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Summary ~—The problem-of predicting the rate of transport of a gas from or into the surface of a two-dimensional
body in an airstream is discussed. The principal object of the investigation is to provide a means of estimating the
time required to-obtain an experimental record of boundary-layer transition when a chemical technique is used. The
methods ‘evolved should, however, find an application to other forced diffusion phenomena.

The general approach is based on the analogy between mass transfer, heat transfer and skin friction, and the analysis
is applied to both a laminar and a turbulent boundary-layer on the surface of the body ; it also includes the problem
of diffusion commencing in an established boundary-layer. For this problem, an approximate, alternative solution
to that of O. G. Sutton, for a turbulent boundary layer, is given.

"Particular attention is paid to a description of the boundary condition at the surface of the body, and it is concluded
that, for evaporation, the usual assumption that ‘the air is saturated with the diffusing substance is, in general, satis-
factory

The influence. of molecular diffusion on the transfer of a gas through a turbulent boundary layer is considered ; it
is demonstrated that the effects of molecular diffusion in the laminar sub-layer may be important. A simple, approx-
imate method of estimating the molecular diffusion coefficient for a pair of gases is derived.

A description is given of a wind-tunnel experiment in which measurements were made of the rates of sublimation
of some chemicals from a small part of a flat plate with a turbulent boundary layer : they were found to agree fairly
well with the corresponding theoretical estimates.

Finally, as an example of the application of the methods, a calculatmn of the effect of altitude on the rate of sub-
limation of a chemical from the surface of an aircraft is made ; this agrees with flight tests, which had established that
the rate of sublimation decreases very rapidly with increase of altitude.

1. Introduction.—The chemical method of indicating transition from laminar to turbulent
boundary-layer flow has been used for some time in both flight and wind-tunnel experiments.
Following the introduction of the method by W. E. Gray (1944), considerable experience
has been gained in deciding which particular technique is the most suitable in given circum-
stances, and how best to apply it***, but no calculations of the influence on the rate of chemical
or physical reaction of variables such as surface temperature, skin friction and wind speed,
appear to have been made. Until recently, the need for such quantitative information was not
great, because, in general, each set of boundary-layer observations was made under a fairly

* R.A.E. Report Aero 2431, received 1st February, 1952,
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narrow range of conditions, so that, having selected a certain chemical indicator and a corres-
ponding technique, the changes in reaction time accompanying small changes in, say, wind-
speed were of little significance. However, the increasing application of the method to aircraft
which may operate over a wide range of altitude and forward speed makes it desirable to have
available some method of calculating the approximate rates of reaction, for flight testing
experience has shown that evaporative solids are much more sensitive to temperature effects
than had previously been realized®.

Two methods of distinguishing between regions of laminar and turbulent boundary-layer
flow commonly in use are the ‘sublimation’ method? and the ‘contamination’ method’.
In the sublimation method, the surface under observation is coated with a feebly volatile sub-
stance ; during exposure to an airstream, sublimation occurs along the surface at varying rates
depending mainly upon the magnitude of the local shear stress within the boundary layer.
The greatest rates of sublimation are usually achieved in regions of high shear stress or skin
friction. It follows that, for a surface such as that of an aerofoil on which there may be distinct
areas of laminar and turbulent flow, sublimation will first be complete where the flow is turb-
ulent, except possibly within a small region near the stagnation point. The physical processes
which occur in the contamination method are similar. The surface is coated with a chemical,
and an active gas is introduced into the airstream ; the transport of the gas through the boundary
layer, and consequently reaction between the gas and the surface, proceeds at a greater rate in
regions where the flow is turbulent than in those where it is laminar, again with the possible
exception of the neighbourhood of the stagnation point.

Clearly, the problem of predicting the rate of sublimation, or of chemical reaction, reduces
to a determination of the rate of transport of a foreign gas through the boundary layer, given
the concentrations of the gas at the surface and in the main stream : stated in this way, the
solution of the problem will have an application to a wider class of diffusive phenomena than
simply that of the chemical indication of boundary-layer transition. The method given in this
note is essentially an approximate one based on the analogy between diffusion, heat transfer
and skin friction, and, although certain of the results have appeared in other papers (e.g., Ref. 5),
the analysis is developed from first principles for the sake of completeness. The treatment of
this purely aerodynamic aspect of the problem is independent of whether the diffusion is directed
towards or away from the surface ; on the other hand, the absolute rate of mass transfer depends
on the surface concentration of the diffusing gas, which can only be specified in general for an
evaporation or sublimation process, where it is proportional to the vapour pressure of the dif-
fusing substance. In a contamination process, involving the absorption of an active gas from
the main stream, the surface concentration will depend on the nature of the chemical reaction
occurring between the gas and the material with which the surface of the body is coated and,
except in special circumstances—for instance, when the temperature of the surface is high—can
only be determined by experiment. Accordingly, in the discussion of practical examples of
mass transfer, emphasis is placed on cases of evaporation or sublimation.

The accuracy of the method should be adequate for most practical purposes. For example,
it is sufficient to indicate the effects of a change in altitude on the time required to-obtain a
record of tramsition in a flight experiment when a ‘ sublimation ’ technique is used. Generally
speaking, the limit to the degree of refinement worth attaining in any theory of forced evapora-
tion or sublimation is set by the accuracy with which the vapour pressure of the diffusing
substance is known. This may be high for evaporating liquids at ordinary temperatures, but,
for solids of small volatility, vapour pressure data from various sources may be found to differ
by as much as 100 per cent. With this reservation as to the order of accuracy to be expected
from the theory, the calculated rates of sublimation of some solid substances were found to
agree satisfactorily with measurements made in a wind tunnel.

2. The Two-dimensional Diffusion Equation.—We shall consider the diffusion of a gas from,
or into, a surface y = 0 in a two-dimensional airflow. Let U be the velocity in the x-direction
at the outer edge of the boundary layer and »,» the mean velocity components inside the layer.
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The concentration of the gas will be assumed so small that variations in the density of the
mixture may be neglected and only the diffusion of the contaminating gas into the air need be
considered.  Variations in the density of the mixture due to variations in temperature across
the boundary layer are also neglected, thus the analysis is restricted to values of U well below
the speed of sound. Other properties of the mixture, such as », the kinematic viscosity, and
%, the thermal conductivity, will be assumed independent of the presence of a small quantity
of the contaminating gas and their values will be taken to be the same as those in an uncon-
taminated airstream.

The assumption of a low concentration also implies that the rate of transfer of mass across
the surface is small and it is, therefore, permissible to retain the boundary condition v = 0
appropriate to an impervious surface ; the effect of a finite velocity component normal to the
surface, due to large rates of mass transfer, has been calculated by Schuh’ (1944) for laminar

flow*.
7 Throughout the analysis it will be supposed that the concentrations in the main stream and
at the surface, or part of it, are known and are constant.

2.1. Laminar Boundary-layer F low.—1f p is the density of the contaminating gas, the mass
of this gas diffusing across an elementary area ¢S in unit time is

.0
—]ias.. P ¢

where # is the normal to the area 6S, drawn in the direction of diffusion, and 4 is the molecular
diffusion coefficient™.

Consider the accumulation of gas within an elementary rectangle having sides 6%, éy. The
mass carried into the element in unit time by diffusion is

./0% % !

% 0
—<uax+vay>6x6y.

The net rate of change of mass per unit volume is, therefore, given by
op op op 0% | 9%
i = = . .. . . .. . (2)

and by convection

= Y Yoy TGk T oy
" When conditions are steady, equation (2) reduces to

do, ow_ (P P ~
%ax—}— vay_j ax2+8y2 ‘e .. .. .. . .. (3)

with w::% PP )

where p, is the density of the mixture, assumed equal to that of uncontaminated air. v is called
the concentration.

A more exact form of equation (3), allowing for variations in the density of both constituent
gases, is derived by Squire in Ref. 5.

# A further inference from the assumption of small concentration is that the boundary-layer velocity-profile is un-
affected by the mass transfer. Large rates of mass transfer, such as might be encountered in sweat cooling, lead to a
considerable distortion of the velocity profile ; in the case of laminar flow, the distortion is such that the boundary-
layer stability is reduced when mass is transferred from the surface to the main stream and increased when the transfer
is into the surface.
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- The boundary conditions are

=1y, y=0 |
} B

Y=g, Y>> © . - | , .
The former condition may not always be satisfied for all values of x along the surface (cf. section
3.3). ' '

The diffusion equation, (3), resembles the equation of motion in a laminar boundary layer
with zero pressure gradient :

ou ou G2

As will be discussed later (section 7), j and » are of the same order of magnitude, and this suggests

that the diffusion is confined to a layer near the surface, of dimensions comparable with those

of the viscous boundary layer. If we suppose a’diffusion boundary layer of thickness 6, and

a viscous boundary layer of thickness ¢, and take U and (¢, — w,) as quantities of standard

order, where y, may now be identified with the concentration at the outer edge of the diffusion
boundary layer, the magnitudes of the terms in equation (3) are as follows : :

w is O(1), i is o(1), g S o1y ;

N PN AN NG |
| v is 0(6), vay 1SO<61>, 7y 1§O<612> .

Hence, 9% /0x* may be neglected in comparison with 321;) [0y?, and, if this latter term is to be of
the same order as the convection terms, 7/6,2 must be O(1) ; but »/6? is O(1), so that

po((D)

oy . . 0 pe .
It follows that v a—w is of the same order of magnitude as # % and the diffusion equation in a
two-dimensional laminar flow thus becomes

o L Lo 0w |
M8x+vay—]ay2' .. .. .. .. .. .. .. (7)

2.2. Turbulent Boundary-layer Flow.—When the flow in the boundary layer is turbulent,
the effect of the velocity fluctuations is to increase the mean rate of transfer of the contamina-
ting gas by an amount
per unit area, where dashes denote fluctuating quantities and the bar signifies an average with
respect to time. The resultant rate at which the mass of the contaminating gas is transferred
across a unit area parallel to the surface is then

0p | ——
—7 % + v'p
According to the turbulent mixing length theory (Ref. 7, Chapter v)
— 7-9p ,
Vp = —lv— .. .. . .. e .. .. .. (8)
P oy ‘ :

where p is the mean density of the gas at any point and /v is the turbulent exchange coefficient
or eddy diffusivity. The diffusion equation in a two-dimensional turbulent flow may, therefore,
be written, :
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w2 ()
%aervay_By (]—i—lv)ay) . . .. . . . (9)

with the boundary conditions
1/) = "/’1 3 y - 0 ‘L

y—>y, Y—> 0 J
As in (5) the former of these conditions may not necessarily hold for all values of x along the
surface, (cf. section 4.3).

(10)

3. Diffusion in a Laminar Flow.—3.1. Diffusion from a Flat Plate.—The problem of dif-
fusion in the laminar boundary layer on a flat plate lying parallel to the airstream, when the
area from which diffusion occurs extends to the leading edge of the plate, is identical with the
heat transfer problem solved by Pohlhausen (Ref. 8, Chap. xiv). . In the case of heat transfer
we have the energy equation - '

ol ol ko o*T
’I/La—x—]—‘l)@.——;)o—cpw - .. .. - . (11)
together with the boundary conditions

T =17, v =10 _
T—7T,, Y —> . C .

in which 7 is the temperature, % the thermal conductivity, p, the density and C, the speciﬁé
heat at constant pressure of the air. :
The corresponding equation for diffusion is

oy dy 0%
“ox T oy ]ayz’

p=y., y=0 }
Y —>Yy , y —» QO
Thus, following from the Pohlhausen solution of (11) and (12)%,
1/8 1/2 ’
5T> :_0.332@%) (T, — T\ g0> O O
y=0 ’

) ) (%)
X = — 0-332( = — . ... .. .. .. .. 14
<8y . ; (v — o) { . (14)

U, is the velocity of the undisturbed flow ; # is measured from the leading edge of the plate.

with

we have

Introducing a local mass-transfer coefficient, K, defined by
K— & ... ... .. o5

¢ oUo(V’l - wo)
where g, is the rate at which mass is being transferred across a unit area of the surface, z.e.,

— poJ <2—§‘;> equation (14) may be written
y=0

-\, 2/3 ~1/2 (
-Kg=0-332<7—> <-U—x> s
v/ » . o ‘ : ,
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Since the local skin friction coefficient, C;, is given by (Ref. 7, Chap. iv)

—1/2
Cf—-0664<U°x) N (V)

it follows that

1j2/3 | .
Kg=§<;> C,o o8

Typical distributions of K, as given by (16) or (18) are shown in Fig. 1.

3.2, Duffusion from the Surface of an Aerofoil—When the velocity U outside the boundary
layer varies along the surface, the mass-transfer rates may be estimated by the method for
calculating the heat transfer, suggested by Saulre (1942)°. '

As applied to the diffusion problem, the procedure is to solve the continuity equationt

(w)f w—wody—~y<> P 0 £

by assuming the distributions of # and » across their respective boundary layers to be equal
to the Blasius velocity distribution’ across the laminar boundary layer on a flat plate.

Defining displacement thicknesses 6* and é,* for the viscous boundary layer and diffusion
boundary layer, respectively, by

o

. _ o |
0% = <1 U)dy . .. .. - .. . . .. (20)
J o
and
6
8% — ‘”—“—”"’)d . e L@
! do(wl——% Y . (21)

the solution may be obtained from the following equations :

j Udx

( > 03861<>U4 Uﬁdx .. .. . . .. . o (22)

where F is a known function and U is given. in terms of x, the distance along the surface from
the front stagnation point ;

(6*)2=25§VJU5dx O
0
and
<>0 0-5715(“”6—~—~1—*‘P—°). N .71
y= .

T The continuity equation (19), which is analogous to the momentum equation for viscous flow and the integral
energy equation for heat flow, may be obtained by integrating (7) with respect to y or, more simply, by considering
the balance of mass within an elementary strip of the diffusion boundary layer.
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The ratio 8,*/6* is found from (22); thence, using (23) we deduce 8,* which can be inserted in

. op\'
(24) to give <—> .
) togive{ 5 »

The function F(5,*/6%) appearing in (22) is given in the Table below, which is reproduced from
Ref. 9.

TABLE 1

5% 5% 1 0-500‘ 0-625 l0-667 0-833 ll-ooo ]1-250 }1~429 }1~667 ‘1-818‘ 2-000

0-0521 0-100 ‘0-121 0-230 ‘0-386’ 0-713 ’1-018 '1-522 ’1-901{ 2-398

F(8,%[6%)

Near the front stagnation point, the velocity may be represented by
Usz L (28

where s is a typical length. Equations (22) and (23) then reduce to

F<%j=1&%<@ P 0

#)2 — ()- rs 97

(6%) 0493(]0' . e . .. . .. .. .o (27)

By way of example, the distribution of K, over the forward part of the upper surface of the

NACA 2409 aerofoil is shown in Fig. 2; the surface is assumed to be coated with naphthalene
for which (j/») is 0-39 (¢f. section 7). -

As an alternative to the above method, when the skin friction at the surface of the aerofoil
is known, an approximation to the mass-transfer rate can be obtained by assuming a relation
equivalent to (I18) to hold locally. This leads to

B 1 _7. 2/3 UO
Ag__é<;> G, e e e

where both K, and C, are expressed in terms of the undisturbed velocity, U, The distribution
of K, found from equation (28) is compared with the more exact values for the NACA aerofoil
in Fig. 2; except near the stagnation point, the agreement is fairly good.

 3.3. Diffusion from an Isolated Region of a Flat Plate—In some circumstances the region

from which diffusion takes place may not extend so far upstream as the leading edge of the
plate ; accordingly, diffusion will commence in an established boundary layer and the Pohlhausen
solution given in section 3.1 will not apply, since the boundary conditions (5) do not hold over
the entire surface. However, if the dimension of the region in the direction of flow is small
compared with the length of plate upstream, a situation likely to exist when diffusion occurs
from a small area of the wall of a wind tunnel or duct, the problem may yet be compared with
a similar one in heat transfer to which a solution has been given by Leveque®.

+ The right-hand side of equation (22) is a first approximation to a more complicated expression ; a method of
deriving successive approximations is described in Ref. 9. Alternatively, the ratio 6;%/6* can be found directly by
solving the following equation step-by-step :

e dfur o ey 0S5,
&% dx| v &t 5% 5% v

Initial conditions are provided by (26) and (27).



The velocity profile in the boundary layer is assumed to be given by

w22 )
U =

Equations (29) are equivalent to postulating the thickness of the diffusion boundary layer to be

small in comparison with that of the viscous layer. 7, is the shear stress at the surface and is
assumed to be constant.

The diffusion equation, (7), reduces to

wx = y oy (30)
with the conditions
Y=y, y=0, x>0
Y=y, , x <0 e .. .. (31)
’!/J——)"?po, y——>OO

where x is measured from the upstream edge of the diffusing area.

The rate of mass transfer per unit area, as deduced from the corresponding Leveque solution
of the thermal problem, is

NCO N 70 S ‘
o <ay>y:0 = 112 poj (py — o) <9w'x> 3
The local mass-transfer coefficient is given by :
N 2/3 1/3 :
— (- 7 1/3 4 .
K, =0-428 <v> C; <on> .. .. . .. .. .. (33)
. . T S
in which Cr= LU

The above solution is compared in Fig. 1 with that given by (18) for diffusion from the entire
length of the plate.

A relation very similar to (33) can be derived directly from the continuity eqtiatio‘n, (19),
by assuming a distribution of v across the diffusion boundary layer in the form of a polynomial
in y. With a quartic, the conditions which may be satisfied are

Y =101, p =y, _'}’:O;V":"/’l
Y _ . Py 4
8_5/_ ’ oy: .. - o (34)
%
@ 0

The last of these conditions follows from the diffusion equation, (7).
The appropriate distribution of v is then given by

%ﬁp—:(@[Z—Z(@nL(%)J L (35)

With this expression for v, and the velocity profile given by (29), the continuity equation (19)
reduces to

Ydx Tq
.\ 1/3 .
so that «51—;(4—5;%6) e 38)
)

since 6; = 0 when x = 0.




For the local mass-transfer coefficient, we have

.oy '

— PoJ <8—> .

Y/ yeo 29
K, = Y = . .. . . e . e 37
‘ ¢ poeUo(¥1 — o) Uy (37)

Finally, from (36) and (37),
’ -~ 2/3 1/3

K, = 0-446 %) c;v3<[£x> . 38

Equations (33) and (38) are identical in form : they differ only by 4 per cent in the value of the
constant. ' S

The advantage of the approximate method over the exact Leveque solution is that it may be
extended to the case where the diffusion and viscous boundary layers are of comparable thick-
ness, simply by replacing (29) by a polynomial of the Pohlhausen type, 7.e.,

“ Y B y 2 y 3
s =22 () + ()]
where ¢ is the thickness of the viscous boundary layer.
4. Diffusion in a Turbulent Flow.—4.1.- The analogy Between Mass Transfer, Skin Friction

and Heat Transfer : Diffusion from a Flat Plate.—The expressions corresponding to (8) for the
turbulent transfer of momentum and heat are

—~ — 01
PU'U%‘—__PolfU@ ]
v 39)
and pOCp'ZI-'_T?-z‘ — pOC:,,Z;)“ 5}7

Since the transfer of heat and of mass by the turbulent velocities may be supposed to occur in
the same way, it is admissible to write

lzv = E‘ .
Moreover, in the Reynolds analogy between heat transfer and skin friction (Ref. 8, Chap. xv)
it is assumed that

lw=1v .
The momentum, energy and diffusion equations in a turbulent flow with zero pressure gradient
may, therefore, be written

ou ou 5 | -, 0U

o7 8T 8 [/ k| =\oT .
%a—l—ﬂ@——a‘j—/ <pocﬁ+lv>5—5/] . .. - .. .. (40b)

oy, oy _ o[, pow -
%ax—{—vay—ayl:(]—f—lv)ay] . . .. .. .. .. (40c)

with the respective boundary conditions

=20, y=0; u— U, Y —> .. .. .. .. (41_a)
T =T, =0; T—T, y— o e .. .. .. (41b)
P = p,, y=0; Y —> Wy, Y —> .. .. .. .. (4lc)
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provided that the viscous, thermal and diffusion boundary layers have a common origin on the
surface.

In a fully developed turbulent flow the molecular transfer coefficients 7, v and &/p,C, occurring
in equations (40) may be neglected in comparison with the turbulent transfer coefficient, i,
and, since the boundary conditions (41) are similar, (40) will have solutions related by

w_wlmT_'Tl U

= = — 42
Yo — P Ty — T, Uo ( )
together with : A
: Kg == K]z = %Cf . ‘. e e .. « . . .. . .o .. (43)
K, is the local heat-transfer coefficient defined by A C
K, = .. .. .. .. .. . .. (44
K= OCT =Ty S )

where 7% is the rate at which heat is transferred across a unit area of the surface.

The relation (42) would not, in general, be expected to apply accurately throughout the boun-
dary layer, owing to the existence of a laminar sub-layer adjacent to the surface in which the
molecular transport terms dominate, and a transition layer where the molecular and turbulent
transport terms are of equal importance. The analogies, (42) and (43) would be strictly valid
over the entire boundary layer only in the case of ideal gases for which

k : ‘
Pocp 7

The extension of the analogy between heat transfer and skin friction in a real gas, to include
the effects of the laminar sub-layer and transition layer, was made by von Karmin (Ref. 8,
Chap. xv), who deduced an expression for the local heat-transfer coefficient ‘

flf,,: ,:%:IliJ(—gf—[—E(@J S (45)

Y =

so=elo e ()

and ¢ is the Prandtl number, »C,/k.

Von Karman’s argument may also be applied to the analogy between mass transfer and
skin friction ; the relation between K, and C, is obtained by replacing o in (45) by /7, thus :

I%ZA\/EH/\/(@JJ(D] L e
-+

The function J is displayed in Fig. 3.

where

where,

The distributions of K, as given by (46), along a flat plate parallel to the airstream are shown
in Fig. 4 for surface coatings of naphthalene and of water. The respective values of 7/» for these
two substances are 0-39 and 1-65 and are, in turn, representative of the magnitudes of j/» for
heavy organic vapours and elemental gases, or light vapours, diffusing into air. The skin-friction
law adopted for the calculation was (Ref. 8, Chap. Viil)

i —1/5
C, = 0-0592 (%30 .
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For comparison, the distribution of K, as given by the simple relation (48), appropriate to j/»
equal to unity, is also shown in Fig. 4. '

4.2. Diffusion from the Surface of an Aeroforl.—The analogy between mass transfer, skin friction
and heat transfer discussed in the preceeding section is strictly true only for flows with zero
pressure gradient. However, in the absence of a more refined theory, the variation in velocity
outside the turbulent boundary layer of an aerofoil may be taken into account, as in heat-transfer
calculations®, by relating the distribution of v across the boundary layer to the local velocity.
This leads to the expression, ¢f. equation (28), ‘ C - ;

I_i__g:/\/{%n_g/\Ké)Jr](i)} ST

where U is the local velocity at the outer edge of the boundary layer and U, is the velocity of
the undisturbed stream. C;and K, are defined, as before, in terms of the velocity U,.

The variation of K, on the upper surface of an NACA 2409 aerofoil has been calculated from
(47) and is shown in Fig. 2; the distribution of K, is given for two assumed. positions of
transition*.

4.3. Diffusion from an Isolated Region of a Flat Plate.—The diffusion in a turbulent boundary
layer from a part of a flat plate has been solved by O. G. Sutton (1934)* on the assumption
that the variation of velocity with distance from the surface obeys a power law. Sutton’s analysis
does not, therefore, include the effects of molecular diffusion in the laminar sub-layer and, on
this account, is'applicable rigorously only to diffusion processes where J/v is nearly unity. If
jlv departs, appreciably from unity, as‘it does for example with complex organic vapours, like
naphthalene, diffusing into air, the influence of molecular diffusion very . close to the surface
may be important ; in fact, for the limiting case of a length of surface small compared with
the thickness of the viscous boundary layer, the diffusion will be confined entirely within the
~ laminar sub-layer (see Figs. 7 and 8) and the relevant solution is then given by equation (33).
The following analysis provides an approximate method of allowing for the molecular diffusion.

The continuity equation for the diffusion boundary layer is, ¢f. section 3.2,

5, o
2 __(
axJ wly — po)dy = — J <8y >y=0 . .. .. .. . . .. (48)

: 0
The boundary conditions are :

Y=y, y=0, x>0

y=v, V=0
The local mass-transfer coefficient is given by
0y
K — M 7 (50)
T — e . . . . . o
In order to evaluate the integral on the left of equation (48), some assumption is required
concerning the variation of  across the boundary layer. The assumption we shall make is that
the distribution of 3 through the diffusion boundary layer is similar to the distribution of tempera-
ture through a corresponding part of the boundary layer on a uniformly heated flat plate.
Such a distribution has a certain plausibility : - it is correct in the limit.x — o, and will be
shown to lead to the correct form of solution for the mass transfer as x — 0.

¥ The development of the boundary layer on the aerofoil was calculated by using Thwaites’ simplified method
(1949)10 for the laminar layer, and the method of Squire and Young (1937)1 for the turbulent layer.

11



Writing #, for the friction velocity, 4/(z,/p,), and

Ve = Yyt fy
Y, = 24, [v
the concentration at any point may be expressed in the form
n—v _gly) . -
vi— e g(Y) 5D

g(y.) is identical with the function describing the variation of temperature across a heated turbu-
lent boundary layer®® except that the Prandtl number, &, which occurs in the case of heat
transfer is now replaced by »/j. g(y,) is, therefore, defined by

~

v_t»y . i
gl =77, 0<5<5
Y v S L
= 5 log, ; 1——> -, S <y, <30 2
5 log, 5]—|— 7 +,] y - (52)
_u 7
—;ﬁr—l—](”) ‘ = J

J(5/v) is defined in section 4.1. The boundaries of the laminar sub-layer and transition layer
are respectively given by y, = 5 and y, = 30. - S . S

With the expressions for g(y,) given by (52) the assumed distribution for y, equation (51),
does not satisfy the condition d¢/dy = 0 when y = 5,, characteristic of the edge of a boundary
layer. However, since the method is used only for determining the mass-transfer rate, which
depends on the integral of the concentration over the diffusion boundary layer, the error thus
caused will be small. Equation (51) satisfies the more important boundary conditions, v = y,,
Yy=0; py=19,y =20, %[0y’ =0,y =0. .

The velocity distribution across the turbulent boundary layer on a flat plate is given by
von Karman (Ref. 8, Chap. xv) as 7

u
where ,
Sy = - » 0<y,< 5
= — 3-05 + 5log, v, 5 <y, <30 R .. .. (53)
=554 2-5log, ¥y, , v, > 30
The continuity equation, (48), may now be written
Y,
ACON ay, . 1 _
[gzm J S el dy,J &Yy 6
the dash denoting differentiation with respect to Y,.
If we write
x
— = ¥
do
where 8, is the turbulent boundary-layer thickness at x = 0, equation (64) reduces to
1
@fz:@‘so)gw” . L )
dy »

€ [ A ety ay,
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The expression for the local mass transfer coefficient, (50), becomes

w, 1
K, = — : . . . .. .. .. . .. (56
g [fog(SZJ ( )
The functions occurring on the right of equation (55) are easily calculated from (52) and (53) ;
collecting them together, we may write

‘%:<7ﬁf—°>ﬂ(n). L e

H(Y.) and g(Y,) are given in Table 2 for a number of values of (j/») ; full algebraic expressions
are contained in Appendix IL

~ Equation (57) can conveniently be integrated step-by-step to give Y, ; K, then follows from
(56). The initial value of Y, is derived quite simply since, near the origin of the diffusion boun-
-dary layer, we have

+—0; Y.—0,  fAY)—>Y, g(Y) —>;1.Y, .

Consequently,

Y. _ o (1) (w0 1
: dy T \» v JY 2

Neglecting the variation of #, with , the preceding equation may be integrated to give

N /%0 . ,
Y,3=9<i><%-—°>x. R (- )
v v ’ )

Equation (58) holds so long as the thickness of the diffusion boundary layer remains smaller
than that of the laminar sub-layer and the integration of (57) may, therefore, be started at
the value of y corresponding to the edge of the laminar sub-layer. This leads to the initial

condition
Y, =5; — 13-89 3)( ”).
. x : (_7 . 160

It ‘also follows from (58) that, as y — 0,

NI . 1/3
_ (7 U, v
Ky = ;> <U0> (9%76075)

or, expressed-in terms of x and the local skin friction coefficient,

k —oss2(D) o (Y. (59)
g » f on . . .. .. .. .

This equation differs from the Leveque solution, given by (33), only in the value of the constant ;
its exact value is roughly 10 per cent larger than the one given above*.

In contrast, as y — o, the thickness of the diffusion boundary layer will approach that of
the turbulent boundary layer and, from (52),

52
sra—t+7(1).

"~ * In deducing equation (59), a linear distribution was, in effect, assumed for y through the laminar sub-layer, ¢f.
equation (52). Equation (38), section 3.3, was obtained by the same method, but the distribution of ¢ was assumed
to be given by a quartic in y. Comparing the values of the constant, we find,

exact solution, equation (33) 1 0-428
linear distribution, equation (59) ¢ 0-382
quartic distribution, equation (38) : 0-446.
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Thus

.,

K, =

@
N NORION

which is the expression given in (46) for the mass-transfer coefficient when diffusion commences
at the leading edge of a flat plate.

or

“Comparison with Sutton’s solution provides a furthet check on the present method when
jf» = 1. The local mass-transfer coefficient deduced from Sutton’s theory® is

S0 TT SN ' ‘
Uy“") (%‘L O - )

K,= (»0247(

when the boundary-layer profile obeys a $th power law*. In the derivation of equation (60),
the boundary-layer thickness, 6, is assumed constant.  Some examples of variation of the
K, with x, as given by equation (60) and by equations (56) and (57), are shown in Figs. 5 and 6.
Except near the origin, where the present solution is more nearly correct than Sutton’s, the
two results agree satisfactorily ; the small differences could be explained by the different
assumptions concerning the turbulent boundary-layer velocity-profile.

‘The significance of molecular diffusion in the laminar sub-layer, when j/» differs from unity,

can be seen' from Figs. 5 and 6 which include curves of the mass-transfer coefficient for
jlv = 0-333.

Examples of the growth of the diffusion boundary layer are given in Figs. 7 and 8.

5. The Concentration at the Boundary.—In deriving the expressions for the mass-transfer
rates it has been assumed that ¢, and y, are known quantities. The value of w, presents no
difficulty : in an evaporation or sublimation process it may normally be taken as zero—except,
of course, for the evaporation of water into a humid airstream—whereas in a contamination
process it is prescribed by the concentration of the active gas present in the airstream. The
value to be assigned to w;, on the other hand, is less obvious. It is usually assumed for
the evaporation of water®? that ¢, is equal to the concentration of the saturated vapour at
the temperature of the surface. Although it will be shown that this assumption is justified,
it is not immediately apparent physically, particularly as saturation implies an equilibrium
state, and therefore deserves a more detailed discussion.

5.1. "9y for Evaporation or Sublimation.—The evaporation or sublimation of a substance
into a stream of air may, for convenience, be imagined to occur in two stages. The first is a
purely molecular process which takes place in an extremely thin layer adjacent to the surface
and involves a continuous evaporation and recondensation of gas molecules. The second stage,
represented by the diffusion through the boundary layer, can be regarded simply as a mechanism
for conveying into the airstream those molecules which escape from the surface layer. The
number of molecules which so escape is determined, amongst other things, by the difference
between the partial pressure of the vapour at the surface and the saturation pressure; when
this is. zero no net evaporation can occur. Although this latter statement apparently contra-
dicts the assumption that the concentration at the surface corresponds to saturation, it will
be demonstrated that, in practice, a very small departure from the saturated condition may

* An expression similar to (60) can be deduced from some measurements of the temperature field due to a heat
source located in the surface of a flat plate, made by Wieghardt (1948)%", This solution is given in Appendix III.
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TABLE 2

g(Ys) H(Y,)

Y, , -

i=4% 3 1 3 3 =3 g 1 3 3
5 15-00 750 5-00 3-75 3-00 0-0400 0-0800. 0-1200 0-1600 0-2000
6 17-35 8-81 5-91 4-45 3.57 0-0424 0-0711 0-0990 0-1269 0-1551
7-5 19-58 10-30 7-03 5-34 4-31 0-0410 0-0598 0-0781 0-0964 0-1147
10 21-93 12-08 8-47 6-55 5-35 0-0365 0-0479 0-0591 0-0701 0-0808
15 24-73 14-43 10-49 8-33 6-94 0-0300 0-0363 0-0423 0-0481 0-0538
20 26-51 16-02 11-93 9-64 8-15 0-0262 0-0306 0-0347 0-0385 0-0423
25 27-82 17-23 13-05 10-68 9-12 0-0238 0-0272 0-0302 0-0331 0-0359
30 28-86 18-20 13-96 11-54 9-93 0-0220 0-0248 0-0272 0-0295 0-0317
30 28-86 1820 13-96 11-54 9.93 0-0496 0-0525 - 0-0545 0-0559 0-0571
35 29-29 18-63 14-39 11-97 10-36 0-0367 0-0464 0-0493 0-0500 - 0-0512
40 29-63 18-96 14-72 12-30 10-70 0-0306 0-0425 0-0458 0-0459 - 0-0472
45 29-92 19-26 15-02 1260 10-99 0-0270 0-0397 | 0-0432 0-0432 0-0443
50 30-18 19-52 15-28 12-86 11-25 0-0247 0-0377 0-0413" 0-0411 0-0422
60 30-64 19-98 15-74 13-32 11-71 0-0218 0-0349 0-0385 0-0381 0-0392
70 31-03 20-36 - 16-12 13-70 12-09 0-0200 0-0329 0-0366 . 0-0361 0-0371
80 31-36 20-70 16-46 14-04 12-43 0-0188 0-0316 0-0351 0-0346 0-0355
100 31-92 21-26 17-01 14-59 12-99 0-0173 0-0296 00330 0-0324 0-0334
150 32-93 29.97 18-03 15-61 14-00 0-0154 0-0269 | 0-0300 0-0294 0-0302
200 33-65 22.99 18-75 16-33 14-72 0-0144 0-0254 - 0-0283 0-0283 0-0285
300 34-66 2400 19:76 '17-34 15-73 0-0134 0-0236 0-0263 0-0258 0-0264
400 35-38 24-72 20-48 18-06 16-45 0-0128 0-0226 0-0251 0-0245 0-0251
500 35-94 25-98 21-04 18-62 17-01 0-0125 0-0218 0-0242 0-0237 0-0243
1000 - 37-67 27-01 29-77 20-35 1874 0-0115 0-0199 0-0219 0-0215 0-0219
2000 39-41 28-74 24-50 29-08 20-48 0-0107 0-0183 0-0200 0-0196 0-0200
3000 40-42 29-76 25-52 23-09 21-49 0-0104 0-0175. 0-0191 0-0187 0-0190
4000 41-14 30-48 26-24 23-82 2921 0-0101 0-0169 0-0184 0-0181 0-0184
5000 41-70 . 31-04 24-37 2977 0-0099 0-0165 - 0-0180 0-0177 0-0179




suffice to account for the comparatively low rates of evaporation which are achieved. In other
words, the number of molecules carried away from the surface by diffusion is small compared
with the numbers evaporating and condensing in the surface layer. The condition at the surface
is, therefore, almost one of dynamic equilibrium.

According to the kinetic theory of gases, the rate of evaporation from a substance at
temperature 7" in contact with its vapour at the same temperature and at pressure ¢, is given by

Gz S e
v (2aRT [m) '

where p, is the vapour pressure at temperature 7', S is the area of the surface, % is the molecular
weight of the vapour and R is the gas constant (83-15 x 10° ergs/°C/gm). « is called the
coefficient of evaporation™ : thus, of the total mass of vapour molecules striking the surface S
in unit time, (p,S/+/(2:RTm), o« represents the fraction which condenses to re-form a liquid
or solid, the rest being reflected back into the vapour. -
In the problem of evaporation from a surface into an atmosphere of air and contaminating
vapour, p, may be taken to be the partial pressure of the vapour at the surface and is given by

pl.:—?%pﬂzpm g O (-
Similarly,

ps=%pozpsT - - .. .. - . .. . (63)

where v, is the concentration of the saturated vapour.
Since the rate of evaporation given by (61) must be equal to the rate of transport of the vapour

through the boundary layer, _
RT
K Uo(vs — o) = a(p, — y1) ’J<

Qam )’

Hence, 1 KU, v, Zizhm
o P, RT

Py = Y, 1 KgUo f gm ‘. ..
+ o (RT

Clearly, the difference between v, and y, will depend on the magnitude of the term
(K Uo/0)y/ (2nm|RT). The expression K,Uyy/(2nm/RT) is, in general, very small. For example, in
the case of water with m = 18, T = 288 deg K, U, = 20 m/sec and K, = 0-001, it is of the
order of 107*; for a heavy organic vapour with m =.150, at a temperature and speed corres-
ponding to the flight of an aircraft at high altitude, say T = 230 deg K and U, = 150 m/sec,
it is of the order of 107°. Tt follows that (K,Uy/a)/(2vm/RT) can be comparable with unity
only if « is small. '

(64)

Measurements of « appear to have been made only in relatively few cases ; a number of results
are shown in Table 3 below.

TABLE 3

Substance State o Ref.
Mercury .. .. .. liquid 1-0 15
Mercury .. . .. solid 0-85 15
Cadmium .. .. solid 0-98 15
Tantalum - .. solid 1-0 15 -
Tungsten .. . solid 1-0 15
Titanium .. - solid 1-0 17
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TABLE 3—continued

Substance State o Ref.
Rhombic Squhur .- solid 0-7 18
Thorium . . .. liquid 1-0 15
Benzophenone . .. liquid 0-2t00-5 15
Water .. e e liquid 0-004 16
Copper .. .. .. liquid 1-0 28
Beryllium .. . liquid 1-0- 28
Platinum . .. liquid 1-0 28
Silver .. .. .. liquid 0-92 28
Iron ... . .| liguid 1-0 - 28

For evaporating liquids, « has generally been found to lie between 0-1 and 1:0. Consequently,

the terms (K,U,/®)/(2nm/RT) will be negligibly small in comparison with unity and the con-
centration at the surface will approximate closely to saturation. The only anomaly is water
for which « is 0-004 ; with this value of « and with 7" = 288 deg K, U, = 20 m/sec and
K, =0-001, the value of (K,U,Ja)+/ (22m|RT) becomes 3:5 x 1072, Thisimplies that, even in this
extreme case, the concentration at the surface will only differ by about 3% per cent from the
saturation value. :

Available evidence on the magnitude of « for sublimation from the solid state suggests that
it will also be of the order of unity, ¢f. Table 3. However, in a recent paper, Stranski and Wolff
(1951)* maintain that this conclusion may not be generally valid. ~According to their argument,
the molecular structure in the vapour may differ from that in the solid ; thus, the solid state
may be characterised by a crystalhne arrangement of molecules which has associated with it
a certain ‘ excitation energy.” It follows that, of the total number of vapour molecules striking
the solid surface, only those possessing an energy in excess of the excitation energy will have
the chance of condensmg to reform crystals. If the excitation energy per gramme of substanceis -

, the proportion of the total number of molecules strlkmg the surface which have a kinetic

energy in excess of &, is,

&M
exp (‘ RT

on the assumption that the-molecular velocities in the vapour are distributed according to the
Maxwell law. « will then be given by,

M
o(:(x(,exp<——‘§]—, .. .. .. .. .. .. .. (65)

where «, is a constant, probably of the order of unity*. . Stranski and Wolff cite carbon as an
example of a case in which large differences in the magnitude of « between evaporation and
sublimation have been observed ; they attribute this difference to the term exp(— e m|RT).
On the other hand, the substances used for boundary-layer transition indication all have low
melting points (< 200 deg C) and this suggests that, at ordinary temperatures, the inter-
molecular forces in the solid state will be comparatively small. It is, therefore, reasonable to
assume that e, for such substances will also be small and consequently exp(— em/RT) and «
will not differ much from unity. There is also some evidence produced by Hartshorne (1949)
to show that, even when e, is appreciable (65) may give too low a value for «.

* Oﬂu may differ {rom unity because, in addition to the energy condition, there may be a geometrical condition for
condensation, requiring a certain orientation of the molecules striking the surface.
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As a result of these arguments it may be inferred that, for the sublimation of substances
used for boundary-layer observation and certainly for evaporating liquids, the boundary con-
dition at the surface may, to a close approximation, be written

wl = Y .
_ omp, _ mp, . .. .. .. .. .. (66)
o = pDROT o WoPo )

where m, is the molecular weight of air, and p, is the static pressure in the airstream.

When the approaching airstream is uncontaminated by any vapour, (66) implies that the rate
of evaporation of a substance should be proportional to its vapour pressure. This was con-
firmed experimentally for Toluene, Chlorobenzene, m-Xylene and Nitrobenzene by Hine (1924),

It is of interest to observe that the condition (66) has a similarity to the no-slip condition
for the viscous flow of a dense gas past a body, and the condition for heat flow that the tempera-
ture varies continuously across the surface of the body. This may be seen by considerin
the diffusion from a flat plate in a laminar flow, for which it may easily be shown that =~ -

K, U, MOM o , o
oc',Z_%Tls R , ’ o

in which «is assumed to be O(1) ; M is the Mach number of the flow and R the Reynolds number
based on the length of the plate. When the Reynolds number is large, M/+/R is of the same
order of magnitude as //6, where / is the molecular mean free path in the air and ¢ is the thick-
ness of the boundary layer. Consequently, the condition y, = y, is valid provided that 7Js
or M/4/R is small. Tt is, however, in precisely these circumstances that the conditions apply
for zero slip and a continuous variation of temperature at the surface*. ‘

5.2. wy, for Contamination.—The rate of reaction between an active gas and a chemically
coated surface may be deduced by an argument similar to that described in the previous section
for crystal formation. Only a fraction of the gas molecules striking the surface may be ex-
pected to undergo a chemical combination : - the remainder are re-emitted from the surface.
The property required of the chemically active molecules is that they possess a kinetic energy
in excess of a certain ‘ activation energy '®. If this energy is e, per gramme, the rate of transfer
of the gas into the surface is given by,

4 P S »
G:ﬁexp(— ﬁ?) \/(ZnRT/WL) .. .. .. .. .. .. (67)

where § is a constant. Since, in the steady state, this must be equal to the rate of transport
of the gas through the boundary layer

" RT
K Uy(po — 91) = By, exp ( — %T>N/<M _

Yo
; N RN
I+ %o, &P (“ RT)/\/ <2nm

No values of ¢, are available for the reactions which occur with transition indicators; in
any case, ¢, may depend markedly on the amount- of water vapour present. In the absence
of definite information concerning the magnitude of ¢, it is, therefore, impossible to specify
the correct value of ;. All that can be deduced from equation (68) is that, as the surface
temperature falls, », will tend to the value v, so that, when the contamination method of
boundary-layer observation is used in flight, the concentration of the active gas at the surface
of the aircraft may be expected to increase with increasing altitude, thus reducing the rate
of transfer of the gas through the boundary layer and, hence, the rate of chemical reaction.

Thus, P = (68)

* The exact value of J/§ for which slip at the surface may be supposed to influence significantly the skin friction or
the heat transfer may be only arbitrarily defined. It is usually accepted that slip flow occurs within the range
0-01 < 7/6 < 122. When [J§ exceeds 1, the flow enters the  free molecular’ régime.
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6. Vapour Pressurc and Surface Temperature—The variation with -temperature of the
vapour pressures of most liquids and selids is found to obey approximately the Clausius-Clapeyron
law over a limited temperature range, and is usually expressed in the form

logwps’:m—O’05223%+b e

where p,” is the vapour pressure in mm Hg at temperature T and a, b are constants for a
particular substance. 4 and b will not necessarily have the same values for evaporation from
the liquid and from the solid states. - :

a is related to the heat of evaporation or sublimation, L per gramme, by
‘@ =mL x 1077 ergs/gm. - ... .. . .. . .. (70)

Approximate Vélues of @ and & for substances suitable as boundary-layer transition indicators
may be deduced from Fig. 1 of Ref. 4*; more reliable values are given in the Table below for
a few of the solid substances, including Iodine which is toxic ‘and therefore unsuitable, and for
water. ' : B - ' ‘

TABLE 4
b '
Substance a b at 15°C Ref.
Camphor .. .. ..l 58,560 .8:80 | 0-12 23
Hexachlorethane .. ..| 50,450 8-64 - 021 24
Iodine AU ..| 67,300.| 11-33 0-13 23
Napthalene. . .. .. 71,400 .| 11-45 0:032 23
Thymol .. .. ..| 91,900 14-32 0-049 25
Anthracene . . ..t .. 70,390 | 871 . |=10"* .24
Water. .. .. ..| 41,600 6:90 12-79 23

~ As remarked in section 1, the values of p, for a certain substance obtained from different
sources are not always consistent, even when a common method of measurement is used. This
may be a result of the difficulty of determining very low vapour pressures, or, possibly, of slight
differences in the surface texture of the chemicals employed.

The surface temperature T occurring in equation (69) may, in general, be taken to equal
the boundary-layer stagnation temperature 7, given by ’ '
— U2 1‘/n .

T1—T0+2]C1,G . . .. .. . . . .o (71)
where for laminar layers # is equal to 2, and for turbulent layers it is given by Squire (1942)°
as equal to 3. T, is the ambient temperature and U the velocity outside the boundary layer :
J is the mechanical equivalent of heat. In identifying the surface temperature with the
boundary-layer stagnation temperature, radiation from the surface to the airstream is neg-
lected—this is permissible in subsonic flows under ordinary atmospheric conditions—and heat
transfer across the surface is assumed to be zero. For the present purpose, T, is given with
sufficient accuracy by

0-9 U? ' ,

TI—TO+?]—6 .. . .. . . . . (72)

for a surface on which the boundary layer is partly laminar and partly turbulent.

* The figures quoted by Main-Smith (1950) in Ref. 4 are accompanied by the cautionary note that they were extra-
polated from measurements made at high temperatures, possibly above the melting points of the substances concerned.
The values of p,’ deduced from Table 4 above, at a temperature of 20 deg C, for example, are in some cases only
1th of the corresponding values given in Ref. 4.
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In practice, a small quantity of heat must be transferred from the airstream to the surface
in order to provide the heat of evaporation of the chemical ; this implies that the surface tempera-
ture will be somewhat lower than the boundary-layer stagnation temperature. . The difference,
AT, is given by’

Ky, — yo)L = K, JC,AT '
K, L
or TeE vl | (73)
Since K, and K, are of the same order of magnitude, we obtam from (70) and (73) for evapora-
tion into a vapour-free airstream,

AT == 0-01p.a/p, .. . . ‘ . .. (74)
where p, is the static pressure in the arrstream For the sohds used as transrtlon indicators,
AT is msignificant at temperatures less than 20 deg C, being of the order of 0-1 deg C when Po
is equal to ground level atmospheric pressure. On the other hand, it is appreciable in the
evaporation of watér : with a boundary-layer stagnation temperature of 15 deg C and a static
pressure of one ground level atmosphere, 47 is given by,

AT ==7(1 — 7)
where 7 is the relative humidity in the approaching airstream. If, for example, the relative

humidity is 0-7, the temperature drop is roughly 2 deg C and its effect on the vapour pressure
is such as to reduce the rate of evaporation by some 10 per cent.

7. The Molecular Diffusion Coefficient, ,—The coefficients of molecular diffusion into air of
many of the substances used for observing boundary-layer transition are not recorded in any
of the standard works of reference®®?:%  Since the rate of mass transfer does not depend
critically on the value of the diffusion coefﬁcrent an approximate method of estimating it may
suffice ; a particularly simple one is suggested below

The theory of Chapman and Langevin described by Kennard in his book on the Kinetic
Theory of Gases (1938)", leads to the following expression for the coefficient of interdiffusion
between gases 1 and 2, ‘ , ,

. L1 Sy o\ - ‘

jlg_Am]s m1m2> T c .. SR .. .. (75)
where m, and m, are the respective molecular weights of the gases, T is the temperature and 2
the pressure of the mixture, and A,,’ is a quantity depending on the effective collision diameter
of the diffusing molecules ; the collision diameter will, in turn, depend on the particular gases
concerned and on the temperature It may be noted that accordmg to (75), 7:2 1s independent
of the proportions in which the gases are mixed ; this is confirmed closely by experiment.

It is found experlmentally that, for a g1ven pair of gases
Jrg o 17
where g is usually either 1-75 or 2-0, ¢f. Ref. 15, from which it may be presumed that A, varies
either as the square root or fourth root of the temperature On this basis, a general expression

for 7y, is, c
. ﬂ My + Mo ' ‘
=i (B)(BEYU(IY L L e

where A, is a constant for a given pair of gases and p,, 7, are some standard pressure and tem-
perature which we shall take to be 760 mm Hg and 0 deg C.

The collision diameter may be expected to increase, and A,, to decrease, with mcreasmg
complexity of the gas molecules. For the organic compounds primarily considered in this
report, a very crude guide to the molecular complexity is presented by the molecular weight,
and it is of interest, therefore, to discover whether, in fact, existing data suggest any distinct
relation between A12 and ‘the molecular weights of the mterdlffusmg gases.
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Fig. 9 shows the coefficient A, plotted against (m, -+ m,) for the gases listed in the Appendix ;
the basic data for 7;, were taken from Ref. 15. It will be seen that, with only two remarkable
exceptions, the points lie within a well-defined band about a curve which approximates to a
rectangular hyperbola. It may be significant that the two mixtures which deviate widely
from the curve each contains a halogen or its radical. Apart from these exceptions, the generality
of the result is surprising because, in addition to numerous organic gases and vapours, Fig. 9
includes water vapour as well as such elements as H,, He, O,, N, and Ar*. '

Tt is suggested that, for the purpose of calculating rates of mass transfer for organic vapours,
the mean curve in Fig. 9 may be used to estimate the molecular diffusion coefficients in the

absence of reliable measurements. | , »

In the analysis of sections 8 and 4 the diffusion coefficient appears only in the parameter
(jJ»), where » 1s taken to be the viscosity of the uncontaminated air. Within each of a series
of temperature ranges, » can be approximated by expressions of the type,

2 7;)(;) @

the values of s being found to lie between the two wvalues quoted previously forg. The varia-
tion of (j/») with temperature may evidently be expected to be small. For example, Cope®
has shown that a value of 1-89 for s represents adequately the terperature variation of » for
air over the range 90 deg K < T < 300 deg K, 5o that the variation of (j/») between 300 deg K

and 215 deg K, representative of the surface temperatures on a subsonic aircraft operating
between ground level and the stratosphere, will only amount in the extreme case to some 5

per cent. :
Some typical values of (jf») for substances diffusing into air are shown in Table 5.

TABLE 5

» = 0.132 cm?/sec for air at 0°C and 760 mm Hg pressure
j/v independent of temperature

Substance ‘ jlv
Camphor . .. .. 0-31%
Hexachlorethane .. ..| 0-20%
Naphthalene .o .. 0:375% (0-39)§
. Thymol Lo . 0-82%
Water vapour 1-54f  (1-65)§

i 7 estimated from Fig. 9
§ 7 obtained from Ref. 15.

8. Wind-tunnel Expeﬂment.—The'rates of sublimation of Camphor, Naphthalene and Thymol
trom a flat surface were measured in the R.AA.E. 4-ft x 3-ft-Wind Tunnel in order to provide

a rough comparison with the results of the preceding analysist.

A solution in either Petroleum Ether or Acetone of each chemical was sprayed on to a
rectangular metal strip 12-5 cm wide by 7-5 cm long ; a border, 1-25 cm wide, around the edges
of the strip was kept iree from the chemical coating. The strip was weighed and then, by means
of cellophane tape, was fixed with its shorter edge parallel to the direction of flow to the surface
of a large flat plate spanning the tunnel. The metal strip was 0-1 mm thick and the cellophane
tape, which was attached to the border of the strip, was 0-075 mm thick. After running the
tunnel at a known speed and for a given time, and having first carefully removed the cellophane
tape and all traces of the adhesive, the strip was weighed again.

* In spite of this apparent generality, it is considered that the relation between 4, and molecular weight, suggested
by the curve of Fig. 9, is valid only for organic substances containing combinations of a few elements, .e., Carbon,
Hydrogen, Oxygen and Nitrogen, diffusing into relatively simple gases, such as air, carbon dioxide, hydrogen.

+ The authors are indebted to Mr. Mikolajewski of Royal Aircraft Establishment, for supplying the solutions used

in this experiment.
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Boundary-layer transition was fixed near the leading edge of the large plate by a wire 0-7 mm
diameter. The turbulent boundary-layer thickness in the neighbourhood of the coated strip,
located approximately 21 m from the leading edge of -the plate, was estimated to be of the

order of 40 mm and so the protuberance formed by the combination of the strip and adhesive
tape should have had a negligible effect on the flow. ' '

No attempt was made to achieve a high degree of accuracy in .the experiment, and the tunnel
speeds were chosen so as to give a change in weight of the order of 0-05 gm during a run of
10-min duration. Since a certain time, of the order of 45 sec, 1s required at the beginning of
a run for the air in the tunnel to accelerate to a steady speed and at the end of a run for it
to return to rest, it is considered that the effective length of run was measured to an accuracy
not much better than 5 per cent. If greater accuracy were required, the duration of the run
could be increased, possibly with a corresponding decrease in tunnel speed. The change in
weight was measured to within about 5 per cent, ‘ ' ‘

The substances used in the experiment were selected from among the chemicals suitable
for indicating boundary-layer transition, since detailed measurements of their vapour pressures
were available ; even so, a disparity was noted between the vapour pressures quoted by dif-
ferent authorities (see for example, Fig. 11).

For comparison with the measurements, . the mass-transfer coefficients were calculated b
the method described in section 4.3 and converted into rates.of sublimation by means of the
vapour pressure data reproduced in Figs. 10, 11 and 12: The boundary-layer thickness and
shear stress were estimated from the expressions (Ref. 8, Chap. viii) S :

—1/5
§ = 0-37l<%>
Y

and 7, AN
mﬂ—z_o 0296<;~> o

in which / is the distance of the strip from the leading edge of the plate*.

The results are shown in Table 6 below, and are presented in the form of non-dimensional
rates of sublimation, G/p,U,S ; G is the rate at which mass is transferred from the surface of
area S into the airstream which has a velocity U, and density p,.

TABLE 6
U T X S x 108
Substance m/soec °(£) mm Hg Po”o
Measured | Estimated
Camphor 13-6 12-5 . 0-10 103 | 1-08
19-8 12-5 0-10 | 0-98 0-_96
Naphthalene 19-7 12-8 0-026 0-22 0-23
- 26-4 12-0 . 0-023 0-22 0-20
32-9 12-3 0-024 0-17 0-19
39:5 13-0 | 0-026 0-18 0-19,
39-5 1300 0-026 0-17 0-19 .
Thymol 57-9 14-3 | 0-0042 | 0-045 | 0-034
58-0 15-5 0-0053 0-050 0-041
49-9 15-5° 0-0‘053 . 0-055 0-043

* The distributions of K, over the strip for jfv = 0-833 and 1-0 are shown in Figs. 5a, 5b, 6a and 6b. These Figures
correspond respectively to tunnel wind speeds of 65-8, 49-2, 32-8 and 164 m/sec. :
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A similar comparison between the theoretical and experimental results, in terms of the mass-
transfer coefficients, is made in Fig. 13..

Bearing in mind the questionable accuracy of the vapour pressure data on which the
estimates were based, the agreement with the measured rates of sublimation in Table 6,
and in Fig. 18, is as good as might reasonably be expected. It is, perhaps, significant that the
divergence of the theoretical from the experimental values of G/p,U,S and K, increases as the
volatility of the substance decreases; this trend might be accounted for by a progressively
decreasing accuracy in the measurement of vapour pressure. It may be noted that the accuracy
of the wind-tunnel measurements, although not claimed to be high, remained approximately
the same for all the substances, since the windspeed was adjusted in each case to give roughly
the same length of run and change in weight*. '

9. Application to the Observation of Boundary-layer Transition in Flight—The ‘ sublimation ’
method of transition indication has been used successfully in flight by Dando (1949)° and others;
this success has, however, depended on the fact that the range of altitudes to which the experi-
ments were confined was generally fairly narrow. Recent flight experience has shown that
the extension of this range to what might be representative of a modern jet aircraft introduces
very serious difficulties in obtaining records of transition at 20,000 ft, and almost insuperable
difficulties at greater altitudes. ~Other troubles which arise are due to seasonal variations in
the temperature of the atmosphere. - : :

- The origin of these difficulties is clear from the preceding analysis. The rate of sublimation;
g,, into an unadulterated airstream can, in general, be expressed in the form

& = f(R, f—) g"%ﬁ

where R is the Reynolds number and ,, the vapour, pressure of the diffusing substance, varies
as exp (— 0-1203 a/T) ; some values of a are given in Table 4, section 6. With a change in
altitude, the values of R, U,, T and p, will alter, but the dominating effect will be that of the
change in p,. Thus, p, at an altitude of 20,000 ft may be only 1 per cent, or less, of its value
at ground level, owing to the difference in surface temperaturef. . .

In order to illustrate the magnitude of these altitude effects, calculations were made of the
rates of sublimation from the surfaces of two conjectural aircraft, which were assumed to climb
to altitude at a constant forward speed and rate of ascent, followed by a level flight at constant
Mach number. The individual performances were :—

(a) Fast’ aircraft : Rate of climb 3000 ft/min
- Forward speed in the climb 300 ft/sec E.A.S.
Mach number in level flight 0-65
(b) * Slow ’ aircraft : Rate of climb 1500 ft/min
: Forward speed in the climb 200 ft/sec E.A.S.
Mach number in level flight 0-35

* It seems quite feasible to adapt the technique used in this experiment to the measurement of the vapour pressure
of solid volatile substances at ordinary temperatures, particularly if a laminar boundary layer were maintained on
the plate. The methods described in section 3.3 could then be used to relate the concentration at the surface to the rate
of sublimation. With a laminar boundary layer there is no uncertainty about the mechanism of the mass transfer
process, and the theoretical solutions for the rate of transfer can be assumed correct.

+ The extreme sensitivity of 4, to temperature makes it important to ensure that, in a flight experiment, the surface
under observation is far removed from heat sources, such as engine exhausts and jet pipes, which may produce a non-
uniform temperature distribution over the surface. Very roughly, for Naphthalene, an increase of 1 deg C in tempera-
ture increases the rate of evaporation by 15 per cent ; it is, therefore, clear that chordwise variations in temperature

of a few degrees could affect considerably the evaporation pattern.
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The surface under observation was supposed to be a flat plate of 15-ft chord with a completely
turbulent boundary layer, and the calculations were restricted to a unit area of the plate
0-6-chord behind the leading edge. The assumed surface coatings were Naphthalene for the
slower aircraft, and both Thymol and Naphthalene for the faster one, :

The results are shown in Figs. 14, 15 and 16, and are prééented, in the form of total mass
evaporated as a function of altitude and the horizontal distance travelled from take-off*. -

In practice, the surface densities of chemical corresponding to a very heavy coating, a moder-
ate coating and a very light coating would be roughly 1-5, 0-75 and 0-4 gm/sq ft respectively.

Figs. 14 and 15 suggest that difficulty in obtaining transition records at high altitude within
an acceptable flight range is likely to be encountered on the fast aircraft, if a chemical of low
volatility is used (Fig. 14); if, however, a more highly volatile chemical were chosen, and it
were heavily applied, it should be possible to obtain results at an altitude as high as 20,000 ft
(Fig. 15). This is more clearly exemplified by Fig. 17 which shows how the extent of evapora-
tion from the surface varies along the chord at different stages of a flight at 20,000 ft; to
construct this Figure, it was assumed that the surface was coated with Naphthalene and
that boundary-layer transition occurred at the leading edge during the climb, subsequently
retreating to 0-4-chord in level flight. The curves imply that a satisfactory contrast between
the regions of laminar and turbulent flow could be obtained in this particular case by coating

the surface initially to a density of roughly 1-25 gm/sq ft, the observations being completed
in a flight of 100 miles. T

On the other hand, Fig. 16 indicates that, on the slower aircraft, the reduction in the rate
of evaporation with increasing altitude is such as to make transition records unobtainable
within a practicable flight range at heights greater than approximately 15,000 ft. The situation

could not be improved by using a more volatile chemical, since it would require an initial coating
of prohibitively high surface density.

In the interpretation of Figs. 14, 15 and 16, given above, it is supposed that the evaporation
pattern can be recorded at altitude as soon as the position of transition becomes apparent.
This may not always be feasible and, if records are obtained after the aircraft has landed, allow-
ance must be made for the evaporation which occurs during the descent. For a given contrast
between regions of laminar and turbulent flow, a reduction in the maximum altitude at which
the observations can be made is required to counterbalance the effect of the additional evapora-

tion ; for the two aircraft considered here, the necessary reduction in altitude may amount
to 5,000 ft, or more. '

The conclusions given in this section confirm those previously reached by Mr. W. E. Gray
from flight experiments. : : '

10.  Conclusions.—The transfer of a dilute gas from or into the surface of a body in a two-
dimensional airstream has been studied by means of an analogy between forced diffusion, heat
transfer and skin friction. Three particular surfaces were considered : a flat plate parallel
to the flow, an aerofoil, and a part of a flat plate far removed from the leading edge. Expressions

have been deduced for the rates of mass transfer when the boundary layers on the surfaces are
either laminar or turbulent. ‘ : : , ‘ .

* Figs. 14, 15 and 16 are intended to illustrate'broadly the effects of altitude on the sublimation rates and, for this
purpose, a surface with a completely turbulent boundary layer has been considered. In practice, higher rates of
sublimation than those shown in the Figures may occur locally near transition, ¢f. Figs. 2 and 17. Figs, 14, 15 and 16

should not, therefore, be interpreted as giving an accurate measure of the distance which must be travelled at any
altitude for the position of transition first to become apparent, : C
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For laminar boundary layers, the parameter j/» controls the mass transfer in a manner
similar to that of the Prandtl number in the case of heat transfer ; j is the molecular diffusion
coefficient and » the kinematic viscosity of the mixture, assumed equal to that of the uncon-
taminated air. In particular, the mass transfer from a flat plate is proportional to (7]»)**;
this relation also holds approximately for the mass transfer from aerofoil surfaces.

For turbulent boundary layers, the molecular diffusion through the laminar sub-layer and
transition layer has a significant effect on the mass-transfer rate, and for this reason an approxi-
mate, alternative solution to that of Sutton is given to the problem of evaporation from an
isolated region of a flat plate. This solution is in fair agreement with Sutton’s when j/» is equal
to unity ; it also agrees reasonably well with measurements of the rates of sublimation of
Camphor, Thymol and Naphthalene, made in a wind tunnel, j/» for these substances lying in
the neighbourhood of 0-35.

An elementary examination of the boundary condition at an evaporating surface reveals
that the usual assumption—namely, that the air adjacent to the surface is saturated with the
diffusing vapour—is, in general, justified and bears a resemblance to the condition for no-slip
in the flow of a viscous fluid, and the condition in heat transfer that the temperature varies
continuously across the surface. The corresponding condition for the transfer of a chemically
active gas into a surface is derived, but, without further experiments, no quantitative values
can be assigned to the concentration at the surface.

An analysis of available measurements of the molecular diffusion coefficient for a pair of gases
suggests an approximate relationship between the collision diameter of the molecules and the
sum of the molecular weights of the gases. Combining this relation with the Chapman-Langevin
formula, a rough value of the diffusion coefficient for a large class of gases can be easily obtained.
When one of the gases is air, j/» can be assumed independent of temperature, and may vary
from approximately 0-3 for the diffusion of heavy organic vapours, like Camphor, to a value
greater than unity for elementary vapours, such as watér vapour.

Applying the theoretical methods to the problem of indicating boundary-layer transition
by a chemical sublimation technique, it is shown that the time required to obtain a record of
transition in a flight experiment increases rapidly with altitude, owing mainly to the reduction
in surface temperature and consequent decrease in the vapour pressure of the diffusing chemical.
This confirms the conclusion that had been reached by Mr. W. E. Gray from flight experiments
at 20,000 ft, that the sublimation technique can be used satisfactorily only at low or moderate
altitudes.

LIST OF SYMBOLS

a, b Constants determining the vapour pressure of a substance (eqn. 69)

Ass A constant for a pair of gases relating the diffusion coefficient to their
molecular weights (eqn. 76) '

C,  Specific heat of air at constant pressure

C; . Local skin friction coefficient : 7,/4p,U*

g Rate of transfer of mass from unit area of a surface
G Rate of transfer of mass from a surface of area S

J  Mechanical equivalent of heat '

J(p) A function appearing in the expression for the turbulent mass transfer
from a flat plate (eqn. 46)

7 Molecular diffusion coefficient (eqn. 1)
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LIST OF SYMBOLS—continued

Thermal conductivity of air

Local heat-transfer coefficient (eqn. 44)

Local mass-transfer coefficient (eqn, 15)

Turbulent exchange coefficients (eqn. 8)

Latent heat of evaporation or sublimation per unit mass
Molecular weight

‘Mach number

Static pressure in the airstream

Partial pressure of contaminating vapour
A standard pressure (760 mm Hg)
Absolute vapour pressure '
Vapour pressure expressed in mm Hg'
Reynolds number -

Universal gas constant

Area

Time

Temperature A
Ambient temperature in the airstream
Surface temperature - :

A standard temperature (0'deg C)
Velocity just outside the boundary layer
Free-stream velocity

Velocity components in the boundary layer .
Friction velocity : 4/ (vo/po)

Distance measured along the surface from the origin of the diffusion
boundary layer or from the front stagnation pomt on an aerofoil

Distance measured normal to the surface

Y thefv

The value of y, at the edge of the diffusion boundary layer
Coefficient of molecular evaporation (eqn. 61)

Thickness of viscous boundary layer

Thickness of diffusion boundary layer

Displacement thickness of viscous boundary layer (eqn. 20)
Displacement thickness of diffusion boundary layer (eqn. 21)
Activation energy per unit mass (eqn. 67)

Crystal excitation energy per unit mass (section 5.1)
Coefficient of viscosity of air

Coefficient of kinematic viscosity of air

Air density

Density of diffusing vapour

Prandtl number : uxC,/k
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10

11

12

13

14
15
16

17

18

LIST OF SYMBOLS—counitned

Xz Von Karman function occurring in the expression for turbulent heat
transfer from a flat plate (eqn. 45)

Ty Surface frictional stress
X x[6 : S
.y Concentration of diffusing vapour : p/p, (eqn. 4)
w,  Concentration in the free stream ‘
Yy Concentration at the surface

Y, Concentration corresponding to saturation (eqn. 63)

-
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APPENDIX I

The Coefficient of Interdiffusion Between a Paiy of Gases

The values of 4,, shown in Flg 9 were deduced from the data contained in the I ntematzonal
Critical Tables® ; the gases to which they apply are tabulated below.

Ay 18 defined by the equation, ¢f. section 7

o= Ay (T " 7')
12 12 g,
TABLE 1
Ay
Gas 1 Gas 2
Air CO, H,
Benzene .. 0-352 0-280 0-411
Ethyl proplonate 0-311 0-250 0-331
Isobutyl formate 0-336 — —
Diethylamine 0-389

Ethyl ether .
Methyl propionate
Ethyl acetate
Propyl formate ..
n-propyl alcohol
Isopropyl bromide
Methyl acetate ..
Carbon disulphide
Formic acid ..
Methyl alcohol ..
Acetic acid .-
Methyl formate . .

0-346 0-291
0-345 0-286
0-336 0-254
0-335 0-266
0-376 0-202
0-439 —
0-373 | - 0-208
0-408 0-333
0-550 0-415°
0-515 0-378 -695
0-471 0-361 -366
0-386 — —

‘414

-463
515
705

SOOOoO SCOOOoO
-
[¥)
©
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TABLE lﬂcontinued

{ 4iq

Gas 1 Gas 2

. Air CO, H,

Propionic acid .. - 0-378 0-308 0-460
Ethyl formate 0-383 0-301 0-471
- Methyl acetate .. 0-383 0-298 0-467
n-propyl bromide 0-411 —
Ethyl alcohol 0-420 0-324 0-519
Diphenyl.. - 0-299 — —
Naphthalene 0-248 — —
Amyl butyrate . 0-198 — —_—
n-octane . 0-241 — —
Amyl proplonate 0-226 0-200 0-266
Ethyl benzene 0-314 — —
Toluene .. 0-332 — —
Propyl prop1onate 0-274 0-222 0-297
Anthracene " 0-210 — —
Benzidrin 0-149 — —
Eugenol .. 0-187 —_— —
Safrol 0-214 — —
Isosafrol ..’ o 0-226 — —
Isobutyl valerate 0-210 0-180 0-242
Amy! isobuterate 0-207 — 0-240
n-propylbenzene 0-232 — —
Mesitylene 0-270 — —_
Isopropylbenzene 0-236 — —
Propyl valerate .. 0-229 0-197 0-266
Isobutyl isobutyrate 0-224 0-205 0-268
Isobutyl butyrate 0-230 0-190 0-260
Propyl isobutyrate 0-267 0-222 0-300
Propyl butyrate .. 0-258 0-208 0-289
Isopropyl isobutyrate .. (-286 — —
Isobutyl propionate 0-257 0-210 0-285
Ethyl valerate .. 0-249 0-210 0-288
Benzyl chloride . . 0-320 — —
m-chlorotoluene. . © 0-262 — —
o-chlorotoluene .. 0-287 — —
p-chlorotoluene . . 0-248 — —
Hexyl alcohol 0-237 0-195 0-279
Ethyl benzene 0-314 —_ —_
m-xylene. . 0-281 — —
o-xylene .. 0-296 — —_

p-xylene .. 0-268 — —

Caproic acid 0-241 — —

Isocaproic acid .. 0-247 — e

Amyl formate 0-262 — —

n-butyl acetate .. 0-280 —_ —
Ethyl n-butyrate 0-279 0-230 0-313
Ethyl isobutyrate 0-285 0-232 0-322
Isoamyl formate 0-280 — —
Isobutyl acetate 0-295 0-240 0-331
Methyl valerate 0-273 — —

Propyl propionate 0-275 0-223 0-297
Aniline 0-327 — —

n-amyl alcohol . 0-275 0-228 0-329
amyl alcohol (fermented) 0-273 0-227 0-326
Isovaleric acid .. . 0-259 0-208 0-298
n-valeric acid '0-238 — —
Methyl butyrate 0-301 0-247 0-339
Methyl isobutyrate 0-304 0-250 0-360
Propyl acetate .. 0-318 —_ —
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TABLE 2

Gases A4
Helium—Argon .. .. .. .. .. .. 1-220
Hydrogen—Oxygen .. .. .. . . .. 0-954
Oxygen—Nitrogen .. .. .. .. .. . 0-700
Oxygen—Carbon monoxide .. . .. .. .. -0:714
Oxygen—Carbon dioxide .. . .. .. .. 0-599
Oxygen—Air .. .. .. .. .. - .. 0-695
Hydrogen—Sulphur dioxide .. .. .. .. .. 0-671
Hydrogen—Nitrogen ., .. .. .. .. .. 0-916
Hydrogen—Nitrous oxide .. .. .. .. .. 0-741
Hydrogen—Carbon monoxide. . .. .. .. .. 0-970
Hydrogen—Carbon dioxide .. .. . .. .. 0-764
Hydrogen—Methane .. .. .. .. .. .. - 0-834
Hydrogen—Ethylene .. .. .. .. .. .. 0-666
Hydrogen—Ethane .. .. .. .. .. . 0-629
Hydrogen—Air .. .. .. .. .. .- .. 0-834
Nitrous oxide—Carbon dioxide .. .. .. .. 0-450
Carbon monoxide—Carbon dioxide .. .. .. .. 0-569
Carbon monoxide—Ethylene . . .. .. .. .. 0:435
Carbon dioxide—Methane .. .. .. .. . 0:526
Carbon dioxide—Air .. .. . .. .. .. 0-678
Todine—Air .. .. .. .. .. .. .. 0-492
Water vapour—Air .. .. .. . . . 0-735

APPENDIX II
The Functions g and H, cf. Section 4.3
g(z) is defined by,

glz) =2 0<z<5

7’ ,
2y fu 5v
= 5 log, ( — 1——.>+—.—, 5<2<30
g<@+ 7 J

=55 4 2:5log, 2 + J(j»), 2> 30 .
Then, g'(2) =§., O<z<5
v
=k : < 5 <2< 30
Jf5) + 1 —j)
=&~5, z = 30.
Z

H(z) is defined by :
6 [ 1e) ate) ar
where f(2) is given by equation (53), section 4.3.

30




Writing

0<z2<5

5 <2< 30

I = log, (ffr— 1 — L.) — 40-257 — 20125 2 1+ 201-25
5] 7 . v

+ [252 + 125 (% — 1>j’10gez} + 25 (% — 1>(z log, z — 8-05)
s( _ BN KA
— 62 5(1} 1> l:(loge 5].> <10ge 7)}
| - 7 _ { i A\l
+125<i—1>4' 5<» 1) — 3 5<v 1)
v —_— -— 7
U= i
4 . 3 . 4
1 5<L—1>] 1 5<i—1)1
Z z
g g N _1i N LY
SCEDEHCED R GRS GRS
1+ 242-9—;.—— 40-252—;—4— 6595z — 32625
J

»———1‘<z
v

5

_ 1N 40.95, — 901.95 2 .
= loge<5j 1 ]>{ 40-25z — 201-25 " -+ 201-25
+ {252 4 125 (%— 1)Jlogez}
-+ 25(42.—— 1>(zlogez—~ 8-05)
J 1 £
— 125(1) 1) loge<1 ].>loge 5
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=< "_1_-.1 1 3l'—1—4 \L
<%_1>+4L<%_1> o|( '1) +16<%—1> J,

z > 30

I ::I@m-+[}5254-3]<%{ﬂ-+15+-25]<%Cﬂzm&z

+ 6-252(log, 2)® — [4157 + 345-1) <%>}

~APPENDIX III

Diffuston 1n a Turbulent Boundary Layer from an Isolated Region of a Flat Plate

An expression for the mass-transfer coefficient, similar in form to Sutton’s, may be deduced
very simply from some measurements, made by Wieghardt (1948)%, of the temperature field
due to a heat source placed in the surface of a flat plate. The plate was exposed to an air-
stream of velocity U,,.

Wieghardt’s investigation included both point and line sources ; for a line source normal to
the direction of flow, he obtained the empirical relation between the intensity of the source,
g, and the temperature, 7, at a point on the surface distant z from the source,

0.5 1/7 [7.2N\"%%
m@U~T@=2ﬁC%> Cﬁ) % ce . Q)

where ¢ is the boundary-layer thickness at the position of the source.

On the analogy between the diffusion’ of heat and of matter, the corresponding relation for
the diffusion of a gas from a source of strength g, per unit length normal to the flow may be

written ,
USN\Y /71U 2\""" :
pm_wd=2&<f>‘6f> %. L ®
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The transfer of mass across a finite area extending downstream from x = 0, and forming
part of the surface of a flat plate, may be represented by a distribution of sources of strength
g(x). The concentration, y,, at a point x on the surface is then given by,

U —.0°767 7161/7 ; f df -
Po(q’l — "/’o) = 2-52 <To) j (x—f-(nf_))—o'ﬁ o .. . . o (3)
[}

With the condition that v, is constant throughout. the region occupied by the sources, the

solution of (3) is,
0767

2.(%)8"" = 0-0333pgr 5~ (g_) (b1 — o).

The resulting expression for the mass-transfer coefficient is,

- —009 —1/7 ‘
K, — 0-0333 ( U UsSNT L@
& v v :

6 in the above equation relates to the boundary-layer thickness at the position x.

Values of K, given by equation (4) are compared in the Table below with those obtained
from Sutton’s solution (equation (60), section 4.3) for Usd/r = 12-52 X 10* and 4-12 X 10"

Cxd - 04 0-8 1-2 1-6 2-0

Ugdfy = 1252 x 10*

K, eqn. (4) - - | 0-0023. | 0-0022 | 0-0021 | 0-0021 | 0-0020

K, Sutton . 0-0020 | 0-0019 | 0-0018 | 0-0018 | 0-0017
Ugdfy = 4-12 X 10t

K, eqn. (4) 0-0031 | 0-0029 | 0-0028 | 0-0027 | 0-0027

K, Sutton 0-0026 0-0024 0-0023 0-0022 0-0022
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