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Summary.--Griffith's proposal to achieve vertical take-off and landing at the usual attitude demands sea-level 
thrust considerably greater than the weight and continuously rotatable through 90 deg. A study of the steady 
states of such a system is necessary as a preliminary to work on the flying techniques involved in the project. In 
this survey a vectorial method of analysis has proved useful in displaying the special features of the performance 
of such aircraft at both high and low speed. 

The main conclusions are: 
(a) The high-speed performance is sensibly a maximum when the thrust is along the axis of minimum drag. 

Hence inclining the thrust is useless except in the grounding operations. 
(b) When the thrust exceeds the weight by a Substantial margin, steady flight is confined to very high speed in 

a very small incidence range. In this regime there are two flight-path angles for every incidence. 
(c) Handling may therefore be difficult until, with increase of height, the thrust has fallen below the-weight. 

If this proves to be so, it is suggested that the full thrust should be used to climb out of the 'excess thrust' 
region as quickly as possibly. The aerodynamic dividends in increased height and speed of economic cruise 
are obvious, but no attempt is made at a proj ect assessment. 

(d) At very low speed, the attitude corresponding to any given inclination of the thrust is almost constant, 
and a large range of low speeds and flight-path angles is possible. 

1. Introduction.--Griffith has proposed that in jet aircraft for which the sea-level thrust 
can be made to exceed the weight, the thrust should be continuously rotatable through 90 deg 
from its normal direction, in order that  the aircraft should take off and land vertically in the 

• usual attitude. This introduces two novel features into the calculation of steady performance, 
for the thrust/weight ratio demanded is well outside our present experience and the thrust angle 
provides a new degree of freedom. It may be useful, therefore, to see what the extended 
.performance field looks like in broad outline. An analysis based on the simplest assumptionst 
is given below, with some numerical examples. 

* R.A.E. Report Aero. 2490, received 28th August, 1953. 

t We have neglected 
(a) the variation of thrust with forward speed 
(b) the interference of the inclined jet on the aerodynamics of the system without thrust 
(c) the effect of variable air density in non-level flight. 
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2. Analysis.--The aircraft is in equilibrium, as shown in Fig. 1, under three forces: 

Weight W, 

Thrust  X W inclined at/3 upwayds to chord, 

Resul tant  ,aerodynamic force R inclined at 00 forward of the upward normal to the chord. 

The chord is inclined at 0 to  the horizontal, the incidence is ~, and ? is the angle of climb. 

I t  seems convenient in this analysis to work directly from the triangle of forces (Fig. 2), instead 
of resolving them in the usual way. In Fig. 2 we introduce e = ½~ - - $  -- 0,  the inclination 
of the  thrust  to the vertical. 

The triangle of forces then gives 

R W xW 
sin e cos (/3 + 0o) cos (/3 + 00 + s) ' 

from which it follows tha t  

z c o s  (/3 + 00) = c o s  (/3 + 00 + 8) . . . . . . . . . .  ( 1 )  

and 

R __ CR 
W w q = ~/(Z2 --  24 cos 8 + 1) , . . . . . .  (2) 

where C R is the resultant aerodynamic force coefficient, w the wing loading, and q the dynamic 
pressure. 

All the possible attitudes of the aircraft are obtained through equation (1), which gives e 
when Z,/3, 00 are specified, and then the at t i tude 0 follows from 

0 = ½~ - / 3  - 8 . . . . . . . . . . . . .  (3) 

The incidhnce and speed are obtained by means of equation (2) when the aerodynamics of the 
system is specified. In general CR and 00 are functions of incidence and Mach number: 

CR = f l ( e ,  M) . . . . . . . . . . . . . .  (4) 

00 = f ~ ( ~ ,  M )  . . . . . . .  . . . . . .  (s)  

Since q is proportional to M 2 at a given altitfide, equations (2), (4) and (5) suffice to determine 
CR ; ~ and M. The angle of climb is then given by 

= o - ~ . . . . . . . . . . . . .  ( ~ )  

When compressibility can be neglected the analysis is much simpler, for then (removing M from 
e~uations (4) and (5)), a and CR follow directly from 0o, and the indicated speed is then given by 
(2). This applies, of course, to the low-speed performance, which is of particu!ar interest ill this 
proj ect. 
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3. Aerodynamic Da ta . - - In  this analysis we describe the aerodynamics in terms of CR and 
00* instead of CL and C~. Naking the usual assumptions about the latter for incidences well 
below the stall: 

C L ~ 'ao~ 

C D =  C~o + kCL 2 = CDo + ka%~ 2, 

where a, CDO, and k are functions of M.  

We then have 

CR 2 ---- C ]  + C ;  2 

= CDo 2 + a2(1 + 2kCDo)m 2 + k2a%c 2 . . . . . .  (4a) 

and 

tan (~ - -  0o) - -  CD 
CL 

_ Cvo + ham . . . . . . . . . . . . .  (Sa) 
acx 

Illustrative values Of a, C~o, and k are plotted against M in Fig. 8. These have been estimated 
for a delta aircraft having leading-edge sweep of about 50 deg and 10 per cent thickness/chord 
ratio. 

CR and 00 are shown as functions of ~, M in FigS. 4 and 5 and the complete curves Of CR and 
00 at M = 0 are sketched in Fig. 6 up to an incidence of 90 deg. The model data cease at 
c~ = 30 when 0o is zero and we know nothing of the characteristics of this plan-form in the 
remainder of the range. Tests of early aircraft models with straight wings show that  the 
subsequent variation of 00 is small and tha t  CR rises slowly. The broken parts of the curves 
are guessed. 

Although it  i s  not used in this analysis it may be useful  to keep track of the drag/lift ratio 
• CdCL. If ~0 is the angle of climb at zero thrust  we have 

- -  ~'0 = tan-1 C__D = ~ _ 0o, 

and maximum efficiency occurs at the incidence for which y0 is a maximum. 

yo is plotted against ~ for low Mach number in Fig. 7. Its values at large M can be seen 
from the 00 plot in Fig. 4 if the oblique axis OK is used instead of the horizontal axis. Its 
maximum occurs at about ~ ---- 5 deg for low M (Fig. 7) and at rather larger incidences in the 
compressible region (Fig. 4). 

The analysis has to take account of negative incidence, which, as we shall see, monopolises 
most of the performance diagram at high speed when the thrust  exceeds the weight. We assume 

* The angle 00 has been used in spite of its awkward numerical values because it is traditional and is the attitude 
for zero thrust. 
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tha t  the aircraft is aerodynamically symmetrical about the chord. Then if the resultant force 
is at 00 to the upward normal to the chord when the incidence is c~, it will be at 0o to the down- 
ward normal when the incidence is - - ~ ,  and its angle referred to the upward normal is ~ -- 00. 
Thus if equation (1) refers to c~, tile equation for - - e  is obtained by subst i tut ing ~ --  0o for 
0 o : 

;t cos (fl - -  0o) = cos (/~ --  Oo + e) . . . . . . . . . . .  (la) 

With these conventions the minimum value of 00 is by  definition --90 deg, corresponding to 
c~ = 0 .  Its maximum is small and positive, about 5 deg in the case illustrated. The thrust  
angle ¢? is taken to vary from 0 to 90 deg. 

4. Graphical Solution for Attitude.--There is a simple graphical construction which is useful 
in sorting out the various attitudes 0 given by  the above equations. The principle of this 
construction is shown in Fig. 8. Starting with the vertical weight vector AO, we allow the 
thrust  vector i W  (represented by OP) to describe a circle. PA then represents tile aerodynamic 
force vector and AOP is the triangle of forces. If now we fix the thrust  angle $ we can insert 
at P the right angle CPN representing the aircraft, PC being the chord and PN the upward 
drawn normal. This determines the angles 0 and 00 as shown. The construction shown at 
P is for a positive incidence. A similar construction for negative incidence (in which 00 must 
be referred to the downward drawn normal) is shown at Q, and is distinguished by drawing the 
aircraft CQN with broken lines. Three of these circular constructions are drawn, in order 
to show how the diagram changes in type according as 4 is less than, equal to, or greater than 1. 

Starting with fixed values of 1 and/~ we can construct all the solutions for positive incidence 
by  following the point P round the circle, and all those for negative incidence by following the 
point Q, rejecting, however, those tha t  are aerodynamically inadmissable, that  is, those for 
which 00 is less than --90 deg or greater than some small positive angle depending on the design 
being considered, in this case about 5 deg. 

We can also reject on practical grounds the inverted .attitudes, those in which the upward 
normal to the chord is below the horizontal. If this is done, the range of at t i tude for a given 
i ,  as $ varies from 0 to 90 deg, can be usefully displayed on a few sectorial diagrams. These 
have been drawn for t = 0.75, 1 and 1.5 in Figs.  8, 9 and 10 respectively. A few notes o n  
these may be useful: 

= 0.75 (Fig. 9).--The sectors are bounded below by the onset of the inverted range at 
negative incidence, and above by tile aerodynamic limit 00 ----- 5 deg at positive incidence. The 
solution for positive and negative incidences meet at 0o = - - 9 0 ,  where c~ must be zero. The 
whole aerodynamic range for positive ~ is always available ; that  for negative c~ is limited by 
the exclusion of inverted attitudes. 

= 1.0 (Fig. 10).--The same remarks apply to tile lower limit of the sector, but  its upper 
limit is always at the zenith A, which represents of course the stat ionary condition. The att i tude 
at A is 90 deg --/~ and the value of 00, regarded as the limit from positions to the left of A ,  is 
--/~. There is a discontinuity in the vector diagram at A,  for as we pass through it in the 
clockwise sense the direction of R jumps through 180 deg and solutions to the right of A are 
inadmissable. Thus the aerodynamic range for positive incidence is limited to that  between 
00 ---- --90 and 00 = - - ~ .  I t  narrows as/~ increases and vanishes at/~ = 90, where only negative 
incidence is possible. 

= 1.5 (Fig. l l ) . - - W h e n  t exceeds unity, the point A lies inside the circle, and the general 
mechanics of the system reduces tile aerodynamic range (represented by 00) which Could otherwise 
be used. 
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It  is clear from equations (1) and (l a) that  when 1 > 1 we must have 

lcos (/~ + 00)1 < 1/1 when ~>  0 

and 

[cos (/? -- 00)[ < 1/~ when c~ < 0 .  

These conditions are connected with the geometry of Fig. 8, from which it easily follows tha t  the 
maximum angle subtended at the circumference by AO is a, where sin a = 1/ t .  

It.is shown in Appendix II  that  the conditions may be written 

- - a < ~ + ½ ~ + 0 0 < a ,  c~>0 

and 

- - a  < $ - - ½ =  - - 0 o < a ,  ~ < 0  

o r  

- - a - - 5 - - ½ = < O o < a - - ~ - - ½ = ,  o~>o} . . . .  

- - a  + ~ - - ½ =  < O o < a  + / 3 - - ½ , ~ ,  ~ < 0  

The inequalities (7) give the maxima and minima of 00 when X and/ /  are given. 

(7) 

In the case illustrated (a ---- 41.8) these limits are: 

c~>0 c~<0 

00 max 00 rain 00 max 00 rni~ 

0 - - 4 8 " 2  - -  131.8 - - 4 8 . 2  - -  131 "8 

20 - - 6 8 " 2  - -  151 "8 - - 2 8 " 2  - -  111 "8 

40 - - 8 8 " 2  - - 1 7 1 . 8  - - 8 " 2  - - 9 1 " 8  

41 "8 - - 9 0  - - 6  "6 - - 9 0  

60 + 1 1 " 8  - - 7 1 . 8  

80 31 "8 - - 5 1 . 8  

90 + 5 1 . 8  - -31  "8 

The solutions for positive incidence have 00max at B and 00mln at C ; and vice versa for negative 
incidence. 

With these figures in mind we can turn to the rather complex diagrams of Fig. 11: 

At/~ = 0 ,  00 for positive ~ decreases on each side of B from - -48 .2  at B to - - 1 3 1 . 8 a t  C. The 
aerodynamic limit --90 occurs at the zenith and the nadir. The solutions for 
negative c~ are the reflection of these, starting from C ; they are all inverted. The 
practical sector is therefore the left-hand semi-circle. 

At/~ ---- 20, 0o for positive c~ decreases from --68-2 at B to --90 at D and E. 0o for negative c~ 
decreases from - -28 .2  at C to join the positive solutions at D and E. The practical 
sector is the semi-circle stopped by the inversion limits at F and G. 
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As /3 increases this process continues with the positive-incidence sector DE decreasing about 
B (see /3 = 40), until  at /3 = Z~l. 8 (not shown) it has shrunk to nothing. At this 
value of/3 the negative-incidence solutions decrease from - -6 .6  at C to --90 at B. 
The practical semi-circle, limited by inversion, consists entirely of negative-incidence 
solutions. 

At/3 = 6 0 ,  the negative-incidence solutions are 00 = 11.8 at C and - -71 .8  at B. The practical 
sector FG is now less than a semi-circle, F being determined by the aerodynamic 
limit 00 = 5 and G by inversion. The diagram for/3 ---- 90 follows the same pattern. 

/ 

5. Features of Steady Flight with Thrust Exceeding Weight.--Two important aerodynamic 
onclusions follow from the above discussion of the possible values of 00 when X > 1 : 

The first is tha t  only a very smal ! range of positive incidence can be used. The maximum 
value of 00 for positive incidence occurs when/3 -= 0 and is --cos -1 (l/X), which decreases as X 
increases. In the example illustrated (X = 1.5) its value is - -48.6 .  Thus when /3 = 0 the 
whole of the flight range between vertical ascent and vertical descent is accomplished with values 
of 0o between --90 and - -48 .6  (Fig. 11). The plot of 00 in Fig. 4 shows that  in incompressible 
flow the maximum usable incidence would be less than 0.2  deg, and when, as it must be, the 
variation with M is considered, the value is still no more than about half a degree. As we 
have seen above, this range decreases with increase of/3, and vanishes when/3 = 41.8. 

The second point is tha t  there are always two possible attitudes at a given 00, whether the 
incidence is positive or negative. When the speed is slow enough for compressibility to be 
neglected; so that  00 fixes c~ and ~ fixes the control angle, this suggests tha t  there are always 
two attitudes for a given control angle. At high speed it will still be true tha t  there are two 
attitudes for a given incidence, but  their difference in speed will in general require different 
control angles. 

There is clearly here a handling problem that  should be looked into. 

6. Performance 'Diagranes.--13efore di~scussing some performance diagrams we may remind 
ourselves of the essential features of the aerodynamic data, since it is these tha t  govern the 
general shape of the diagrams. The most remarkable of these is the shape of the 00 curve (Fig. 
6), which shows that  in incompressible flow 00 increases very.rapidly from --90 deg to 0 deg in a 
few degrees of incidence, rises slowly to a small positive maximum below the stall and thereafter 
decreases very slowly, possibly to a small negative minimum, before reaching zero at g = 90. 
In short, the resultant-force vector, start ing from coincidence with the reversed chord at zero 
incidence, sweeps rapidly into position with the normal and remains near it, while its amplitude 
increases at first rapidly and then, after the stall, at a decreasing rate .  

In a broad survey of this sort the performance is best displayed in a series of vector diagrams 
of forward speed, at fixed values of /3, arranged so tha t  the corresponding attitudes can be 
visualised. The variation of 00 suggests tha t  the survey can be divided into two par ts  a t  an 
incidence of about 10 deg: 

(a) High-speed range, 0 < c~ < 10, where the aerodynamic variation with M (Figs. 4, 5) 
must be used. In this range the variation of g is small and tha t  of 00 is large. The results 
depend on altitude, and are computed mainly for sea level. 

(b) Low-speed range, 10 < ~ < 90, where the variation Of 00 is small and that  of c~ is large. 
The flow is incompressible and these results apply to all altitudes, indicated speed being 
used. 
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Three values of ~ (0-75, 1.0, 1.5) are considered, with a wing loading of 50. The largest 
value of ~ is rather more than the minimum (about 1-3) estimated to be necessary for the 
grounding operation. 

6.1. Low-S2~eed Range.--Since the small variation in 0o is uncertain, and is minor in its 6ffect, 
we can get a good approximate picture of the regime by using 0o = 0. Sector diagrams showing 
the admissible attitudes and their relation to ~ are drawn in Fig. 12. At Z = 0.75, 0 is Mways 
positive, r ang ing  from 0 to sin-1 ~ = 49.6, while/~ ranges from 90 to 0 ; the incidence is 
always positive. At x = 1.5, 0 is again always positive, ranging from 0 to 90, while/~ ranges 
from 90 to cos-l(1/~) = 48.2 ; the incidence is always negative. At X = 1, o n t h e  other hand, 
the only possible solutions are inverted ones at negative incidence. At Z = 1 we are left, there- 
fore, only with the stat ionary position, where 00 becomes meaningless; these are given by 
0 '= 90 ° - -  ~. 

So much for the geometry. Analytically 0 is given as a function of/~ by equatiofls (1) and 
(3). Thus at given/3 the att i tude is fixed, and the vector diagram of V~ can be constructed on 
the chord as datum after calculating V~ as a function of ~ from equation (2), using CR from Fig. 6. 

The vector diagrams for 2 = 0-75 and 1.5 are shown in Figs. 13 and 14. To interpret these 
it is only necessary to observe, for example, tha t  at 2 = 0.75,/~ = 0 (the first diagram of Fig. 
13), the att i tude fs fixed at 0 = 49-6 as shown, and the aircraft can move along any of the 
arrows shown with velocity proportional to i t s  length. I t  may  be observed, too, from a survey 
of the whole Figure that  the bounding curve of the velocity vectors rotates with the chord as 
/3 increases, retaining its shape but  shrinking in linear dimensions by  a factor proportional to 
( ;~ - -  2;~ COS s + 1) 1/4 (see equation 2). 

The trivial s tat ionary solutions for ~ = 1 are shown in Fig. 15 to round off the series. 

These diagrams are only intended to give a rough idea of the flight positions which will be 
possible when an aircraft is equipped with inclined thrust, jet controls and automatic stabilisers 
in order to take off and land vertically with jet lift. As this project proceeds we shall have to 
s tudy the motions of transition between, the jet-borne and the air-borne states in the process 
of working out a flying technique. Some at least of the solutions shown may not turn out to be 
so academic as they seem at first sight. For example, the diagrams for/~ ----- 90 at both values 
0f ~ are of direct interest, one representing the ascending regime with ~ > l a n d  the Other the 
descending regime with ~ < 1. 

6.2. High-S2beed Range.--A method of computation for constructing a vector diagram of 
high-speed performance from the analysis of Section 2 is given in Appendix I. The results for 

= 0.75, 1.0, 1-5 ; w = 50, at sea level are given in Figs. 16 to 18. In these diagrams the 
incidence never  exceeds 5 deg and i s  for the most part  much smaller;  the curves are broken 
off where necessary (Figs. 16 and 18) to exclude the 10w-speed region near the origin, for which 
an approximation has already been discussed. As the incidence is small, the at t i tude is  well  
enough defined by the direction of the speed vector. Any curve at constant fi is shown by a 
full line when the incidence is positive and by a broken line when the incidence is negative. 
T-he incidence is marked in degrees on a few of the curves. 

The families of vectorial curves shown in the diagrams, thoug h they differ widely in shape 
and in variation with the parameter/3, have these features in common, tha t  they never intersect 
and they approach the origin as ~ increases from 0 to 90 in such a way tha t  the speed vector 
at any given r continually decreases. 

In short theperformance appears from the computations to be a maximum at or near ~ = 0. 
The question of maximum performance is discussed in detail in Appendix IU.  I t  is shown 
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there that  although the maximum performance does not occur exactly at fi = 0, the maximum- 
performance curve is so near to fl ---- 0 th~/t we may treat it as giving the maximum for all practical 
purposes. 

I t  was necessary to explore the performance variation with ~ in as much detail as is shown 
in these diagrams in order to sketch a pioneer map of the subject. They show however that 
inclined thrust is practically useless in the high-speed range, and that  we may concentrate on 

= 0, the three turves for which are drawn together in Fig. 19. If, for example, we are provided 
with 2 ---- 1.5 and wish to fly at less than maximum performance it is clearly more economical 
to reduce the thrust at fi = 0 (Fig. 19), than to increase/~ at maximum thrust (Fig. 18). 

There are some essential differences between flight at Z < 1 and flight at t > 1", which are 
seen by comparing Figs. 16 and 18, or more summarily in Fig. 19 for ~ ----- 0. Consider, for 
instance, the curve for 2----0.75 and 1.5 in Fig. 19. At ~ ---- 1.5 the incidence starting at 
zero in t h e  vertical dive increases continually along the performance curve, and would continue 
to do so beyond the point ct = 4.0 at which the curve is arbitrarily broken off. The whole 
~ange of incidence can be used, though only a very small range (0 to 0.7 deg) occurs between 
dive and maximum rate of climb. In contrast, at t ---- 1.5 the incidence is zero at vertical 
dive and vertical climb and reaches a very small maximum, about 0-45 deg, between them. 
Thus the whole of steady flight is confined to an incidence range of about half a degree, and at 
every value in this range there are two positions of equilibrium. This exemplifies a principle, 
already stated in Section 5, which can be traced in detail as ~ increases in Figs. 16 and 18. At 

= 0.75 each/~ curve is monotonic in c~ and positive incidence occupies most of the diagram. 
At t = 1.5 each value of ~ occurs twice on a fi curve and most of the diagram is occupied by 
negative incidence. 

The diagram fo r ' i  = 1 set)arates the regimes discussed above. All the $ curves now start 
from the origin, the stationary position, where the limiting value of 0o as the curves run in at 
small forward speed is --/~. The limiting incidence at the origin as p varies is therefore obtained 
from the steep part of the 00 curve of Fig. 6 ; it varies from 0 at ~ ---- 90 to 3.7 deg at "~ = 0. 
Positive values of 00 are inadmissible, and the low-speed diagram (where 00 is assumed to be 
zero) degenerates to the stationary position represente d by the origin on the high-speed diagram. 

In order to summarise clearly t h e  complex incidence distributions discussed above, ~ has 
been plotted against ~ for ~ ---- 0 in Fig. 20. 

Finall3/, referring to Fig. 19, we may note some practical results of increasing ~ from 0-75 
to 1.5 at sea level: 

0"75 
1"0 
1"5 

Maximum Rate of Climb 

Vc(f, s) (~)deg M ~ Climb 
(deg) ratio 

535 34 0.866 0.65 1 

780 50 0.930 0.49 1 . 4 6  
1080 90 0.965 0 2.02 

Level Speed 

M ~ Speed 
(deg) ratio 

0-988 0-54 1 

1.02 0.48 1. 035 
1. 145 O-38 1- 16 

The important point displayed by these figures is that  increasing ~ from 0.75 to 1.5 multiplies 
the rate of climb by 2.02 and the level speed by only 1.16. This shows in a general way how 
the large excess thrust required for vertical ground operation should be used. We have seen 
that  at ~ = 1.5, steady flight is confined to speeds near M = 1 and to incidences less than half 
a degree, there being two flight positions for every incidence in this narrow range. How much 

* This Section continues the discussion broached in Section 5. 
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this may embarrass the pilot remains to be seen. He may, however, escape most of these 
difficulties by rotating the aircraft through 90 deg and the thrust from fl ---- 90 to 0 soon after 
he has risen vertically from the ground. He then climbs, at first vertically and then at decreasing 
angles, at maximum rate while his thrust  decreases. His performance at 30,000 ft, where his 
thrust  ratio has fallen to 0.75, is shown in Fig. 21. Here the regime has regained the same 
general features as that  at ~ ---- 0.75 at sea level, which we know from experience with our highest 
powered fighters is manageable;  in particular the incidence at maximum climb has risen to 
nearly 2 deg. I t  will be noticed of course that  this is very much below the altitude for economic 
cruising speed, for the level incidence is still only about 1 deg, while that  for maximum ~'0 exceeds 
5 deg. 

Without  pursuing this line of argument into the detail necessary for project analysis, we may 
summarise its trend as  follows. The provision of t > 1 at sea level for the grounding operation 
means that  handling will be unusual, and may be difficult, up to a height at which the thrust  
has fallen well below the weight ; with i ---- 1.5, this is about 30,000 ft. On the other hand, 
the pilot has a spectacular rate of climb off the ground at/~ ---- 0 which he can use, ill the case 
examined, to reach his 'safe' height in less than a minute. Thereafter, with the at tainment 
of normal flying conditionsl the advantages of very high sea-level thrust begin to accrue in 
increasing the altitude and speed of economic cruise. 

The above discussion applies only to jet thrust, and is not relevant to rocket thrust, whose 
law of variation with altitude is different. 

7. Conclusions. 

(a) The vectorial analysis used in this paper appears to be more convenient than the traditional 
resolution in the lift and drag directions in displaying the essential features of very high perform- 
ance, particularly when this is to be combined with jet-borne flight at very low and vanishing 
speeds. 

(b) T h e  high-speed performance, as defined by the curve bounding the speed vectors, is 
sensibly a maximum when the thrust is aligned with the aerodynamic axis of symmetry of the 
aircraft. Thus, inclining the thrust is useless except to provide vertical take-off and landing 
in the usual attitude. 

(c) When the thrust  is less than the weight the whole of the incidence range up to the stall 
and beyond call be used in steady flight. For any incidence there is one steady-flight position. 
When the thrust is greater than the weight the incidence is zero at vertical climb and vertical 
dive and rises to a very small maximum in between. For any incidence in this narrow range 
there are two steady-flight positions. The handling problem in this regime must be investigated. 

(d) The main advantage accruing to high-speed performance from the large increase of thrust  
required to achieve jet-borne ground conditions is the increase in rate of climb. In the case 
examined, doubling the thrust/weight ratio from 0.75 to 1.5 doubles the maximum rate of 
climb and makes it vertical, while the level speed is increased by less than 20 per cent. In this 
case, therefore, the tactic would be to 'go up in the lift' until  the thrust drops below the weight, 
and then proceed, under more normal flying conditions, to the optimum height for the operation. 
The performance, as defined in (b), would be increased at every altitude. Its evaluation in 
terms of cost of the operation is not at tempted here. 

(e) A good approximation to the steady states near the hovering position is got by assuming 
that  the resultant aerodynamic force is normal to the axis of symmetry. At any thrust inclination 
the att i tude is then fixed and the aircraft can move over a range of incidence from about 10 
to 90 deg (positive when the thrust is less than the weight, and vice versa). 
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LIST OF SYMBOLS 

Slope of the lift curve aCL/'Oo~ 

Drag coefficient 

Drag coefficient at zero lift 

Lift coefficient 

Total-force coefficient 

Induced-drag constant (C~ = C~o + kCL 2) 

Mach number 

Atmospheric pressure 

Atmospheric pressure at sea level 

Dynamic pressure ½p V 2 

Total aerodynamic force 

Relative pressure 35//50 

Aircraft speed 

Indicated aircraft speed 

Horizontal component of aircraft speed 

Vertical component of aircraft speed 

Wing loading 

Angle of~incidence 

Angle between the thrust line and the wing chord 

Angle of climb 

Angle of climb at zero thrust 

,Ratio of the specific heats for air 

Maximum value of the angle between the thrust and the total aerodynamic force 
for steady flight at X > 1 

Inclination of the thrust to the vertical 

Angle between the chord and the horizontal 

Angle between the chord and the horizontal at zero thrust (equals angle between 
the total aerodynamic force and the normal to the chord) 

Ratio of thrust to weight 

Air density 

Angle between the total aerodynamic force and the chord 
½~ + Oo 
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A P P E N D I X  I 

Method of Calculation of Performance Diagrams 

To display the performance characteristics of this type of aeroplane we calculate the velocity 
vector diagram for constant thrust/weight ratio 2 and constant jet-deflection angle 8. 

We have, from the mechanics of the system, equations (1) and (2) of Section 2 

2cos(/~ + 00) =cos ( /~  + 0o+ e), . . . . . . . . . .  (A.1) 

R CR X 2 W -- w q = %/(23 --  22 cos s + 1) = (say). (A.2) 

If we now chose values of 00, we may calculate s from (A.1) and hence X from (A.2). We 
can also calculate 0 from the relation 

0 = ~ - a  - ~ . . . . . . . . . . .  ( A . 3 )  

We note that  if we are calculating curves for a series of different values of ~ we shall not 
require to repeat all these calculations at each/~ if we chose our interval in 00 to be the same 
as the interval in/~. This is because e and X are functions of/~ + 00 only. That is, the direction 
of the chord is unimportant  from the point of view of the mechanics ; the important  angle is 
that  between the thrust and the aerodynamic force, which is the complement of/~ + 00. 

Let us now consider the aerodynamic aspect of the problem. We have assumed our data 
to be given in the form 

a = a(M) ) 
I 

C~o = Coo(M) i" 
) k = k(M) 

.. (A.4) 

These are the coefficients in the expressions for the lift and drag 

C L ~ ao~ 

C o = C o o  + kC~ 
(A.5)  

Hence at any Mach number we can calculate CL and C~ as functions of c~. If the aerodynamic 
data are given in this form so much the better. From curves of CL and Co against ~ at constant 
M we can calculate CR and 00 from the relations 

c ~ =  c Z  + c o  ~ , . . . . . . . . . .  (A.6) 

tan (c~--00) Co/CL . . . . . . . . . . . . .  (A.7) 

From a knowledge of CR and O0 as functions of c~ we can regard CR as being a function of 0o. 
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Now 

X 
. .  ( A . 8 )  

Here  15 is the  a tmospher ic  pressure  and/5o its value at sea level ; r is the  relat ive pressure/5//50 
and  y is the rat io of the specific heats  for air. 

Now CR is a funct ion of 0o at  a fixed M and  hence if we fix 0o we can regard  CR as a funct ion 
of M only. The  r igh t -hand  side of equat ion (A.8) is then  dependent  on M only and  is independen t  
of height.  We can  therefore plot our ae rodynamic  da ta  in the form of curves of X/~v/r against  
M for cons tant  00. This set of curves can then be used to calculate  per formance  at  all heights  
as follows: 

F r o m  our calculat ions of the  mechanics  we know X as a funct ion of 00 and  if we have  p lo t ted  
our  ae rodynamic  da ta  for the  same values of 0o as we use in the  calculat ion of the mechanics ,  
we can by  choosing a height  (i.e., a relat ive pressure) calculate X/~v/r and  hence from these 
curves obtain a value of M w i t h o u t a n y  interpolat ion be tween  curves. 

Since again from the aerodynamics  we know 00 as a funct ion of ~ for f ixed M, we m a y  plot  
c~ against  M for fixed 0o. F rom these curves we can calculate  the incidence, 

Knowing  M and  the height  we can calculate  the speed V and  since we know 0 from (A.3) 
we can calculate  the  vert ical  and horizontal  components  of the speed from the  formulae: 

V, = V sin (0 - -  ~) 

G = V c o s  (0 - 

F r o m  these da ta  we plot the performance diagram. 
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Let x be the  angle APO between the  aerodynamic force and the  thrust.  

When  ~ > 1 we have  from the geomet ry  of the circle, x < d (Fig. 1). Let  4 be the inclination 
of R to the  chord reversed (Fig. 2), so tha t  4 - -  00 = ½=. 

Now let the  chord be fixed in relation to the tr iangle of forces AOP. 
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There are four cases to consider: 

> 0 ,  normal  position (Fig. S), 

c~ < 0 ,  normal  position (Fig. 5), 

inver ted  ( F i g .  4 )  

imcerted (Fig. 6). 

If we start  wi th  angles $ and ~ for ~ > 0, normal,  these angles are shown i n t h e  four cases 
in Figs. 3, 4, 5 and 6 and we have 

c~>0 x = $  + ~ normal  

= - - ( 6  + /~) inver ted 

c~ < 0 x = $ - -  ¢ normal  

= - -  (/~ - -  $) inverted.  

The condi t ion x < ~ now gives 

- - ~ < $ + $ < a ,  

- - ~ < ~  - - $ < ~ ,  

c~>0 

~ < 0 ,  

which are equivalent  to those s ta ted  in the  relation (7) of Section 4. 
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A P P E N D I X  I I I  

Variation of Performance with Thrust Inclination 

The diagrams of performance given ill Figs. 16, 17 and 18 indicate that  there is a maximum 
performance at or near $ = 0. In fact the maximum performance (measured as the maximum 
speed at a given angle of climb) does not occur exactly at $ = 0 but  the value of ~ for maximum 
performance varies with the angle of climb. For all practical purposes it is likely that/~ = 0 

c a n  be taken to represent the maximum performance. This can be seen by the following 
argument. 

Let ? be the inclination of the thrust  to the flight path  so that  ? = a + / 3 .  Then the equations 
of force along and perpendicular to the flight path  are: 

T c o s ~ - - D  = Ws in  

L + Tsin~o = W c o s ~  
. . . . . . . . . . . .  ( 1 )  

o r  

CL = q(COS ~ -- Z sin ~0) } 

Ca = w_(~ cos ~o --  sin ~) 
q 

(2) 

and since 

C,  = Coo + kCL ~ , . . . . . . . . . .  (3) 



o r  

- -  ~ sin ~o) . . . . . . . .  (8) 

and  subs t i tu t ing  from (2)" 

tan  ~o = 2 k C L  . . . . . . . . . . . . .  (9) 

Equa t ion  (9) is not  s t r ic t ly  an equat ion which determines ~o because CL is itself a funct ion o f  
~. In  order  to obtain  an equat ion w h i c h  determines  ~o we should el iminate ( w / q )  between (8) 
and  (5). This would,  however,  produce a very  complicated equat ion and  we shall see t ha t  we 
can deduce all we need from (9). 

For  the range of incidence we have  considered in the  performance diagrams (CL < 0.3) we 
see t ha t  t an  ~o will be small for m a x i m u m  performance.  

Now 

fi = ~ p - - { X  

and  if w is small  we m a y  wri te  W = t an  W so t ha t  

. .  . .  ( l o )  

fi : 2 k C L  - -  o~ 

On our ae rodynamic  assumptions  2k - -  (l/a) is a funct ion of Mach n u m b e r  only and  at  sea level 
we can find an upper  bound  for CL because the  lift can not  exceed the  sum of the  weight  and  the  
thrust .  At  low speeds we shall have  a fur ther  limit on CL because it mus t  no t  exceed CLmax for 
the  aeroplane. We call f ind then all upper  bound  for the  value of ]$] at m a x i m u m  performance  
as a funct ion of Madh number .  This upper  bound  is p lo t ted  in Fig. 22. 

We see tha t  the  op t imum value of/~ can not  differ f rom zero by  more than  a few degrees and  
only at  low speeds can it exceed one degree. 

Per formance  curves have .been  calcula ted for t = 1.5 for fi = 4-.1 deg and  within  the  accuracy 
of t h e  caIculations no difference be tween the performance was observed.  Tha t  is the speed did 
not  differ by  more  than  1 ft/sec at  any  value of 7. 
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