth
continuous function for the vorticity variation in this direction. This theory is accurate when the
spacing of the blades is-small and the phase difference between one blade and the next is also small.
A theory® has been given by the author which uses the concept of replacing the cascade by an
actuator disc. This theory should hold when the phase angle between adjacent blades and the
frequency of vibration are both small, but it has been found that certain terms were omitted in the
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original analysis which are important in the application of that theory to the case when there is
finite deflection in the cascade, although the other cases treated are unaffected. This theory will be
corrected in this report, and it is then found that the actuator-disc theory reduces to a special case
of Sohngen’s theory?.

The assumptions made in the above theories appear to be very restrictive, and it was therefore
thought to be worthwhile to extend a previous analysis™ for the zero-deflection flow to the case
with finite deflection of the flow. The assumptions made in the present report are as follows:

(a) The system considered is two-dimensional, so that the bending modes of actual blades are
represented by a translational motion of the two-dimensional aerofoils. Only translational
motion perpendicular to the chord line has been considered.

(b) The fluid has been assumed to be incompressible and inviscid.
(c) It is assumed that the blades do not stall, so that the flow always follows the blade surface.

(d) Effects due to blade camber and thickness are neglected, so that the blades are assumed to
be flat plates.

(e) The amplitude of vibration is assumed to be small, so that the theory becomes linear, and
any two types of vibration can be superposed to give a third type of vibration.

(f) It is assumed that all blades vibrate with the same amplitude and with a constant phase
angle between one blade and the next. This involves no loss of generality, since any required
motion of the blades can be obtained by superposing solutions of the type considered.
If all the blades are mechanically identical, then the flutter modes are of the type considered.

(g) The positioning of the vorticity in the wakes of the blades will not be quite correct, since the
wakes will be assumed to lie in straight lines in line with the blades and to be convected
downstream at the mean flow velocity, the effect of deviation being neglected in this respect.
The error may be expected to be small unless the blades are very widely spaced.

2. General Theory.
2.1. Summary of Method of Calculation.

Since the calculation is rather lengthy, the overall method to be used will first be summarised.
It is supposed that the blades are vibrating with given amplitude and phase relationships and the
object is to calculate the aerodynamic forces acting on the blades. Since the blades are flat plates,
both the blades and their wakes may be replaced by vortex sheets. The strength of the vorticity
on the blades has two components, a steady component {, and a fluctuating component . y is assumed
to be small but { is not small. { will induce steady velocities over the plane and y will induce
fluctuating velocities. But when the blades vibrate they carry their circulation with them. There are
therefore further induced velocities to be considered due to the movement of the { vorticity which
are of first order. The velocities induced by the movement of the y vorticity are of second order and
therefore negligible. £ and v must be arranged so that the correct upwash velocities are induced at
the blades. When { and y have been found the forces on the blades can be calculated, but this requires
a knowledge of the velocities induced parallel to the chord, so that the velocities induced both
parallel and perpendicular to the chord are required. Finally it can be determined whether the
forces are such as to give aerodynamic damping or excitation (flutter). The first step is therefore
to obtain expressions for the induced velocities. The notation used is illustrated in Fig. 2.
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2.2. Velocities Induced by a Row of Unsteady Vortices.

Consider the row of vortices with the spacing, stagger angle and phasing of the cascade as shown

in Fig. 3. One vortex of strength I', ¢’ at (x,,, ¥,,) induces at a point (5, 0) velocities given by

geiol — =M %2,1 _ e,
2 (77 —xm) "+ Y
petot — F'm (77 - xm) gtot

B ZT‘ ("'7"’%)2 + ymz

If the centre vortex at (x, 0) has strength 'y then the strength of a vortex on the mth blade or in

its wake is given by
T, e = Tgiettmp

since on the mth blade everything will be advanced in phase by an angle mB. The position of this

vortex is given by
%, = X+ mssin £,

YV = MsCOS £,

The velocities induced by the complete row of vortices are therefore given by

. r, t= é™bms cos &
L= - :
2m 27 o (n—x—mssin £)? + (mscos £)2’
ry = emf(n — x —mssin £)

T 2w, (n—x—mssin £)? + (mscos £)2°

These expressions may be written:

where U(2) and V{(z) are functions of 2 = (9 — x)/c given by
e, . )
UG) = - 1500 + @),
T s

V() = g e 00 — (),

and
c
= —iz-e%,
X t S
¥ = i% £ €%, (complex conjugate of y)
s
and
+® etmp
f= % .
m=—wn X + m

This series can be summed by standard methods. The result for 0 < § < 27 is
flx) = memPxcosecry.
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However, when 8 = 0 then the summation gives

f(x) = meotmy. )

This differs from the result of putting 8 = 0 in equation (8). However, it is found that the effect
on the U(z) and V(=) functions of using equation (8) with 8 = 0 instead of equation (9) is to add
constant terms (independent of 2) to these functions. This is equivalent to superposing a constant
velocity over the whole field. Since it will be found that it is only the difference between the velocity
induced at any point and the velocity induced far upstream which is of significance, this constant has
no effect, and equation (8) will be used for the 8 = 0 case as well as for 0 < 8 < 27

2.3. Velocity Induced by Displacement of a Row of Steady Vortices.

Consider a row of vortices with the spacing and stagger angle of the cascade in question, and each
with a steady circulation I'. The mth vortex is displaced upwards by a small distance %,,, as shown
in Fig. 4, so that its co-ordinates are given by

%, = %+ mssin £,
VY = h,, + mscos €,

If &, is the displacement of the reference blade, then the velocities induced at the point (7, 4,) on the
reference blade or in its wake are then given by

r (J’m—ko) _’i { -1 " 1 }
2m (7]-_ xm)z + (ym— 110)2 4ri (77 - ‘x'm) + i(ym - ho) (77 - ‘xm) - Z(ym - hO) ’

and

T (n—x,,) _ r { 1 N 1 }
2m (77 - ‘xm)2 + (ym - ho)g 4ar (7) - xm) + i(ym - ho) (77 - xm) - i(ym - ho) .

Since the displacements are small these terms can be expanded by Taylor’s theorem. For instance

1 1
(=) + UV —tg) 7 — % — mssin & + imscos £ + (h,, — hg)

1 i(hnz - ho)

7 — & — mssin £ + imscos ¢ a (n—x—mssin & +omscos €)'

The first term gives the steady component of the induced velocity, and has already been considered,
since it is a special case of the previous section. The second term gives the first-order fluctuating
component due to the displacement. These velocities are

3 ]-_‘(hm— h()) 1 1
uetet = : - + : :
4o [(”r;—x—mssm§—I—zmscos5)2 (n—x —mssin & — ims cos 5)2}
vetol — (%, — ko) { 1 3 1 .
4mi (n—x—mssin{+imscos £)2  (n—x—mssin § —ims cos £)?

Due to the phase relationship assumed for the cascade

By = hoe®™E



Also it will be convenient to work in terms of the velocity of the reference blade, gei, instead of
its displacement 4,. Then

. d . . '
gett = %(ho) = jwhy = iAUh,/c
where A is the frequency parameter (A = we/U) and U is the mainstream velocity. This gives

gc , . .
(hm - ho) = Y4 (eun/f_ l)ewl .
Summing the result for all the vortices, the expressions for the induced velocities may be written
as follows:

u=%%M(§—§), | (10)
q)=2_gw(g_§), (11)
where M(z) and N(z) are functions given by
i fe\? )
M(z) = 37— (;) {e7*%(x) + e*%g(%)}, (12)
NG = o (9) 0 — o, (13)
4 \s . |

where y is given by equation (5) and g(y) is given by
+o ptmf_ 1

gx)= X

')’IL=—CIJ(X+m)2. (14)

This series can be summed, either by differentiating equations (7) and (8) with respect to , or
by contour integration methods. The result is
B ) i zﬁ gien=p _ 1] . (15)

2, ”

8(x) = =?cosec?my {(1 -

This result holds for the range 0 < 8 < 2w, and it will be noted that it gives g = 0 when g8 = 0
or 2z, which is obviously correct since there is then no relative displacement of the blades.
These equations give the required results for the induced velocities.

2.4. Calculation of Steady Vorticity.

The steady flow through the cascade consists of a uniform velocity U parallel to the blades
together with the velocities induced by the steady vorticity on the blades. The net result is shown
in Fig. 2, where the components of the velocity far upstream are shown as U, and rU, and similarly
U, and 7,U far downstream. By continuity

Uycos ¢ — 7Usiné = U,cos € — 7,Usiné = Ucos ¢
therefore
Uy

U(14 +tan §),
and
U,

[

U1+ rytan §).



The air inlet angle relative to the normal to the cascade is then given by

tanoy = (U;siné+7Ucos §)/Ucos €,
or

tano; = tan € + rsec?f. ' (16)
Similarly

tana, = tan § + 7y8ec? €. 17

It will be convenient to use 7 rather than «; as a measure of the incidence of the steady flow.
Also, since the eventual object is to calculate the incidence at which flutter will occur, = will be
regarded as an unknown variable.

Now consider the velocities induced by the steady vorticity . The steady velocities at (7, 0) are

w= U [ {On=2) + R} Lds, (18)

o= [ =2+ Ry tas, W)

where Uy(z) and V() are the functions given by equations (3) and (4) when § is put equal to zero.

These equations satisfy the conditions # = U and v = 0 when { = 0. The constants k&, and &,

must be added to the Uy(2) and Vy(z) functions to allow for the indeterminate constant in these

functions which corresponds to a uniform velocity over the whole field. V(z) behaves like 1/ when

z is small, so that it is the principal value of the integral in equation (19) which is required.
Applying these equations far upstream gives

U(l+rtan £) = U+fc{z}0(—oo)+ku}gdx, (20)
0 :
U = fC{VO(—oo)—kkv}gdx. (21)
0
Eliminating %, and k&, from equations (18), (19), (20) and (21),
u= Ul+rtané) + fc{Uo(n—x) — Uy(— o)} Lds, (@)
0
v=1U+ fc {Vi(n—2) — Vo(—c0)} {dx. (23)
0

Now on the blades the induced upwash velocity must be zero. So putting v = 0 in equation (23)
fc{Vo(n—x) V=) ldx = —7U for 0 < 7 < c.
0 :
This is an integral equation which determines {. Since { is proportional to 7 it is convenient to write
;= —7Uf ‘ (24)
where {, is the solution of the integral equation
fc{Vo(n—x)—Vo(—w)}Codx= 1for0 < n < c. : (25)
0

This equation has to be solved subject to the Joukowski condition at the trailing edge, which means
that {, must be finite when x = 0.



Once {, has been found, the chordwise velocities along the blades are given by equation (22) as

w= U+ U [tang—f (Ul — %) — Uo(—oo)}éodx] (26)
0
Since + is being regarded as an unknown variable, it is convenient to write this as
u = U+ vUuy,, (27)
where
4y = tan & — f (Uy(n—2) = Uy(— o0)} £y dx. (28)
0

In this report the downstream deviation effects will be neglected. The magnitude of the effect
may be calculated by applying equation (23) far downstream where v = 7,U, giving

?:1—{V0(+00)—V0(—w)}f: Lodx. (29)

oy may then be obtained from equation (17).

2.5. Free and Bound Vorticity.

In the zero-mean-deflection calculation it has been found convenient to divide the unsteady
vorticity into two components, a bound vorticity and a free vorticity. The free vorticity is always
being washed downstream at the mainstream velocity U, and the bound vorticity is zero in the wake.
This division is necessary in order to handle a singularity which otherwise occurs at the trailing
edge. A similar division will be made in the present calculation, but the free vorticity will not be a
true free vorticity, since it will be defined on the basis that it is always being washed downstream at
the velocity U, and not at the steady chordwise velocity given by equation (26). The relationship
between v (the bound vorticity) and e (the free vorticity) will then be independent of 7. In the wake
it will be assumed that the term proportional to = in equation (26) is negligible, so that ¢ is here
assumed to be a true free vorticity and y is assumed to be zero.

The relationship between ¢ and vy is then exactly the same as in the zero-deflection calculation,
but the derivation will be briefly repeated for the sake of completeness.

Consider an element of bound vorticity, y dx ¢?, at the point (x, 0) on the reference blade. During
a small time interval 8¢ the strength of this element of bound vorticity changes by an amount

y dx ¢ 5t

This is equal in magnitude and opposite in sign to the free vorticity created in the time interval 8t.
Also during this time interval the free vorticity is assumed to move downstream a distance U 6t.
Hence the strength of the sheet of free vorticity at a point just behind the element of bound vorticity
at {x, 0) is given by

_ydx(e;";iwﬁt _ %'ydxei“".

Since the free vorticity is being continually washed downstream at a velocity U, the free vorticity
at a point (%, 0) farther downstream must be given by an expression of the form

ce®t = constant el
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Determining the constant from the previous considerations, writing A = we/U, and measuring
distances in units of chordal length so that ¢ = 1, gives

¢ = — iddioDy d. ' (30)

The total free vorticity at (x;, 0) is obtained by summing up the contributions from all the
elements of bound vorticity from x = 0 to & = x,. This gives

s — — i) f " giaty gy (31)
1}

If this expression is multiplied by ¢V, differentiated with respect to x;, and then written with x
as the independent variable, the following differential relationship is obtained:

de .
7 +iNy+e) = 0. (32)

2.6. Velocity Induced by Vorticity on the Blade and in its Wake.

The velocities induced at a point (4, 0) by an element of bound vorticity y dx e at (x, 0) on the
reference blade and corresponding elements on the other blades are given by

u(n) = y(x) dw Uln—2), (33)
on) = (@) dx V(n—2). (34)

Associated with this bound vorticity is the free vorticity given by equation (30), which induces
velocities given by

atn) = | el Uy =) di, (35)

o) = f " () V(n—a) dy, (36)

€T

where the total effect is obtained by integrating over all the elements of free vorticity from x to
infinity. Special consideration of the case § = 0 is required since for this case U(z) and 7(z) do not
tend to zero as 2 — — oo and the above integrals do not converge but oscillate. T'o resolve this it is
necessary to note that, assuming the system was started from rest, the total circulation due to each
element of bound vorticity and its associated free vorticity is zero, so that

ydx—l—J- e(x) dxy = 0.

If this equation is multiplied by the constant U(— o) and subtracted from the sum of equations
(33) and (35) there results

un) = (U(n—2) = U= oyds + | elw){Un—s) = U~ )} dm,

€
and similarly,

on) = (Vin=3) = V(= o)}ydr+ | e(w) (Vn—) = V(o).

X
These integrals will now always converge at the top limit.
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Substituting for e from equation (30) and replacing x, by 2, = 7 — %, gives

) = | Ulg—s) = U=0) 402 [~ eteormao (U(ey) — (= )|y,

o(n) = [V(n —x) = V(= 0) + iA f __w N1+ (V=) — V(= o)} dz1:| yda.

These equations can be written

u(n) = J(n—x)y(x)dw, (37)
o(n) = K(n—ax)y(x)dx, (38)
where
J(2) = U(s) = U(=o0) + ide= f T e (Ue,) — U(— o))z, (39)
K(2) = V(2) = V(= 0) + i f T e Tz — V(— o)} day (40)

Integrating equations (37) and (38) to give the velocities induced by all the elements of bound
vorticity along the blade chords gives

i) = [ Sn-spto) s, | (41)

o) = [ K(n— () dx. (42)

Since K(z) is infinite when 2 = 0 it is the principal value of this last integral which is required.

In the numerical evaluation of the K(z) function two difficulties arise. One is the infinite limit
on the integral and the other is the singularity in V(z) which behaves like 1/27z when z is small.
It is shown in Ref. 11 that the K(z) function is given by

K(2) = V(=) + ideine [ f : {e“le(zl) _ 2_71__

1 .
zl} dz, — Qi:rlog |2| + $(a+ib) x

Exp{— (2ar+B)(a+ib) —iA} | oy 2 Exp{— (2nr—B)(a—1id) — i}

o Y e S W G D iy ey ¥ g g } - (39
(It should be noted in comparing this with equations A8 and A13 of Ref. 11 that the K function is
not quite the same, in that the sign of its argument has been altered in order to make the notation

more consistent. This means that the signs of z and 2, must be changed in these equations of
Ref. 11.)

In the numerical evaluation of the J(z) function only the difficulty in connection with the infinite
limit on the integral arises. This is dealt with in an exactly similar way to give

J(z) = U() + ide= [ f 1 Uz, dz, —;(a—i-ib) <

© Bxp{— (Zmr+P)(a+ib) — i} i, .. = Exp{— (2mr—p)(a—ib) — i}
S —Gmipeim a0 I o -+ o } (+4)

z

X
»

The integrals occurring in equations (43) and (44) can be evaluated by numerical quadrature:
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2.7. Calculation of Unsteady Vorticity.

In order to obtain the total unsteady induced velocities, it is necessary to add to equations (41)
and (42) the velocities induced by movement of the steady vorticity given by equations (10) and (11).
This gives '

w= [ T+ L [ Mn-ayteyas, (45)

1 1
v = f K(y—ay(@)dx + L f Nn—2){() ds. (46)
0 0
* But on the blades the induced velocity » must match the blade velocity ¢. Hence, using equation
(24),
1 1
[ KO-spds = g+ gr [ No-a)tu) as
0

for
0<n<l.

This is an integral equation for the unknown bound vorticity, y. y has two components, one
independent of 7 and one proportional to 7, and can therefore be written as

Y = 9yt 97V (47)
where vy, and y, are solutions of the integral equations
1 1
| K=t vdas = [1, [ Moot . (4)
for
0 < n < 1.

These equations have to be solved subject to the Joukowski condition at the trailing edge, which
means that y, and y, must be finite when x = 1.

Putting equations (24) and (47) into equation (45) gives for the induced velocity parallel to the
blade chord

u=g | =)o) ds + g | =) ds — g | Min—)ls@)dv.  (49)

It is convenient to write this as

u = qu, + gru, (50)
where ‘
1
U, =f J(m—xyy(x)dx, (51
0 .
and
1 1
w = [ Ty ds - | M=)l . (52)
0 0 _

2.8. Calculation of Blade Force.

Equations (27) and (50) give the steady and unsteady components of the chordwise velocity
induced at the reference blade by the vorticity on the other blades. At points just above and below
the reference blade, denoted by suffices + and — respectively, the steady components are given by

tyy = U + 7Uuy — 3¢, ' (53)

and
g = U+ 70Uy + 5. (54)
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Similarly the unsteady components are given by

u, = qu, + gru, — Hy+e), (55)
and

u_ = quy + gru, + Hy+e). (56)

The complete velocities just above the reference blade are therefore given by

U = Uy, + ue, (57)
v = geWl, (58)
The pressure may now be calculated from the unsteady Bernoulli equation
Gl
e it s G = O, (59

where ® is the velocity potential and F(#) is an arbitrary function of time only. @ is given by

0d/ox = u.

X
O = f udx, .

0

Therefore

Therefore
¢
o®/ot = f (Oujot) dx, .
0

Using equation (57) for a point just above the reference blade

@ [
9@ _ iwe““‘f . dxy . (60)
ot 0 :

Putting equations (57), (58) and (60) in equation (59), and neglecting terms of second order in
u and g, gives

.

'
- = Yuy 2 + up,u, e + dwet! f u, dx — F(t).
0

There is an exactly similar equation for the pressure at a point just below the reference blade.
Subtracting these gives the pressure difference across the blade, and the unsteady component of
this is .

j— T
Y St {uo_u_ — gty + w f (u_—1,) dxl} el
P 0
Substituting from equations (53), (54), (55) and (56) gives
P~ Py = ] N Lot
=== (U+7Uuy) (y+¢€) + (qug+gru,){ +iw | (y+e)dxy; .
0

This may be simplified using equation (32) to give
- P;_F—)& = {Uy + 7Uu(y+6) + (u,+ 71, )q{} €™ (61)

¢ appears in this expression because it is not a true free vorticity. If true bound and free vorticities
were used, only the true bound vorticity would appear in the expression for the pressure difference.

12



The fluctuating component of the upward force on the blade per unit length is then given by
Fe _ [ (o-=)as.
Using equation (61) this gives
F=-p f: (Uy + rUug(y +6) + (ug+ 71, )L} dx. (62)

. { has been expressed non-dimensionally by equation (24) and y by equation (47). There is an
exactly similar form for e,

€ = g¢, + gre., (63)
where, from equation (31)
z ) .
fog €] = —iA [ ey, . (64
' 0
Putting equations (24), (47) and (63) into equation (62) then gives
F 1 ’
Cr = molcqg = fo [=vg+ v{= v, — walygt &) + 1lo} + 7*{— wo(y, + &) + u, Lo}l dx. (65)

2.9. Matrix Form of the Equations.

The various integrals and integral equations which have been derived will have to be solved by
numerical means. It is therefore convenient to put the equations into matrix form. First, a
transformation to new independent variables, 6 and ¢, is made as in the usual thin-aerofoil theory for

single aerofoils.
x = $(1—cos b),

7 = §(1—-cos¢).

For example, equation (25), the integral equation for the steady vorticity, gives
f (Vb cos 0—3cosd) — Vo(—o0)} Lybsin8df = 1. (66)
0 - . ‘

All the vorticities will be specified at (#+ 1) points given by
0 = wlln

where [ is an integer taking values from 0 to n. The values when ! = #, at the trailing edge, will,
however, be irrelevant since in equation (66) {, is multiplied by sin  which is zero. The same
argument does not apply at the leading edge, since the vorticities become infinite there, although
products such as {; sin § remain finite.

The # values of {; can therefore be found to satisfy equation (64) at # points only, and these will
be chosen to be given by ‘

¢ = 7(2m+1)/2n

where m is an integer taking values from 0 to (#n—1). These points have values of ¢ midway between
the values of 8 at which the vorticities have been specified.
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It has previously been shown!! that integrals of the type in equation (66) may be evaluated by the
trapezoidal rule, except for a case when a logarithmic singularity occurs which requires special
consideration. Then equation (66) may be written as a matrix equation,

4,7 =D, (67)

where the matrices are defined in the table of matrices:
This gives the matrix of steady vorticity elements as

Z = A,7D. (68)
Similarly equation (28) gives
Yy=tanéD — ByZ. - - (69)

Equation (43) shows that the K function has a logarithmic singularity which means that equations
(48) require special treatment. It is shown in Ref. 11 that these equations may be written
AT, = D, (70
and

AT, = 0Z, Y

where 4 is the matrix given in the table of matrices.
Equation (51) gives
Y, = BT,. (72)
Equation (52) gives
Y, = B, - PZ. (73)

Equation (64) is of a different type, since x; is the top limit of the integral. It has been shown by
Watson'? that this may be written

E, = HT, ‘ : (74)
E, = HT,, ‘ (75)
where H is the matrix given in the table.
Equation (65) gives .
7Cp = — D*T + 7{— D*", — Y} ,+E) + Y 2} + 2 {— Y ¥, +E,) + Y, *Z} (76)

where the notation * indicates a transposed matrix.

Eliminating the unknown matrices Z, 'y, T',, E,, E,, Y,, ¥, and Y, gives

7Cp = —D¥A-D + 1[D*{(As*) " By* — Itan &f{H + [}A~2D + D*{(A%)1B* — A-1Q}4,D] +
+ P DH(A*) 1 By* — I'tan E{H + INAQA, D + D*(4,*)"YBA1Q - PY4,D].  (77)

This is the required expression for the blade force. A special property which is of interest concerns the
term D¥( A *) 7 PA;1D. The real part of the function M(z) is an odd function of 2. The real part of
the matrix P is therefore an anti-symmetric matrix. Also the matrices 4, and D are real so that 4,71D
is also real. Hence the real part of the term D*(4,*)"1PA, D is equal to minus its transpose, and
since it is just a single number it must be zero. It will be found that the flutter characteristics of a
cascade are controlled only by the real part of Cp. Hence in calculations which are purely concerned
with flutter the D*(4,*)"1PA,~1D term can be omitted completely and the matrix P is not required.
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3. Convergence.

This calculation has been programmed for EDSAC 11, the electronic computer at the Cambridge
University Mathematical Laboratory. With » = 6 the machine takes about 55 sec to calculate Cj
for given values of s/c, ¢, B and A and for a few values of «;.

The accuracy of the mathematical process can be assessed by doing calculations with increasing
values of # and examining how the results tend to a limit. Some examples of this are given in Table 1.
In most cases the convergence is very rapid, and n = 6 can be relied on for accurate results, but the
convergence for cascades with small spacing and high stagger deteriorates. The results for the
cascade with s/c = 0-5 and ¢ = 75° show appreciable errors up to #» = 10, which is the highest
value of z which the present programme can handle.

4. Comparison with Previous Theoretical Results.

A comparison will now be made between the present theory and two other previous theories,
those due to Sohngen® and Shioiri®.
' Sohngen’s theory makes two assumptions additional to those made in the present theory. These
are firstly that the spacing to chord ratio (s/c) of the blades is small and secondly that the phase angle
(B) between adjacent blades is small. (The second assumption is not specifically stated by Sohngen,
but is taken to be implied by the first assumption.) This enables a row of vortices to be replaced by a
continuous vortex sheet, so that the vorticity on the blades is effectively spread out in the direction
along the cascade. Transferred into the notation of the present report Sohngen’s result is

Z

Cr=2 [(Bbo _ %A,,o) + 2rsecd) (BM - A,,l) + (2rsecé)? (B,,Z - %Abzﬂ (78)

where
-1 ]
Ay = 13N cos E {X,120%sin 2¢ +
+ A2[20% + 120%cos € + 2462 cos? £ + 240 cos 2 cos €] —
— Ao+ 2cos €) [24cos € + 240 cos? ¢ + 8o2cos € + o]},
1
Ay = W {o®sin & + X, 0%(ocos £—2sin? §) +
+ A, %o +2cos €) (2o cos 2¢ + o2 cos €)},
1
Ay = 47V{c"’sinz & + N20(o+2cos £) (osin? € ~ cos Ecos 28)},
-1
By = TN os Z {20% o +2cos £)2 — 8osin £ cos £(o + 2 cos €)X, +
+ A,%(0* +8a® cos £ 4 2402 cos? £ 4 320 cos® £+ 16 cos? £)},
—-11
By, = N [/\— o%cos £ + (o +2cos €)o?sin € + A,0cos (o2 +4acos €+ 4 cos 25)} ,
n
1
Bb2 = - 4—7"\]_ 0'2 CO8 E, (79)
and
b lg-l h 80
o= |B|cfs, (80)

N = 0®+ X0 +2cos £)2.
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Sohngen also gives expressions for the force in the chordwise direction and the moment about the
leading edge both for this case of vibration perpendicular to the chord, and also for vibration parallel
to the chord and for torsional vibration about the leading edge.

In Ref. 9 a theory was given in which the cascade is replaced by an actuator disc. The original
analysis has been found to be incorrect and a corrected analysis is given in the Appendix to this
report. The actuator-disc theory assumes that 8 and X are both small. These assumptions can be fed
into Sohngen’s analysis, by assuming that o and A (or A,) are both small and of the same order of
magnitude in equations (79). It is then found that this result is identical with the corrected actuator-
disc analysis. The actuator-disc analysis is therefore a special case of Sohngen’s theory. The actuator-
disc analysis, however, remains of interest because it does not need to assume anything about the
spacing or profile shape of the blades except that they must give constant air outlet angle and
zero stagnation-pressure loss in quasi-steady flow.

Table 1 gives in the rows marked ‘analytic’ results from the actuator-disc theory for comparison
with the results from the programme in four cases. At s/c = 0-25 the agreement is extremely close.
At s/c = 0-5 the agreement is not quite so good. This is due to the fact that in the actuator-disc
analysis and in Sohngen’s theory all deviation effects are neglected, whereas in the programme these
effects are partially taken into account. At zero deflection the programme gives the correct answer,
whereas the actuator-disc calculation shows a small error. At finite deflection both solutions will
be slightly in error, but the programme should be more accurate.

Figs. 5 and 6 show some further comparisons with Sohngen’s theory. For small values of 8 there
is seen to be close agreement, but as f increases the solutions diverge. This is the behaviour that
would be expected from the assumption of small 8 in Sohngen’s theory.

The other theory with which comparison will be made is that due to Shioiri®. The most important
assumption made in this theory, in addition to those made in the present report, is that in calculating
the force on any blade, all the other blades are replaced by point vortices, There are also approxima-
tions in calculating the blade force, so that the expression for Cj is linear in 7, instead of being
quadratic as in equation (77). This theory would therefore be expected to be best at high values of
sfc. The comparison with Shioiri’s calculations is shown in Figs. 7 and 8. Since Shioiri’s assumptions
are rather drastic, close agreement would not be expected, but the curves do show very similar
trends.

These comparisons are also valuable in providing evidence that the programme is free from error,
although it must be agreed that some of the terms in equation (77) do not receive a rigorous test
in these comparisons. These checks are of course in addition to the usual checks on all the individual
parts of the programme.

5. Flutter.

Up to this point it has been supposed that the blades are vibrating in a given manner and the
aerodynamic forces on the blades have been calculated. This aerodynamic force must now be equated
to the mechanical forces, in order that the conditions for self-excited vibration can be determined.
It will be assumed that all the blades are identical and that there is no mechanical coupling through
their roots. The motion of the blades which has been assumed in the calculations then corresponds
to a normal mode of the system. Then the equation of motion for unit length of blade is

d? ) S d ] . '
[ d—t2 (]1Oe%wi) + Mg 7—_; E‘ (hog’bwi) + Mg)oz(hoelwi) — Fewi,

16



where
w = mass per unit length of blade,

w, = natural frequency of blade in a vacuum,
and

I

8 = logarithmic decrement due to mechanical damping.

Writing the aerodynamic force F in terms of the force coefficient C and simplifying gives
. 8 .
i (— w? + twgw — + woz) = mpUciwChp.
T

For steady vibration both the real and imaginary parts of this equation must be satisfied. The real

part gives
H w? — wo? _
(mz) NI~ (G (81)
The imaginary part gives
o wy 8
0 - . 2
() A 222 = u(C) (82)

Equation (81) determines the frequency at which flutter can occur. In practice the quantity
(pfmpc?) is large, so that (wy?— w?) is small and w is very nearly equal to w,.

Equation (82) relates the mechanical and aerodynamic damping, and is the condition for the
vibration to be just self-excited. In all that follows the mechanical damping will be neglected, so that

the condition for marginal flutter is
Z(Cp) = 0. (83)

If the real part of C} is positive there is a component of the aerodynamic force in phase with the
blade velocity and the vibration will build up. Conversely if the real part of Cy is negative there is
aerodynamic damping.

If a given cascade is considered with given values of 8 and A, and o, (or 7) is regarded as a variable,
then equations (77) and (83) give a quadratic equation for 7. This may have two roots giving two
values of o, for which flutter is marginal. These values of «; are plotied against 8 for two cascades
on Fig. 9. The marginal values of «; form loops, and inside these loops the real part of Cy is positive
and flutter can occur. : '

Now if there is a large number of blades in the cascade, flutter can occur at any value of the phase
angle 8. Taking as an example the cascade with ¢ = 15° on Fig. 9 this means that flutter will occur
at any value of o, between points A and B, and also between points C and D. These are the critical
values of «; and the programme has been arranged to find them. It operates by hunting for maxima
and minima in the graphs of 7 against 8. It will be seen that there are also non-significant maxima
and minima at points E and F which may be found by the programme. These non-significant roots
disappear at higher values of A and £. The zero stagger (¢ = 0) case is peculiar since there are only
two significant roots at A" and C’ (Fig. 9) with two non-significant roots at E’ and G,

The results for the critical values of «; are shown in Figs. 10 to 13. These figures show frequency
parameter, A, plotted against deflection, which is here taken as «; — £, deviation being neglected.
The results are shown for compressor and turbine cascades separately, and for space/chord ratios
of 1-0 and 0-5. Flutter is predicted if the operating point is below the line drawn, that is if the
frequency parameter is less than a critical value or if the flow velocity is greater than a critical value.
‘The curves for compressor cascades (Figs. 12 and 13) are seen to turn downwards for high

17

(90633} ' B



deflections. The curves for turbine cascades also turn downwards but only at very high deflections
which are of no practical interest and therefore not shown on Figs. 10 and 11. (§ = 0is an exception
to this statement.) :

The corresponding critical phase angles are shown in Figs. 14 and 15. A further interesting result
is that if B = 0 then no flutter can be found, so that the flutter would be stopped by connecting the
tips of blades together thus making them all move in phase.

Sohngen® has shown that for zero stagger cascades his theory gives a very simple result. This is
that the critical value of A is given by

A= }tana,, (84)
and the corresponding phase angle is given by
o= |Blefs = 2. (85)

Equation (84) is compared with the results from the programme on IFig. 16, and it isseen that agreement
with the s/¢ = 0-5 calculation is very good. The critical phase angles (very nearly independent of A
from the programme) are as follows:

sfe B/27 (Sohngen) B/2ar (Programme)
1-0 0-318 0-173
0-5 0-159 0-123

6. Comparison with Experihfzental Results.

In this section the present theory will be compared with the results of two experimental
investigations by Shioiri” and Leclerc®.
Shioiri’s experiment was done in a cascade with seven blades free to vibrate, the first and last of

these blades being mechanically coupled so as to simulate an infinite cascade, Flutter was observed
with 8/27 = 1/6 for the compressor cascades and with B/27 = 5/6 for the turbine cascades. These

values of 8 have therefore been used in the theoretical calculations. The comparisons are shown in
Figs. 17 and 18. The agreement between theory and experiment for the turbine cascades is quite
good, but for the compressor cascades the theoretical flutter velocity considerably exceeds the
experimental flutter velocity. On the whole the general tendencies of the theory are confirmed by the
experiment. Shioiri shows somewhat better agreement between his own theory and his experiments.
It is possible that, in neglecting some of the terms arising from the steady vorticity distribution on
the blades, Shioiri’s theory makes some allowance for the camber of the aerofoils.

The other set of experiments with which comparison will be made is that due to Leclerc®. The
damping in a cascade of zero cambered blades was measured and was found to go to zero for two
arrangements of turbine cascades. The results are as follows:

sfe 0-587

3 45°

Incidence 16-7° 17-7°
Critical A by expt. 0-091 0-094
Critical A by theory 0-080 0-085

The agreement is good.
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7. Conclusions.

The main conclusion of this report is that unstalled bending flutter of compressor and turbine
blades is predicted if the gas flow velocity exceeds a certain critical value. Current gas turbines are
usually fairly close to this limit, but axial compressors are usually well clear of the critical velocity,
and stalled flutter is likely to be a much more serious limitation. The blading at the low-pressure
end of steam turbines usually works in a flow velocity well in excess of the critical value calculated
here, and this could explain the need for lacing wires in these turbines. Any such device which makes
all the blades more in phase stops this type of flutter.

The theory presented here shows substantial agreement with previous theories due to Sohngen?
and Shioiri®, particularly in those regions where good agreement would be expected. It is believed,
however, that the present theory is much more accurate than any of the previous theories, although
there are still idealizations of a number of effects which are likely to have considerable influence in
actual machines. The most important of these effects neglected in the theory appear to be:

(a) Mechanical damping.

(b) Mistuning of the blades in any row.

(c) Effect of blade camber. |

(d) Compressibility.

(e) Three-dimensional flow effects.

(f) Torsional motion in the fundamental bending mode.

The effects (a) and (b) in this list will always have the result of raising the flutter velocity and are
therefore favourable. The remaining effects may be favourable or unfavourable.

In spite of these approximations, it is suggested that Figs. 10, 11, 12 and 13 be used as a design
rule for turbo-machine blading, the flow angles being taken at the tips of the blades. It will probably
be necessary to use an empirical factor on the critical flow velocity in order to allow for the various
unknowns, and such a factor can only be determined on the basis of practical experience. If in any
design the critical flow velocity was found to be exceeded, then it would be necessary to increase
the chord of the blades, fit lacing wires, or connect the tips of the blades together through shrouds.

Further theoretical work to clear up the effect of at least some of the unknowns is desirable.
In particular it should not be too difficult to modify the present programme to allow for the effects
of blade camber and the presence of some torsional motion in the fundamental bending mode of the
blade. Shioiri? has included this latter effect in his work and has shown that it is irhportant.
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NOTATION

Some of the notation and axes used are shown on Fig. 2.

Unsteady aerodynamic force on blade

Functions giving induced velocities, including wake effects
Functions for velocities induced by displacement of steady vorticity
See equation (80)

Functions for velocities induced by unsteady vorticity
Mainstream velocity

Functions U(z) and V(z) when 8 = 0

(c/s)cos &

(c/s)sin &

Chord (this is put equal to unity)

Function given by equation (7)

Function given by equation (14)

Displacement of mth blade

v/(—1). Indicates component leading 90° in phase

Integers

Order of approximation

Static pfessure |

Translational velocity of blade due to its vibration

Integer

Cascade spacing

Time

Induced velocities

Steady component of u{see equation (27)}

Unsteady component of « independent of = {see equation (50)}
Unsteady component of u proportional to = {see equation (50)}
Rectangular co-ordinates

(n—x)

Air inlet angle

Air outlet angle
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NOTATION—continued

Phase angle between adjacent blades
Bound vorticity

Component of y independent of +
Component of y proportional to =
Logarithmic decrement due to mechanical damping
Pseudo free vorticity

Component of ¢ independent of =
Component of ¢ proportional to =
Steady vorticity

— U

Co-ordinate for induced velocity

Variable defined by ¥ = (1 — cos 6)

we/U, frequency parameter

Mass per unit length of blade

Stagger angle

Gas density

See equation (80)

Variable used to specify incidence of steady flow
Variable used to specify deviation

Variable defined by % = %(1— cos¢)

Variable defined by equation (5)

Angular frequency of vibration

. Strength of mth vortex in row

Velocity potential

Suffices + and — refer to points just above and below the surface of the blade respectively.

b

?

I s

1

Indicates summation

Indicates summation in which the nth term is halved.
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Table of Mairices

In all cases the element given is in the /th column and mth row (0 € [ < 2—-1,0 < m < n—1)
Also '
2
n 2n
Matrix Order Element

Z nx 1 | (a)20)l(wm/n) sin (wm/n) )
T, nx 1 (7[2n)y (mm[n) sin (wm[n)
r, 7 x 1 (w[2n)y,(mm[n) sin (mmfn) » First element halved
E, nx 1 (w[2n)e (mm(n) sin (wm[n)
E, n x 1 (7[2n)e (mm[n) sin (mm[n) |
D nx 1 1
1 n X n Unit matrix
A, n X n Vi(z) — Vo(— )
B, n X n U, (%coszl—%cosﬂ—m-)—Uo(—oo)

n n

o a1 121 ar@m+4+1l) arl 1

~iAz | _ - —_— =
A4 nxn | K& +ie [W log, 2 + — El —cos ——— cos — — 5—log |z|}

{
B X n J(%cos%—‘zc 5711)
Y, nx 1 to(mm|n)

. nx1 u,(mm[n)
Y, nx 1 U, (mm|n)
A [mm 5 vl arm vl ”
H nXxn ~ 2 |:7 El_SIHTCOS ——:l
x |E A cos T8 ¢ i i
[ Xp {§ ( .~ cos -1;) ” sinwm|n

P nXn M(%cos——%cosw—’—n)
0 nxn | N(2)
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APPENDIX

Correction to Actuator-Disc Analysis

Introduction.

In a previous paper® a theory was given which should give the forces on vibrating blades with
finite deflection if the frequency parameter and the phase angle between adjacent blades are both
small. This theory was found to be in disagreement with the theory given in the present paper, and
further investigation has shown that the actuator-disc theory requires correction in this case.

In the actuator-disc theory the flow fields upstream and downstream of the cascade are
considered, and the scale of these effects is very much larger than the chord or spacing of the blades.
On this scale the cascade is therefore replaced by an actuator disc. These two flow fields are then
matched across the actuator disc, which behaves like the cascade with steady Sow through it.

It is the set of equations relating to the cascade which has been found to require correction.

The notation used in this Appendix is the same as in the original paper and is not quite the same
as in the main body of the present report. In particular the axes are chosen normal to and along the
cascade direction, instead of being aligned with the blade chords. The notation is illustrated in

Fig. 19.

Cascade Considerations.

Fig. 19 shows the cascade of blades POQ in their equilibrium position, and also in a position
P'O’Q’ where they have been displaced due to the vibration. There are N /2 blades between P and O,
and N/2 blades between O and Q. N is large enough so that local effects of individual blades are
negligible, but the phase angle is small enough so that the phase angle between the vibration of the
blade at P and the vibration of the blade at Q is small. The displacements of the blades at O, P and

Q are respectively,
ogiol,  helttNBR)  y gilel-NBR),

The direction of the displacements is specified by the angle . Then the small angle ¢ between
the line P’Q’ and PQ is given by

hye™@HNBR2 sin § — hoetet=NpD gin §

tan¢g = Ns + Foye® AR o5 § — hye®=NER cos §

Since /g is small compared with s and the phase angle NB is also small this gives to first order,
¢ = thyfsin fetet]s,
¢ is the angle through which the cascade has turned due to its vibration.
Since
ge'[wt = iwhoeimt’
- then
@ = gBsin fe'|ws. (A1)

¢ is of the same order of magnitude as g, since 8 and w are both small but of the same order of
magnitude.
The velocity of the air upstream of the blades relative to the blades is given by

tyy = U + (g + gsin §)etet, (A2)
U,y = V7 + (94— gcos Bt (A3)
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and similarly downstream the relative velocities are

U + (gy+ gsin B)ett, (A4)

g

Uy = Vi + (Top —gcos e, (A5)
By continuity, the relative velocity normal to the cascade is conserved. Hence
U%,1COSP + v, 8InP = u,5C08¢ + V,p8in .
Substituting from equations (A1) to (A5) gives for the first-order terms

(thgy —ttge) + (V1— Vy)sin 0 gBlws = 0. (A6)

This may be compared with equation (10) of Ref. 9, which gave simply uy, = uo,. The extra term
is due to the inclination, ¢, of the cascade, which was previously neglected.

Although the blades are displaced due to the vibration they do not twist. Since deviation effects
are being neglected, the relative air outlet angle is constant and is assumed to be the same as the
angle at which the blades vibrate, 8. This gives

Vyofttye = tan b.

Substituting from equations (A4) and (A5), and noting that for the steady flow 7, = Utan¥,
gives
(vga— g cos ) = (ugy+gsinf)tan§. (A7)
This equation is unmodified.
The equation giving the vorticity, g, also does not require any modification. Putting the
stagnation pressure loss terms in equation (14) of Ref. 9 equal to zero, putting y; (the upstream
vorticity) equal to zero and evaluating some simple derivatives gives

Ulye
w

= {(vgy— Vga) + (V1— Vy)cos b ZL'%Z (AS)
This equation can also be derived by considering the circulation round a control surface which
encloses the blades between P and Q (Fig. 19). The rate of change of this circulation must equal the
rate at which vorticity leaves the control surface. In evaluating this last rate it is necessary to include
the rate at which bound vorticity is carried into or out of the control surface by movement of the
blades.

It is now necessary to calculate the force acting on each blade, and it will be convenient to start
from axes perpendicular and parallel to the displaced cascade. These axes are turned through an
angle ¢ from the original axes. The air velocities relative to the blades in these directions are

Uy = U, COSP + v, 8ing = u,y, (A9)
Uy = — Uy siﬁqﬁ + v,,c08¢, (A10)
Vpy = — UpSind + v,9Cc08¢. (A1)

Let the forces exerted by the air on each blade per unit Jength be X" and Y’ in these directions.
These are the average forces for the N blades between P’ and Q'. Then

NX' = (p—p)P'Q".
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Since the flow is quasi-steady with no losses the pressure difference across the cascade is given by

.Pl ’ ’ P ’
B + 31" + §u, 7 = ‘;2 + 3tye? + 0072,
giving
(P1=P2) = 3p(0,0" 2~ 002}
Also the length P'Q’ is given by
P'Q" = Ns + hyet@HNB2) cos ) — hyet@=NEi2) cos 6,
= Ns + thyNB cos eiet,

This gives
X' = 1p(0,” = 0,0%) (s + iy cos ). (A12)
The force Y’ is given by
NY' = puy'(v,' — 0,0 ) P'Q".

This gives
Y' = pu, (v, —v,9) (s +ih,Bcos §). (A13)

The force in the direction of the vibration is then
‘ — X'sin(0—¢) + Y'cos(0—4).
The first-order component of this is Fe'. Using equations (A1) to (A6) and (A9) to (A13) it is
found after some reduction that F is given by
g = (V09— Viytog)sin 0 + (Vg — Vittyy) cos 0 +
+ U(vgy — vgg) €08 0 — Ulugy — 14g5) cos?6 cosec 8. (Al4)

(A6), (A7), (A8) and (A14) are the equations required. It may be seen that for the zero-mean-
deflection case when ¥V, = V, they give the same results as the corresponding equations in the
original paper. It is therefore only the finite deflection case which requires correction.

Actuator-Disc Considerations.
These considerations do not require modification. Equations (3) and (4) of the original report?

with the upstream vorticity put equal to zero give

Ulpe/w
=1+ Vo[V + iUV’

lloz + iz)oz =

(A15)

and
Uy + 10y = 0, - (A16)

where V, is the speed of propagation of the disturbance along the cascade and is assumed to be
positive. V is related to § as follows,

14 ws
s Al7
U UB (A7)

The results that follow therefore only hold when £ is negative.
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Elimination.
Using equations (A6), (A7), (A8), (Al4), (A15) and (A16) the unknowns wy, @, Ugs, Zep and
{ys may be eliminated. The result is

_ F
B mpeqUsec 8
= secO[2{— x(1+£)%} —
we
— ir2 {1+ 2)2 — 2a(1 — )} +
e {— a1+ 22 — 202(1+ ) — da(1—2)} —
— ir {x%(1+ )2 — 22131 + 12} +
+ {= 261 + %) + 4t — 4} —
= 2a(1+22) — 2a(1 = 21 {4 + a2(1+ 2B, (A18)
where
x = UV, = — UBjws = — Becos b[sA,
t = tand,

T = (tana, —tan @) cos? 4.

If B is positive, then the cascade must be drawn upside down. This changes the sign of ¥V, 6,
x, t and 7. It will be seen that the same effect can be obtained in equation (A18) by changing the
sign of 7, so that Cj, is replaced by its complex conjugate.

It appears from equation (A18) that it is always possible to find values of x which make the real
part of Cy positive for any value of r (except zero). The corrected actuator-disc theory therefore
predicts that when the frequency parameter is small bending flutter will always occur unless the
deflection is zero.
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TABLE 1

Tests on Convergence and Comparison with Actuator Disc Theory

sfe | €| Bl2m | A 7 A(Cp) | F(Cp) | ACp | F(Cr | ACp | F(Cyp)
o =0 oy = 45° o = —45°

025 0[1-10-]2:10-| 6 | —0-15722 | 0-01235 | 0-76507 | 0-02479 | —1-23472 | 0-02474
7 | —0-15722 | 0-01235 | 0-76507 | 0-02479 | —1-23472 | 0-02475

Analytic| —0-15719 | 0-01235 | 0-76520 | 0-02470 | —1-23480 | 0-02470

0-5 1 0[1-105]1-10-5| 4 | —0-31338 | 0-02453 | 1-48575 | 0-07568 | —2-41395 | 0-06832
6 | —0-31338 | 0-02453 | 1-48574 | 0-07568 | —2-41395 | 0-06832

Analytic| —0-31438 | 0:02470 | 1-53040 | 0-04940 | —2:-46960 | 0-04940

0-25(30 |1-10-5|2-105| 5 | —0-56117 | 0-13281 | 0-13341 |—0-29801 | —1-35721 | 0-20265
6 | —0-56117 | 0-13282 | 0-13341 {—0-29801 | —1-35721 | 0-20266

Analytic| —0-56115 | 013281 | 0-13347 |—0-29802 | —1-35721 | 0-20262

05 |30 [1-10-3|1-10-5| 5 | —1-10774 | 0-27467 | 0-25368 |—0-59796 | —2-68789 | 0-44252
6 | —1-10770 | 0-27472 | 0-25362 |—0-59799 | —2-68785 | 0-44270

Analytic| —1-12230 | 0-26562 | 0-26693 [—0-59604 | —2-71442 | 0-40524

05| 0]0-123 [0-500 | 6 | —0-57779 | 0-09130 |—0-25000 | 0-31957 | —1-00089 | 0-10654
7 | —0-57780 | 0-09130 |—0-24999 | 0-31959 | —1-00090 | 0-10654
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TABLE 1—continued

sfc ¢ B/2n A 7 Z(Cr) J(Cp) Z(Cy) H(Cp)
oy = 60° oy = — 57-640°
0-5 60 0-889 0-500 6 —0-40087 0-18581 0-00000 —0:31102
7 —0-40085 0-18524 0-00126 —0:29816
8 —0-40068 0-18520 0-00100 —0-30412
9 —0-40070 0-18526 0-00122 —0-30078
10 —0-40072 018525 0-00101 —0-30243
o = 60° o = — 54-412°
1-0 60 0-779 | 0-500 6 —0-51265 0-28602 0-00001 —0-23575
‘ 7 —0-51265 0-28602 —0-00024 —0-23582
oy = 75° a, =0
0-5 75 0-940 0-200 6 —0-23898 0-23587 0-00140 0-04741
‘ 7 —0-23613 0-23178 —0-01061 —0-07881
8 —0-23247 0-23626 —0-00371 0-08233
9 —0-23462 0-23530 —0-00908 0-01364
10 —0-23466 0-23446 —0-00493 0-01282
oy = 75° o =0
1-0 75 0-800 0-200 6 —0-26926 0-42595 0-05770 0-22070
7 —0-26925 0-42595 0-05761 0-22212
8 —0-26925 0-42595 0-05754 0-22218
9 —0-26925 0-42595 0-05749 0-22208
10 - 026925 0-42595 0-05746 0-22208
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