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Suminary. ,

An analysis is made of the shear deformation of a corrugated web attached to the flanges at discrete points.
The shear stiffness is calculated for a wide variation of the dimensions of the web, and two positions of the
points of attachment to the flanges. Results are presented showing this stiffness relative to that of the
continuously attached corrugation.
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1. Introduction.
A corrugated web has a number of advantages and disadvantages in comparison with a plane
web of equal weight. There is the obvious disadvantage of increased cost of manufacture and
attachment. The shear stiffness will also be slightly less at low stress levels, but this is more than

* Replaces R.A.E. Report No. Structures 275—A.R.C. 24,288.



offset by the greater stiffness at higher stress levels where the plane web would be in a buckled state.
The method of attachment can also be a critical factor; if the attachment is at discrete points, rather
than continuous, bending deformations occur which may cause a marked reduction in stiffness.
It is this drop in stiffness due to bending deformation which is considered in this report. The
analysis is for a corrugated web whose cross-section consists of a series of equal circular arcs
attached either on the crests of the waves or along the centre-line. Results are presented showing the
shear stiffness relative to that of a continuously attached corrugation for a wide variation of web
parameters.

Corrugated webs may also be used to avoid thermal stresses’. However, in this connection the
corrugations may be very shallow with the result that, although attachment at discrete points is
required, the ensuing loss of shear stiffness is small.

2. Outline of Problem, Assumptions and Boundary Conditions.

The shear stiffness of a corrugated web '‘whose cross-section consists of a series of circular arcs is
derived first when the points of attachment of the web to the flanges lic on the crests of the waves in
the web and then when they lie along the centre-line of the corrugation. (See Figs. 1 and 2.)

The analysis is based on the assumptions that the deformation is small and consists of a simple
shearing displacement of the middle surface together with an arbitrary inextensional deformation.

Since these two types of deformation occur independently of each other, the flexibilities arising
from them can be added, and thus the following expression is obtained for the stiffness of a panel of
corrugation relative to that of a similar panel continuously attached to the flanges,

®=—1— (D

1
1+ iy
where T’y and T are the stiffnesses obtained assuming a simple shear of the middle surface and an
inextensional deformation respectively. It should be noted that because the type of deformation
assumed is an approximation to that occurring in practice, the stiffness obtained in this way is an
over-estimate.

Boundary Conditions.

From the fact that the generators of the web remain straight and unstretched in inextensional
deformation, three of the boundary conditions applying along the generators joining the points of
attachment may be deduced. These are that (referring to Fig. 1 for the notation)
# = constant
2 =0 (2)
w = 0.

Now the deflected form in shear is antisymmetrical about the generator midway between the points

of attachment. Examination of Fig. 2 in this light reveals the fourth boundary condition to be
w

o =0 3)
when the points of attachment are at the crests of the waves in the corrugation and
oz 0
3 *)

when the points of attachment are along the centre-line of the corrugation.
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3. Analysis.
Using the system of co-ordinates shown in Fig. 1, the vanishing of the three strain components
in the middle surface of the shell is equivalent to the equations

- du )
P
0w
B TR 0 ¢ (3)
du ov
—+—=0.
ay T o J
Thus, writing
¢ = xja
’ (6
1 = yla,
the displacements may be written in terms of two independent functions ¢ and i as follows,
u = hé(n)
v = — hél(n) + A
E$70) + W) )

w =2 griiy) - By,

In the present case however, the deflection w is zero from symmetry on x = 0, so that {)(n) = 0
for all ». When the middle surface is inextensional, the usual expression for the strain energy of a
shell? becomes

D Pw 1 ov\2 Pw 1 v\2

_Z T R VL DR B L .

v=5 [ | B T RE) P st RE) | e (®)
middlie
surface

Thus, substituting from equations (7) and performing the integration with respect to £, the
strain energy of a curved panel of length 25 and developed width 2a is given by

Dh2 3 prl

V= s |7 0) R ) + ) ©)
-1

where B = bja, u? = 6(1—v)/B% In the problem under consideration there is no work done by

external forces since the edges y = +a are assumed to undergo a constant shearing displacement

+uy. Thus the solution of the problem is given by that value of the function ¢(%) for which the

variation of the integral (9) is zero and which satisfies the boundary conditions on the edges

n = £ 1. The statement :
8V =10

is equivalent, after applying the usual processes of the calculus of variations, to the equation
1 [770(n) + 2247 H(n) + T () — p{@H(n) + 22T () + i ()10 dy +
- + [SGTILSTY + 12T — SHTHSY + G — (T + 2P T)) +
ST 4 2T+ I — AT 4 PP} —

— SH{TIL + 2627 + iAPTIT — 2BV + 20T VY]t = 0. (10)
At this point it is convenient to treat the two methods of attachment separately.
3

(87840) ax



3.1. The Points of Attachment at the Crests of the Waves.

In this case the panel is regarded as consisting of three parts as shown in Fig. 1, each part being
a segment of a cylinder of radius R. Furthermore, since the deflection is antisymmetrical about
y = 0 it is necessary only to consider the behaviour of one half of the panel (0 < y < Za) Using
suffix 1 for quantities in the region 0 < y < ¢, suffix 2 for quantities in the region @ < y < 24, and
the co-ordinate systems shown in Fig. 1, the boundary conditions on y = « are

Uy = Uy Wy = — Wy
B dw, _ Ow, (11)
T E

Expressed in terms of ¢, these become
$i(1) = $(1)

¢ (1) = — $,7(1)

¢ M (1) = — ,7(1)

¢ (1) = 7 (1).

Now equations similar to equation (10) can be set up for both regions of the panel, the only difference
in this case being that the integrations are carried out over the range 0 to 1. Consideration of these
equations, and equations (12) gives four more boundary conditions on 7, = 1 = 7,, namely

7+ BT = = (7 4 1) )
B+ @I = g3 T4 )
= ¢ + ©2pI1I _ p2(a T + Py T)
BT+ 2T+ T BT+ ) - (13)
= T + 2% T7 + 1oL — p¥(hp 1V + 12, 10)
VI 4 2027 + i T — (P + 2P T 4 12, 1)
= (B4 2O 4 T — B+ 2y )

The conditions on %; = 0 are automatically satisfied by the fact that ¢(x,) is an odd function.
The conditions on 7, = 0 are

$5(0) = uo/h
$57(0) = 0 = $,71(0) = ¢,77(0).

The differential equation to be satisfied by both ¢; and ¢, is that under the integral sign in
equation (10). The solutions of this equation are

(12)

(14)

h ) .
¢1*(n1) = % = Ay sinh pny + A, sin wny + Ay, cos kny + Ay (15)
0
h ] .
$*(n2) = 752((!)2) = By sinh un, + B, sin kny 4 By, cos kmy + Bymy +
+ B; cosh pn, + Bg cos kny + Bymy sin «m, + Bg. 4 (16)
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The boundary conditions (12), (13) and (14) give rise to a system of twelve simultaneous equations
which may be expressed in matrix form as

Pg=r
where
i 0 , o, 0 ,
0 , 0 , 0 ,
0 , 0 , 0 .
o , 0 0 :
sinhpu sin « cos «
weoshpu K COS K cos x —
— rksin x
pisinhp , — w?sink, — k% cos x —
P — 2k sin k
wicosh p, — w®cos k, «3 sin « —
— 3«2 cos «,
w4+ «?) % 0 , 2i3sin k.,
x sinhp
0 , 0 , 2(k? 4 p?) x
X Cos x
(24 K% x 0 , —2xsink
x sinh p
| 0 , 0 0 ,
0 , 0, 1 ,
1 , 1 0 ;
0 y 0, /"L2 ’
0 ) 0) /“L4, )
—cosx , —1, —coshp ,
cos K — 1, wsinhp
— ksinx ,
—k?cosk — 0, wicoshp , —
— 2k sin k
— k¥ sin x + 0, —pdsinhp, -
+ 3«2 cos x
2esink , 0, p(p2+x?)x
x cosh u
— 2P+ p)x ul? 0 ,
X COS Kk,
2usineg , 0, — (24 «?) x
x cosh p
0 , 1, 0 ,

0, 0 ,
0, 2 ;
0, 0 ,
0, 0 )
1, —sinh g
1, pcosh p
0, w¥sinh p
0, —pud cosh y,
0, pi(p?+ <) x
x sinh u
- K, 0 ;
0, —(u+x) x
x sinh u
1, 0 ,
1 , 0 ,
0 , 0 ,
— k% 2 ,
it , — 4
— €08 x , —sinx
—Ksinlc, sin « +
+ K COs Kk
K2COSK, — w?sin « +
+ 2k cos «
w3 sin K, «® cos k +
+ 3x?sin « ,
0 , — 2x%cos «
0 y o — 2k p?) x
X sin x
0 , — 2k cos k ,
0 , 0 ,

0
K
0
0

b

bl

)

— sinh «,

K COS K

— x%sin «,

K% cos k ,

[ o R

(e

o

0

(17)

(18)

9 = {AD Az’ AB; A4, B1; st Ba» B4) B5> B(;s B7; BS} and v = {1, 0, 0’ 0’ 0, 0, O; OJ 0; 0: O; 0}
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Now the shear stifiness I is given by

1oV
F=M_u0/u0 (19)

2DB33 1 )
V= ot 0 [ [ 57 1 4 2 3101 50 iy, +

and

+ ﬁ (™17 4 1™ T2 + 2 (g™ T + 1Py * )% dﬁz} . (20)

Therefore performing the integrations and noting that the stiffness of the developed flat sheet is
given by

Eh (b
Fo = 2(1 + ») (%) ’ D
we obtain
I 2 RN o 0 o 2042 2 2y g
R =55 (é&) F [+ 22 {(A,2+ B+ Bg?) sinh 24 + 2B, By (cosh 2~ 1)} +
: .

+ 263{2 (A2 + B+ B) k()2 + 2) + (2 — 62) (Ay?+ By — B.2)sin 2« +

+ 2(u?— 1) BB, (1— cos 2x)} +

+ 2ue( A2+ B —

— 8u?ic® (p® + «®) {(A1 43 + By Bj) cos « sinh p + By Bj(cos « cosh p—1) +

+ BB, sin « cosh o + B, B, sin « sinh u} +

+ 4p2e?(p + «2) {(A, Ay + ByB,) sinh p + B, By(cosh p— 1)} —

— 8u2k3{(A Ay + ByBy) sin x + ByBy(1— cos «)}] L (22)

where the 4’s and B’s are given by the solution of 'equétion (17).
Finally the relative stiffness is given by equation (1).

3.2, Ponts of Attachment along the Cenire-Line of the Corrugation.

In this case the panel consists of one segment of a cylinder of radius R. The boundary conditions
ony = q are

u = u,

v =10

w=0 | ' (23)
ow

T

or in terms of ¢

B(1) = uolh

¢'(1) = 0 = $(1) = $14(1);
and since the deformation is again antisymmetrical about ¥ = 0 the solution of the differential
equation is given by

P* = ?-}—l = A, sinh uy + A; sin ky + Agy cos «y + Ayy. (25)

N

(24)
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On substitution of this expression into equations (24) the four boundary conditions become:
Aysinhp + Aysin e+ Agcos e+ Ay = 1
Ay cosh y + Ayk cos k + Ag(cos k—wsin k) + A, = 0
Ayp® sinh p — Ayr? sin k — kAy(r cos k+2sin k) = 0 (26)
Ayp® cosh p — Ayid cos e + x?Ag(k sin k—3 cos k) = 0.
These four equations may be explicitly solved for 4,, 4,, A; and 4,, giving
A, = «3(xc—cos x sin «)/Q
Ay = p?[k sinh u(x sin « —3 cos «) + p cosh p(x cos «+2 sin «)]/Q
Ay = p?r(k cos « sinh p—u cosh w sin «)/Q @7

K COS kK #k(p®+ x®) (x cos « sinh p—p cosh p sin ) (k —cos « sin «)

4, = . -
7 kcos k —sin ' O(k cos x—sin «)

where
0O = (u*+ «?) (sinh p—p cosh p) (x® — « cos « sin «) —

— 2p®(k cos « sinh p—p cosh p sin «) (sin x— k cos «). (28)

19V
F=Z.'a—7/i;/u0

_ Eh b
T 2(1+v)a

Again the stiffness is given by

but now
T, (29)
so that

1 2 g2 .
1£ () (%) e (002 + k)4, sinh 2y + 263457 (205 + 12) + (2 — %) sin 26} +
- =G

+ 2M2K4A42 — 8}(3#214314.4 Sin K +
+ 412u(x% 4 p2) A, sinh w{A, — 24, cos K}] ' (30)

and as before the relative stiffness is obtained from equation (1).

4. Results.
In presenting the results of the analysis in graphical form it is convenient to introduce the
parameters €, 2b/d and d/h. These are related to the parameters «, b/a, 2a/h by the simple formulae

Q = 180«/w
K b
2ld = e (31)
sin k [2a
afh = —— (7) :
7
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The shear stiffness I'; of a straight web of the same weight as the corrugation web and attached to
the flanges at the same points is given by

e \2
I, - (sin K) T,. 3
The relative shear stiffness @ is plotted against Q in Figs. 3 to 6 inclusive for a number of values of
2b/d and d/h. The expected trends are displayed, namely that ® decreases as Q and dfh increase
and as 2b/d decreases, ® also decreases as the distance between the points of support increases. For
comparison I';/T'y is also shown on each of these figures. Fig. 7 shows how typical displacements
vary across the width of the panel and it is of interest to note that the bending of the panel takes
place in opposite directions for the two positions of the points of support. This is due to the different
positions of the shear centre in the two cases. The discontinuity in the slope of » when the web is
supported at the crests of its waves is due to the abrupt change of curvature at that point and to the
assumption of inextensibility.




X, ¥

Q,d,a, b, h R

24 e 7 o~

!

NOTATION

Co-ordina’ce axes shown in Fig. 1

Dimensions of web shown in Fig. 1

xfa

yla

Displacements of middle surface of web

a/R

bla

6(1 - »)/8”

Displacement functions defined by equations (7)
Flexural rigidity, Young’s modulus and Poisson’s ratio
Strain energy of bending

Defined by equation (28)

Applied shearing displacement

Shear stiffness of inextensional web

Shear stiffness of web continuously attached to the flanges
Relative shear stiffness |

Shear stiffness of the equal-weight straight web

Roman superscripts refer to differentiation with respect to 7.

No. Author(s)

1 D. Williams ..

2 V. V. Novozhilov
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