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SUMMARY

® This report describes preliminery work undertaken to investigate
the possibility of constructing an electronic differential analyser.
The basic operations required are addition, subtraction, integration
and dafferentiation. Section II describes briefly how these cperations
may be performed using feedback networks associated with high gaain D.C.
amplifiers and the Appendices to the report give a more detarled
discussion of the accuracy aznd limitations of these methods. Seciion
IIT describes the technigue of combining a series of such units into a
flexible differenticl analyser and shows, for example, how a linear
fifth order differential equation with specified initial conditions
would be set up and how appropriate time scales of operation and scale
factors would be determined. As an indication of the performance of
such an electronic differential analyser the solutions cbtained for a
fourth order linear differentlal equation are given in Section IV and
compared with the theoreticol solutions. An analyser of this type
will solve lineor differential equations or simultancous linear
differential equatrions. Its extension to more complex forms of
differential equations awaits the development of satisfactory metheds
of electronic maltiplication of two wariables,
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I. Introduction

Electronic analogy circuits have been used for some years now,
mainly for simulation purposes, but the possibility of combining the
different types intc a flexable computing device of the dafferential
analyser type does not seem to have been fully explored. Existing
mechanical analysers are very accurate (better than 1 part in a
thousand) but it is believed that an electronic analyser, while not
achievang the same degree of accuracy, can offer consiaderable advantages
over 1ts mechanical counterpart. The parameters in an electronie
device can be readily varied over very wide ranges and the rate at
which the machine produces 1ts solutions can also be varied greatly.

In the field of high speed samulation, where very high rates of solution
are required, electronic analogy circuits have already found wide
applications. An electronic machine constructed mainly from readily
obtainable radioc components should have the advantage in cost of initial
construction and of replacemsnt of parts. It will alsc be comparatively
smaller and more mobile,

To construct an analyscr we require units which will perform the
following mathematical operations;-

b} multiplication and division
(e} 1integration and differentiation.

Addition and subtraction con readily be achieved electrenically.
Integration and differentiation can be performed with respect to time
o8 o variable. Multaipliacation and davision of two variables with
rcgard to the appropricte sign of the result is the most difficult
problem, Once thas hos been satisfactorily achieved the processes of
integration and differentiation can readily be extended to operations
with respect to variables cther than time by using a multiplication
process to change the variable into time.

%a} addition and subtraction

II. The Compcnent Computing Devices

(1) General Method

The basic unit in all the computing devices is a2 high gain {greater
than 30,000 : 1) D,C. voltage amplifier containing an odd number of
stages so that the sign of the output is opposite to that of the input,
The linearity of amplificaticn i1s not important but the hagher the goin
the more accurate i1s the wholc computing device. In the appendices the
accuracy of the computations is derived an terms of the gain of the
amplifier ond the types of error introduced are discussed. In the
imediately following discussion the gain of the amplifiers are assumed
to be infainate.

(2) Addition and subtraction

The basic diagram of a feedback adding unit is given in Fig.1.

The amplifier input terminal is directly connected to the grid of
the first valve and as this has no grid leak once the stray capacitances
of the valve and the waring have been charged the amplifier draws no

input currcnt even if Eg;é 0. Hence I, = I,.

E - E E, - E E,-E E, -~ E
1.€e. g o . g, 2 g, 3 g
R R R, 7

E .
but E_ = ~ 7? = 0 1f U is assumed tc be infinate, therefore



Quantities can be subtracted readily by reversing the sign of the
appropriate input voltage,

If we have only one anput and R4 = Ry then E, = - Eq.
When so used we shall call the unit a "reverq}ng amplifier®,

(b} Integration

The besic diagram of a feedback integrating circuit is given in
Fag.2,

As before I4 = Ip end E; = O therefore

g
HaioB
R, at
or EO-:.-.-L./E] at,
R;0

(¢) The effect of amplifier gain on the accuracy of computation

It is obvious that the above approxamate calculations will only be
valid 2f the gain of the amplifiers 1siso high that Eg 1s negligible in
camparison with Eg and E4. In the appendices to this report the cal-
culations are carried cut for the ease of finite gain and the form of
the errors introduced when K 1s not infimite are discussed. The results
obtained may be sumearised as followai-

In en adding unit of the above type the percentage error 1s given

by
R R R
(1+——f+—-f+-—f+ ...)&0-
Ry Ry R3 U

e.g, If the maximum value of Ry 1s 10 megohms and the minimum values
of Ry, Rp, Rz eto. are 0.1 megohm then to achieve 1% accuracy over this
range of parameters an amplifier of gain at lecast equal to n x 10,000
1s required where n as the number of inputs.

Por a “reversing amplifier" Ry = Rp. Ro = Rz = 0. Therefore for
1% accuracy we require an amplifier of gain at least equal to 200.

In an integrating umt of the above type the total error zs gaiven
by )

. 1 /
— Eo dt.
C R1 (1 + u) ¥

Thus 1f the polarity of E, 1s constant the error will increase
with time. It 1s shown that the percentage error will be less than 1%
provaded Y/CR 1s not allowed to beccme of order comparable with that
of the gain, where t 21s the time in seconds during which the integra~
tion 1s performed, .

If the polarity of E, 18 cyclic than the total error itself is
cyclic, It 1s shown -that the percentage error in this case will be
less than 1% provaded the ratio T/CR 18 not allowed to become com-
parable with the gain, where T 1s the period of the epplied waveform,
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(d) The limits to the speed of slectronic compution

One of the main advantages of electronic analogue computors is
their hich speed of ogeration in comparison with mechanical or electro-
mechanicel computors. There 1s an upper limit to the speed of operation

T imosed liowever by the effects of stray leakages across critical com-

ponents. These, in general, will introduce errors which will vaxy as
the freouency of the onalopgue voltages varies,

The ost cratical point at which these "strays” may occur s
across the 1njut and output terminals of the high gean amplafiers. In
an addang wunit there \1ll always be & certain amount of capacitive
feedback due o stray capacities and in an integrating umt there will
alvays be a certain emount of resistave feedback due to the condenser
leakage resistance.: ©Stray inductances should be of very smaell orders
and are unlikely to introduce serious errors.

The effects of stray capacitive and resistive feedback currents in
suming and rnteprating circuits respectively arc calculated in Appendix
I1I on the assumption that the gain of the amplifier used us infinite.

In the case of a summing amplifier where the feedback resistance
is Rp (= 5MQ sey) end the stray cepacity is sssumed o be C (= 10pF say)
the effect of the stray capacity 1s to (1) delay the development of the
solution by an cxponential of time constant Re C secs (= 50u secs) and
(2) to introducc an amplitude and phase error in the case of an applied
sunusoidal wavcefoxm, The amplitude and phase errors both increase with
the frequency of the applied wavefomm. For the component values of Re
and C quoted above a 1% error in amplitude will be devcloped vhen the
frequency 1s 450 oyclesg/sec and at thas frequency the phase error 1s 8°.
I{ Ry had been 0.140 then the upper froquencey lamit vwould have been
22.5 Ko/see and the phase error 9'.

In intcgrating units a1t is shown that equavalent performances can
be obtained by using (1) an amplifier of anfinite gaan, an input
resmstor By and 2 feedback condensgr C waith lcakage resistance Rp or
(2) an amplifior of fanite gain = Rﬁ?4, an input resistor By and a
feedback condenser C viath an anfinite leakage resistance.

The conclusions reached in Appendix II therefore still apply if we
replace u by R@qq vhen R$qh 1s less than pu.

{e) Practical Amplifiers

Single, stape amplifiers vith gains of the order of 70 or 80 have
been tried but have proved very inaccurate as would be expected on the
gbove theory. Three stage emplafiers with gains of the order of
30,000 or 100,000 are now being used. Because of the feedback circuits
used in the computing carcuits these amplafiers are extremely stable.

In the analyser described later in thas report the .C. amplifiers
vsed had geans of 30,000 or more. To reverse the sign of certain
guantities low gain ETO or 80) amplifiers are used but 1t 1s proposed
to replace these by high gean amplafiers., The low gain amplifiers used
are described an Appendlx I mainly to show up the limitations of such
amplifiers.,

Pig,3 15 a sumplified circuit diagrem of the high gain D.C. amplai-
fier as used for computing in the smericar Mk.9 Predictor. The inte-
grating units of the analyser employ amplifiers of this type. Important
points about this amplifier arei-



(2) To counteract random voltage effects due to variations of
electron emission from the cathode of the first stage of the amplifier
8 sp?c1al circuit employing a twin-triode 1s used. If the resistance
R = /Gm, where Gy 1s the transconductance of the valve, any random
voltages due to variations in emission have no effect in producing a
voltage drop across the cathode load and hence the grid-cathode potential
1s unaffected by these random voltages.

{(b) The output stage 1s so designed that the amplifier can be set
8o that 1t gives zero output for zero input.

A British equivalent of thig amplafier is being produced. It has
a samilar performance to the American amplafier but employs a different
method of stabilisation and 1s somewhat easier to set up for the anput
network of the American amplifier acts as & loed across the input and
hence the setting i1s dependent on the input circuit,

Both of these amplafiers will operate over wide ranges of voltages
(+100 tc =100 volts cutput). Their main disadvantage is that they
require five different D.C. supply voltages which have to be stabilised
and moreover a8 the output steges are power valves they consume a lot
of power, The analyser described requires about 1 kilowatt of power for
operation,

Fig.4 gives the basic diagram of a simple stabilising unit which
effectively deals with the stabilised voltage supply problem, When fed
from a smoothed conventional power urat of some 500V, D.C. 1t gives an
output voltage V5 where KVg = Eg. An upper voltage limit of 4LOOV, is
1mposed on Vg due to the need for some 100V, across the series valves
and a2 Jlower limit of Ep since K € 1., Ep 1is normally equal to 120V, -~
there 15 li1ttle peint in using a lower value as the amplifier valve would
then have to operate with a very low anode voltage. Effectively there-
fore we can obtain cutput voltages wathin the range 120 - 4OV, An
inverted unit wall cover ~400 to -120V. and a combination of a positive
and negative unit will cover the range =120V - ¢ - +12CV., The degrec
to which stebilisation 1s effective 1s better than 1% per 100 mA of
output current over the complete range of operation,

A miniature D,C, amplifier for similar computing circuifts used in
simulator problems has been designed at T,R.E, and 1s now in production
(F1g.5). This amplifier which requires only two stabilised D.C, voltages
at low power levels, has a2 gain of the order of 100,000. The range of
voltage operation is smaller but for most purposes this 2s not important,
When these amplifiers are available the construstion of eomputing devaces
will be much easier., The sumning circuat of the analyser uses one of these
amplifiers,

(1) Cathode Followers

Some form of impedance transforming device 1s essential as an
interlink between the computing devaces, A simple cathode follower
which has the properties of high imput impedence and low output terminal -
1mpedance 1s ideal for this device, Being a degensrative amplificr it
15 capeble of handling wide ranges of input voltages without overloading,
The only question which requires careful consideration is that of the
effective overall gain of the devacec and 1ts variations over the range
of operation.,

Fig.6 shows a typical cathode follower as used as an interlank.
It is designed so that it may be adjusted to give zero output for zero
input. The mean omplification factor determined for several different
cathode followsrs all with the same nominal values of components was
found to be 0.966 + 0,016, The value of C,966 has been teken for the
amplification factor of the cathode followers throughout the snalyser.

-6 -
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The necessaty for having cathode follower interlinks in the analyser
would be greatly simplified if each stage were constructed with a cathods
follower output and any feedback loops connected from the output of the
cathode follewer back to the input of the stage. This would simplify
getting up procedure and avold the repeated appearance of the 0. 966
constant ain the calculations for the analyser equation.

(111) Step Carcuits

In order to inject into the analyser requarcd initial conditaons
we regquare a unit which will add to any voltage passing through it a
ccnstant positive or negative predetermained D,C., voltage,

A simple circuit which will achieve this objective 1s gaiven in
Fig.7.

With the switeh S closed Ry 1s adjusted until V4 = Vg, = 0. When
5 1s opened V, 1s stepped above or below V4 by an amount depending on
the setting of Ry say +E. Thus

Over the range of voltages used B is substantially constant, e.g.

if
E=2v, B=0,88
E=5V, 8 = 0,880
E = 10v,E = 0,870,

The mean value of § = 0.878 1s used throughout the analyser
calculations,

ITI. The Complete Analyser

It has veen shown that we can add, subtract and integrate and
differentiste with respect to time by electronic methods with an
average error of a2t most 1%, ILacking units shich wall effectively
maltiply D.C, volrages to +the seme order of onceuracy we are far short
of having & coplete differertial analyser but nevertheless certain
types of dafferential equations can be solved using these circuits,

In particular we can solve linear differential equations with constant
ovefficients taking the indeperdent variable as time, As chis 1s a
type of equation cccurring {roequently in physical problems the apparatus
should prove a useful tool for investigeting such problems when a hagh
degree of accuracy u5 nol required,

The present zpparatus consists of:-
(a) fave integrators employing amplifiers of gean 30,000 : 7
(b) one summing circuit employing an smplifier of gain 100,000 : 1

(c) three "reversing amplifiers® employing simple single stage
amplafaers of gain 70 : 1 -

(4) six cathode followers for use as buffer stages

(e) five "step carcuirts" for introducing imitial conditions into
the dafferential equation

(f) a bank of fiftcen relays controlled by a master switoh

(g) ten cathode followers with mcters in their outputs for cbserv-
ing he variables as they arc developed in the analyser

-7 -



{h) two recording meters for the recording of the results - for
the recerding of rapidly varying quantities a cathode ray tube
and camera or high speed optical oscilloscope may be used.

All the above units are provided with plugs and sockets so that
they may be 1interconnected i1n any desired fashion samewhat like a tele-
phone switchboard (Sce Fig.21).

Calibration dials enable the tame constants of the integrators to
be sct to any value within the range 0.1 to 10 secs and the resistance
arms of the summing circuit to any value within the range 0.1 to 10
megohms.

To 1llustrate the technique of interconnecting the umits and sefting
up a desired equation coasider the followang example. It 1s desired to
set up and solve the cquation

LR .

X +a X+4b X +ecx+dx+ ex =0 (1)

for the initial conditions

L] oW a8 a - &
Xx=constant, x =x = x = x =0

Fig.8 15 a block schematic diagram showang how the analyser is
conaected up to sclve this problem,

Assuning the voltage V4 to, be proportional to %" then suceessive
integrations along the main chain will gave Vo, Vj! th V5, V,, propor-

“e s e ..

tional to -x , x , -x, %, ~X. These veoltages are all fed back to the
input of the summing circuit and when added together in the proper pro-

ERCRE S |

portions they will define the voltage Vq which 1s vroportional to x .
The vhole system 1o thus a closed lcop and at all times x and 1ts taime
derivatives must satisfy the equation defined by the system. In Fig.08

1t has been assumed that all the coefficients a; b, c, d, e, are positive
and hence any derivatives vhich are opposite o sign to V] are rcversed
in sign before being fed back to the sumning amplifier. In the present
apparatus 1% 1s not necessary to have cathode folilower incerlinks in the
main chain as cach of the univts in this chaxn cilther have pover oubpus
stages or have cathode feollewrers build inte the units.

In closing the loops random initial conditions will be set up and
from the ainstant the last link 1s closed x and 1cs cime derzvatives
satlafy the eguation with these random initial conditions. What happens
consequently depends on the navure of the solutions. If they are say
demped oscillations the analofy voltages will evenbtually all setile down
to zerc, If they arc iacreasang quanvitics wavh tume whea eventually
one of the stages will reach 1ts lunit of operation and the equation
breaks dovm. Now 1n order to ingect speciflic inicial conditions we
cloge all the loops simultanecusly under predicted conditicns with x and
its vime-derivatives all at predetermined values. This 1s achieved by
having relays in all the interconnecting leads (not shown in the diagram)
and arranged so that the input to every stage 1s zero and its ousput
(adjusted on the stage controls) also at zero, In the appropriate con-
necting leads we inscrt "guvep circuiss" vhen imitvial conditions other
than zero are required., ihen a master swiich 1s throwm all the relays
operate and the initial conditions are then those defined by the "step-
crrecults", In this way solutions to equations may be obbtained whether
or not the variables 1ncrease or decrease with taime. When they are
increasaing wath time the solurion of course bresks down whenever a
parvicular stage reachss 1%s limit of operation.

If the function (1) 1s not equal to zerc but equal vo a function
f(t) of time this function may be i1nserted at the poant A of the summing
network,

-~ E -
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Calculation of the Carcuit Constants:-

LI IO

K Let V4 = g4 x
Vy = -ap' %"

% b LN N
vj = a; X
V1+ = “‘E}.qf'i
V5 = 8.55(
VG T -8gX

Por the anteprotors:-

Input voltage = - (timc constant of integration) d (outpu;tvoltage)
dvo
e.g. V = - R4y £
g 1 w1 3t
1.8 a9 = R4Cyw ap
or a1/e.2 = R4C4.
Similarly
84
-é-- = R1c.1 = T1 s8y
2
a
2
— = R.CA, =T i
" aj 272 2
a
- - H
zi =Rz3 = T3
I J
a
gg =RCy =T, "
a
— "
&is = RsCs = Ts
At the summng -ampiafier-grid: -
a3V aV oV oV av v
_ 2eYe 5 y '3 T2 N1
Ry Rp Rz R,  Rg Ry
aB 2 xa . "q-& .w a a PR aa" LR ] a IR ]
1.¢e. 6x+—éx+f—-4xf+—2x +—= "X +-—1- x =90
R1 . R2 i _ R}‘_L_ R1+ R5 Rf
Hence -he. gﬁeﬁ;cqmtlom;mibe-molred’brohdlng
S
o= -‘-2-:: L
&z Ry
¥ S BE R,
C o= o ﬂ”‘— "%'f'

LY
s
¢



i, e, 1f O 0T (L e g

d= a, ——. —
TA]TZT}TI‘_ R2

1 Re

e = e — g ————

T4ToT 2T, T5 Ry

Now «, the cathode Follower constant = O, 966
, the step circuat constant = 0,878
and the T's and R's can be set over wide ranges on the calabrated dials,
hence the equation may be set up for a very wide range of coefficlents.

The arrangement above will produce a solution which will vary in
true relationshaip to the time in seconds. TFor some sclutions this may
be i1nconvenient as the solution may very too rapidly or too slowly for
easy recording., By a suitable chaonge of the independent variable how-
ever the "time scale" of the solution may be extended or contracted at
will, If the time scale 1s defined by the constant Mwhere .

(true taime) =‘Ltime scale of analyser)

A
then the above formulae become:-~
a= 4a. l- :'R"f:'
T4 R5
2
b: a. _l-—n-. &
7405 -R,
3
C = [ ?\ . _R'I'
T4IoT5  Rs
4 R
d:." C-l:. )\' . _f,
5 R
€ = o A —.—-Tf-,-

. 1 -
Safe-1f N = l/lO‘the solution will vary vith time at 10 times the true
rate.

- 10 «
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Alteration of the "rate of solution" of the analyser is thercfore
merely a cose of multiplyang or dividing all the tame constants by a
fixed emount.

In using tho analysecr thercforc o convenient method wwould secm to
be the following:=~ set all the time constents to say 5 secs and sct up
the a, b, c, d, o, coefficicnts mcrcly by adjusting the arms of the
surmaing nctworke A trial run wall show whether or not o convenient rate
of sclutaon has been achieved., If not resectthc time constants to
10 socs or 1 sec according to whether a slower or more rapid solution
is rcquired. To cnable this variation of rote of solution to be con-
trolled wath the minimum of effort the "taime-constent calibrated dials"
have been specially marked at the 1, 5 and 10 second levels.

The only thangs now to be detoermincd are the emplitude scaele factors
of ihe recorded results. The range of variation cof x can be set arbi-
traraly &s a1t is purcly a function of the initial conditions for X.
Suppose we make ag = 1 then x wall be recorded on a scalc of 1 volt per
unit of x. The scales for the timo-deravetives are then secn to be

T ‘.
&g = 7? volts per unit of x
a&- = E@f i 1" n noy
N
aj = Tst, T fn f f TR
3
a. = T5T), T T2 t " f i ..';C. *
2 X4
8'] = T5T1_-|:T §T2Tl I 1 " no* vxv LR

19

The reoording meters provided are centre zero instruments wath
Pull scalc deflcctions adjustablc in twelve steps between 2/3 volt and
125 volts and this may be cxtended upwards if nccoessarye

iv. Test Problem

The following test problem has been solved with a view-to deterw
mining the overallaccuracy of tho analyscr.

Solve the cquatien

X e (0u1671) X 4 (0,0460) X 4 (0.0047h) % + (0.000330) % = O

for the initial condztions x = censtant, ¥ ° =¥ = X = Co

The analyscr was 50t up cxnctly as in the previous discussion

,exoept that only four integrators were used.

We have therefore

R
= o 1 = [ -}-"— - .—£
a = 06167 a 0 T
b = 0,0460 = &. . g.f__
T4To 5
3 R
X g
O o= OOOOJ-Q--W-{- - T
Ak Ry

fu
|
%
%
f
b

™
L

-1 =



The pettern for rapidly dstermimang sppropriate T's and A's had not
been thought out at the time of applying the test solution and the actual

values used were: -

A =1
T1 =T2=T3=Tb_=1OSeCS

Rp = 4.578 megohms
—_ n
R, = 2,864
1 = Q, 1t
R 3 975
R'2 = 0,97 "
R'1 = 1,19 "

With an inatial conditaon of x = 12,6 units the following scale
factors were used

&g =1 = 1 volts per umt of x

aa = T‘;_'_ = 10 " 1 " t 5(

ay = T,Ty R I ‘
ay =T,T,T, = 1,000 " "t k3

aq = Tl}-TJTQT'I = 10,000 1 n 1" n “K”

Figs. 92, 10, 11, 12, 13, show the solutions obtained. The dots
along the curves are the theoretical values calculated by the Assessment
Davision of Guided Weapons Dept.

V. Conclusions

Theoretrcally using very high gain amplifiers and good quality
compenents high degrees of accuracy can be achieved. The practical
limats in achieving these high accuracy figures would seem to be in the
components and a very careful engineering design of the calibrating
gystem etec,

The results obtained with the present analyser although poor in
accuracy show considerable promise especially as two of the reversing
amplifiers used were of the low gain type, It 1s considered that con-
siderable improvement could be madc by replacement of these units by
high-gain reversing amplifiers and by o more careful calibration of the
integrators and summing smplifiers. At present only normel radio com-
ponents have been used and 1t 1s suspected that temperature drifts in
values etc, are having a detrimental effect. As the present accuracy 1s
considered sufficient for the immediate problems to be gaven to the
analyser and as any consaderable improvement would require the analyser
to be rebuilt using high grade ¢ omponents little further work will be
aone untal at least o satasfactory wuethod of multiplying has been
developed.

- 12 -
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APPENDIX I

A Detailed Study of the Adding Units

In the basic diagram of Fag.1, Iy = I
Eg - Eo - By - Ey . Ep - Eg . Ez - By
Rp Ry Bo R3

E

—-—--2
Now Eg = m

therafore

The last term on the right hand side of this equation is the
"error term" and 1t shows that the error is inversely proportional to
the gain of the emplafier, In fact the percentage error 13 gaiven by

(1 + Rp Rp Rf) 100

e e R

Ry Ry Rn M

when there are n anputs., Thus in general the more inputs there are
and the greater the ratio of feedback to input resistors the greater is
the percentage error for a given amplification,

In the summing circuit of the analyser we have five inputs the
resistors of which may be adjusted over the range 0.1 to 10 megohms
and the feedback resistor may be adjusted over the range 0,1 to 10 megolms
also thus under the least favourable conditions the percentage error is
given by

10, | 100 «. 50,000
P * 2 (0.1)J o

Therefore to maintain an error of lcss than 4, under such conditions
we require an amplifier whosc gain i1s at lcast 50,000,The amplifier used
has a gain of 100,000,

For a "reversing amplifier" we have one input with Ry = Rp, the
pereentage accuracy in this case i1g therefore given by
200
I3

The amplifiers used for this purpose in the analyser are single atage
amplifiers and the gain will not exceed 100 so that the crror is at

least 2%, This it would seem is one of the msan sources of error in the
present analyser.

To investigate this pcoint more fully consider the actual carcuit
used, Fig.l4.

Let the input resistor be R and the feedback resistor aR where
a = 1. If I, increases bgl 01, - millaamps then the grid-cathode
Lo

potentaal must increase by —== volts. The auto-grid-bias increases
g

by %5ia volts. Therefore the grid-earth potential must inorease by Oz
(2 +‘1) volts = évg volts, THe anode volts fall by 70 ﬁla volts there-
fore the cutput falls by + %% x 70 éla = + 31 éla = - 6VO volts,

a
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a.V1 +Vo .
Now V = ————— volts but a = 1 andVvy = -V
g a + 1 .

. avVq + Vg

or 26i, (& +

. adv, =01, (32 + é)

» GVQ = - 31 . l
6V1 32 4 2 a
. - 3 1. vy + Constant (Assumi t
. v =  wm g rlg g o
+ o T 2 a ! be constant,)
g

The unit 1s set up by adjusting the screen voltage until when
Vy =0, V, 18 also zero, Under these conditions the above constant = O

and we have
_ =31 1
vo " 32% » E [ ] V1
g

The overall gean of the unit 1s therefore not = 1/& but 1s always
somewhat smaller and as g 15 not congtant the gain will vary as g
varies.

One method of setting up the unit 1s as follows. Put V4 = -X volis
say, ond adjust the feedback resistor until V, = +X volts, 1.e. we

choose a so that.= 31 .1 . _4 for one particular input voltage.
32+§ a

Depending on the size of X we get variations in the form of the
overall characteristic of the unit, (See Fig.15.) The curves diverge
rapidly from the ideal when g falls off rapidly in one direction
and when the anode voltage falls below the screen voltagé in the other.
Thus 1n addition to the limited accuracy we alsc have a limited range
of operation, Fig.16 shows experimental curves of the type shown an
Fig.15. Fig.17 shows curves obtained using a high gain smplifier - the
range of operation and linearity are obviously much hagher,
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APPENDIX IT

A Detailed Study of the Integrating Units

In the basic diagram of Fig.2, I; = I, (1)
Eq - F,
Now I‘I = ....l......._..‘? (2)
R
1
and By - Eo 2'5./12 at (3)

therefore integrating (1) and inserting the values of I, and I, given
by (2) and (3) we sce that’

BB o4

. = C x - E
but By = - B
E
E1 + -:19-
therefore ———— ., 4t = =CE (1 + 1
R H
- ;_1 ' 1
GR(1 + H) CR(1 + ¥)

The first term on the right hand side of this equation is the
required solution. The second term 18 the error term. As #-roo (L)
becomes

E =-1 /R dt
o o

and this 1s the relationship normally assumed for such integrating
umts,
'yl
Saince the error i1s proportional toJEO dt 1f the polaraty of E,

18 constant the error will increase wath time, In thas case hagher
accuracy 13 achieved by integrating over a shorter period of tame., If
the polarity of E{J 1s cyclic then the error i1tself is cyclic., Consider
now two special cases in which the error term may be readily evaluated:-
firstly when E4 18 a constant voltage and seccondly when 1t is sanusoidal.

Case (1), If E, = constant = V then

- UVt 1
CR(1 + #) CR(1 + 1)

A solution of this equation 1s given by

-t

} AﬁCR(1 + 1)

o - UV where A 13 arbitrary.

..'15..
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If for t =0, E, =0 then A =4V and

k"
E0=W[1—eCR +UJ

The degired solution is

vt
E, = - JE
° CR

The form of the error between these for various values of pu is
shown i1n Fig.18.

Expressed as a percentage the error is given by
-t
(1 )
100 | 1 - “tOR(‘I-—eCR +u)

t .
and this pereentage error as a function of K for various /CR ratios
is shown in Fig.19.

It 1s seen from these curves that with a high gain amplifier
[u > 30, OOO] that the percentage error is very small unless one has very
high ratios of ~/CR,

Case (2), 1If B4 = Asinwt then

H 1
B, = ————— ?\s:.nwt.dt--—--—-——/E dt
© T CR(T + ) CR(T + 1) J 7°
A scolution of this equation is
t
Eo = Be a+ﬂ. 1 . cos (wt + @)
VT
a
where a = CR(1 + n)
¢ = ta_:n,-JI a
aw
B = arbatrary constant
If initially at t = O, E, = O then
B=- ugw 12
+ -
a(w - )
-t
- MW & 1
and Bg =s———7 ¢ * = o e con(wh + @)
2.1 & 2 2
a(we + = ) we o
_t
a
or E, = ol cos(wt + ¢) - z e
2 1 2 12
afw o+ - W o+ -
& - a

- 16 -



The desared solution is

Y T
T a— cos wt - 1 i
d Eo aw [ ]

The solution as given by the integrator 1s seen therefore to be
% erroneous in three aspects.

(1) The overall amplitude 1s too small by a factor of L

W o4 -

(2) The cosine term is leading the true solution by an angle @

where ¢ = tan” d .
aw

(3) There is an exponential drift in the solution given by

-t
(1'—:_}1L—:- e a).
\/2 12
W o+ —
53

As 1s to be expected cach of these errors tends to zero as p—>oo,

Considering these errors in turn;-

(1) The overall amplitude error 1s less than 1% if

e > 0.99
/2 12
W -
a
- and as 2 = CR(1 + k)
w = /T where T 1s the period of the input, we

sec that this error 1s less than 1% af

-

1+ u>(1.1) g%

(2) The constant angle of lead of' the cosine term 1s shown in
Fig,20 for several TL/OR ratios, as a function of K.

(3) If the exponential drift amounts to 1% then
t

—_ — . e % 20,99

L2}

* i.e, for a drift error of less than 1%, E <100a = 100 CR(1 + u)
1.e. 1 + # >100-é%

- 17 -



In conclusion it may be said that using an amplaifier of high gain
(u » 30,000) the accuracy of integration is good and in all cases wall

be better than 1% provaded the ratios 'C%R- and 1%;’ are not allowed
to become of comparable order to that of the gaan.

- 18 -
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AFPENDTY IIT

Calculation of the Inmits to the Speed of Electronic Compution
Imposed by Strgy Feedback Components.

The effects of atray feedback currents round a high gean amplifaer

computor can be readily evaluated on thc assumption that the gain is
infinite. The effects of finite goin wall antroduce further errors
similar to those discussed under Appendices I and IT.

If in Fig.2 we replace C by C and Re in parallel, and make I =oo

we see that

(b)

e dEq
E0=_§TE1ﬂRfCE%— (1)

As before consider the two typiocal casées
(1) Ey = constant = V

(2) By h min wt

1]

Case (1), By =V

A solution of equation (1) is given by
t

B, = - ;ﬁ Vihe MU ghere A 1s arbitrary.
1

If for £ =0, E, =0 then A = gﬁ Vv and
1

- L

EO=--R3: V-Ve Rfc]

In an 1deal adding computor R, 1s a large resistor (say 5 MR) and
C =0, gaving

R

B, = - =% v,

Rq
The effect of a small stray capocity C (say 10pF) 1s therefore to
introduce a time-lag in the development of the true sclution, The
time constent of this lag is ReC (= 50 Msees for the values of Re
and C given above),

In an 1deal integrating computor C 1s a lorge capacitor (say 14F)
and Rp—=>% givang (on expansion of the exponential term)

vVt
E—— »
° ™7 TR,

The effect of a leakage resistance across the integrating capacity
is seen to produce an effect simlar to that produced by a perfect
capacity across an amplifier of finitc gain. In Appendix II,
Case (1), 1t was shown that when Ry =, gain = H, that

s R

t

Ey = - uv 1 -6 CR(1 + H)

- 49 -



Therefore uf ¥ + 1 = Uthe effect of the leakage resistance is
equivalent to a reduction in gain of the amplifier from o to Rf'/Rq.
Normal condensers have a scheduled time constant of at least 2000 megohm-
microfarads - 1,e, for a 1HF condenser the leskage resistance is at
least 2000 megohms, High qualaty condensers with higher leakege resis-
tances are therefore to be strongly recommended for integrating purposes.

Case (2), Ey = X san wt.

A solution to equation (1) 1s given by

-t

R.C
Ey = - s . A (s1n wt - w Ro C cos wt) + A ¢ £
B 1. w?relc?
where A 1s arbitrary.
If fort =0, B, = 0 then A = R A wRp C and
T R1 1 4 w2 Re? 02
-t
R:C
By = - o 2 wReCe © +sinwt-wRpC cos w

R ’1+w2Rf202

(a) In an ideal adding computor Rp 28 a large resistor (say 5 M0) and
C =0, mavang
Ry
Eg = - ﬁ? +» A sin wt
The e¢ffect of a small stray capacity C (say 10pF) is therefore to
introduce an initial transitory period of time constant ReC = 50, usec
after which the output i1s given by

R‘f 'K
Ey=-=—. %:mwt-w Ccoswt]
R‘l 1+—W2Rf202 Rf
i.e, By = Ny A . sin (wt - tan™! w Rp C)

R - -
LY PRI

The output sine-wave has therefore an error in amplitude and an
errcr in phase,

The amplitude error increases with frequency and will amount to 1%
of the true amplitude when

‘/1+W2Rf202=l88

The error thercfore exceeds 1% if the frequency rises above

-1, ]

"ReC x VFEBb for Rgp

c

I}

5 megohms;
10 pF

f = 450 cycles/seo

The phage error also increases with frequency and at 450 cycles/sec
1t 1s 8%,

(v) In en ideal integrating computor C 1s a large capacitor (say 1uF)
and Rp ——>c0 giving

Eg = + (cos wt ~ 1)

WR.1C

- 20 -
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(3]

When the leakage resistance i1s taken ainto account the solution may

be put in the form t
- wReC
Eq e A cos(wt + tan™! 10) - £ ¢ R0

R T, 6 a w
! \/: + WZRfQG2 & JT + W2Rf202

Again it 1s seen by camparison with the regults obtaaned in
Appendix II, Case (2), viz.

where a = CR(1 + &) Rp =oo, gain = p,

that 2f 4+ 1 = p then the effect of the leakage resistance is
equavalent to a reduction in gein of the amplafier from o to f‘/R4|-

Thug, for a given accuracy- of compution, the effect of stray
capacity in an adding umit is to impose an upper frequency limit, and
the effect of leakage resistance in an integrating unit is samilar to
the effect of faimite amplifier gain an that 1t imposes a limit to the
time over which a D.C., voltage may be integrated,

- 21 -
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FIG: 4
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FIG4 BASIC DIAGRAM OF SIMPLE
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FIG.8
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X ] SCALE I-35 DIVISIONS PER UNIT OF X
TIME SCALE - IDIVIBION/SEC.

FIG.9 SOLUTION OF TEST PROBLEM.
[THE DOTS REPRESENT THE CORRECT SOLUTION.]
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FIG.Il SOLUTION OF TEST PROBLEM.
[THE DOTS REPRESENT THE CORRECT SOLUTION._]
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FIGS: 14 &15
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FIG: 16
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FIG: 17
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