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Summary.---A solution is obtained for the distribution of internal load in a swept-back box-beam of rectangular 
cross-section under any system of external loading. The theory, based upon strain energy, is considered exact when 
the ribs are perpendicular to the spars and when the spanwise bending loads are taken by  the spar booms. 

The general solution for encastr6 root conditions is given. Extensions of the method to cover root flexibility and 
cut-outs in the top or bot tom skins are discussed. 

A numerical example of a simple two-spar box is investigated for a range of sweepback angle of 0 deg. to 40 deg. 
for an encastr6 root condition. The analysis shows that  appreciable redistributions of load in the box, compared 
with the unswept box, are obtained when either torque or bending moment  is applied to the beam. 
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LIST OF SYMBOLS 

Vertical load 

Spar depth 

Distance between the spars 

The transfer coefficient at r th rib 

Angle of sweep 

rib pitch 

Boom area (front Spar) 

Boom area (rear spar) 

Ratio of boom areas in bays 1, 2, 3, 4 (front spar) 

Ratio of boom areas in bays 1, 2, 3, 4 (rear spar) 

b tan O/p 

Young's modulus-boom material 

Modulus of rigidity-skins and webs 

Top and bottom skin thicknesses 

* R.A.E. Report Structures 98, received 5th April, 1951. 
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C 
C' 
D 

D' 
F 

F' 
H t 

LIST OF SYMBOLS--cont inued 

Web thicknesses 

Rib thickness, equal except for rib 1 

Rib thickness of rib 1 

Defined in Tables 1 and 2 

1. Introduction.--The problem of the stress distribution in swept-back wings has been 
investigated in a number of reports. Wittrick 1 (1948) dealt with regions of the wing surface 
remote from the root, on the assumption of rigid ribs lying in the direction of flight. The more 
practical case of flexible ribs was investigated by Mansfield 2 (1949) and Hemp 3 (1950). They 
determined the influence of rib-flange stiffness on the stringer sheet when the ribs are at angles 
other than 90 deg to the stringers. Their solutions involved the determination of stress 
functions which satisfied certain boundary conditions, and are applicable only at distances 
from the root of the wing. An approximate theory for the effects of root restraint was also 
given by Hemp s assuming that  rib webs are rigid in shear and that  the mode of deformation 
in the restrained condition is similar to the mode with no restraint. 

The present report treats the problem from a different aspect and uses a minimum-energy 
criterion to determine the stress distribution in a two-spar box-beam for any system of loading 
and takes the root restraint into account. The solution is exact for a parallel rectangular 
box-beam in which flexible ribs are perpendicular to spars that  carry the whole of the bending 
loads in concentrated booms. 

2. Statement of the Problem and Method of Solution.--Fig. 1 shows a rectangular two-spar 
box-beam with an applied load at the intersection of the rth rib and the rear spar 
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FIG. 1. Two-spar box-beam under vertical load P. 

Spar 



The determination of the stresses is obtained by the consideration of sections, e.g., WXYZ, 
parallel to the rib ABEF, inclined at 0 deg to the root rib ABCD where 0 is the angle of sweep. 
The load carried by the front spar booms will be influenced by the flexibility of the spar CDXY 
compared with that  of the rear spar ABWZ ; and consequently in the distribution of the direct 
load in the spar booms, the additional flexibility of the front spar compared with that  in the 
unswept box must be taken into account. 

A comparatively simple solution can be found when the box is a two-spar beam. The rear 
spar (Fig. 1), ur~der the action of the load P, will tend to deflect and will be restrained by the 
torsional stiffness of the box-beam and the bending stiffness of the front spar. Thus a certain 
proportion of the load P will be transferred to the front spar, and furthermore this transfer 
will only be effected at the ribs. Each rib can be assumed to transfer a proportion ~ of the 
applied load, and the problem then reduces to the determination of the load distribution in 
terms of P and Z~ (r = 1 to N ;  N being  the number of ribs). A solution is obtained by 
calculating the strain energy of this system and minimising the energy with respect to each 
Z to produce N simultaneous linear equations of N unknowns. 

3. The Application of the Method to a Two-spar Rectangular Box-beam (with ~o taper) with 
Ribs Perpendicular to the Spars.--3.1.  Basic assumptions.--(a) The beam is of rectangular 
section and two-spar construction, and there is no taper. 
(b) The skins and webs carry shear load only and do not contribute to the bending strength 
of the beam. 
(c) The root of the beam is encastr6. 
(d) The ribs are perpendicular to the spars, and are free to warp out of their planes. They 
have a shear at tachment to the skins and webs, but cannot transmit a bending moment  in their 
own plane to the spars. 
(e) The transfer of load from one spar to the other can take place only at the ribs. 
(f) The distribution of loads will be such that  the strain energy of the system is a minimum. 
(g) Buckling of the skin and web plates does not occur. 

3.2. Discussion of the assumptions.--The assumption (b) does not preclude a correction 
being made in an actual design to allow for the direct load-carrying capacity of the skins and 
the webs. The choice of the equivalent area to be added to the boom area will vary between 
one-sixth and one-half the wall area according to whether the wall is simply bent or is subjected 
to direct stress. In the case of a predominantly torsional loading the wails will be bent and 
the correction factor will be one-sixth, whereas under vertical bending loads the top and bottom 
skins will be fully effective and half their area will be added to each spar boom area. 

It  should be appreciated that  a correction of one-half the skin area is not exact, for an error 
will be introduced in the chordwise bending stiffnesses of the top and bottom skins, and it will 
be seen later that  these stiffnesses are of importance in formulating the strain energy function 
of the beam. The stress distribution obtained by the method will be most accurate when the 
boom areas are large compared with the effective area of the skins in reacting direct load. 

The assumption (d) is significant in the determination of the boom direct loads in terms of 
4, and P ; if the ribs lie in a direction other than at right-angles to the spars, the rib moment,  
due to the transfer of load at the rib, will have a spanwise component, and the final reacting of 
this component at the spars would necessitate further assumptions and the evaluation of the 
strain energy in comparatively simple terms would be most difficult. The assumption that the 
ribs have only shear connection to the spars is significant at rib 1 ,where additional terms would 
be added to the strain-energy equation if rib bending moments in the plane of the rib were 
reacted directly at the rear spar root. 

The assumption (e) would appear to be reasonable since transfer other than by the ribs would 
necessitate the skin having bending stiffness at right-angles to its plane. 
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4. Load Transfer at a R i b . - - W h e n  the load ,~P is transferred from one spar to the other, 
the bending moment will be taken by the shear flows in the  top and bottom skins of the box- 
beam as shown in Fig. 2 ; and the beam will be subject to the self-equilibrating system of loads 
as shown in Fig. 3. 

h 

FIG. 2. 

~ - ( s h  e o  r f l o w - l b . / i n . )  

AP --fi- 

Self-equilibrating sys tem of loads at  rib. 

The handling of simultaneous equations, equal in number and variables to the number of 
ribs would obviously be unmanageable, and a compromise would be required. I t  is thought 
that  5 ribs (i.e., 6 when the root rib is included) should give the load distribution with reasonable 
accuracy and also with reasonable computation. It  would be advisable to leave rib 1 (see 
Fig. 3) as designed and replace the actual ribs by  4 ribs of equivalent total  shear stiffness. 

To retain a certain degree of generality the spar booms will not be considered uniform in area 
along the whole length of the beam, but varying in steps at each rib and being of uniform area 
in each bay. 

Rib 0 

Rib I 

Rib 2 

I ~/P/h Rib 3 
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11 
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FIG. 3. Load distribution in box-beam. 

I t  will be noted that  Fig. 3 does not include an applied load, but it is convenient to obtain 
an expression for the strain energy of the beam under the system of loads as shown and introduce 
the effects of an applied load at a later stage in the analysis. 
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4.1. Strain Energy of Direct Load in the Front Spar Booms.--The rate of change of direct 
load in the booms is equal to the change of the shear flows in the adjacent skins, i.e., 
Direct load in boom at distance x from rib 5 ----- 2(P/h)25x. 

Therefore strain energy of boom between ribs 4 and 5 

__ 1 (_p/]g)2(2,~5)2 kCX2 d x  
- -  ~ A E  

0 

k4 
-- 2AE (P/h)~P~{ (2~)2/3}" 

Direct load in boom at rib 4 = 2(P/h),t~]). 

Therefore strain energy of boom between ribs 3 and 4 

I~ {2~]) + (2~ 
k~ = ~ (P/h)2A-g + 225)x}2dx 

0 

__ l ( p / h )  2 ka ])a<(225)2 @ (22~ @ 225)(225) @ (224 @ 2;ts)2/3} - ~ J2~ 

and similarly for the other bays, except between rib 0 and rib 1 where the strain energy of the 
boom 

f b tan 0 
= ½(p/h) 2 1.__AL, ( (2~  + 42~ + ~2~ + 8X~)]) + (22~ + 2~  + 2~3 + 2~  

d 0  

+ 2x~)~}2dx 
])3 

---- ½(P/h)2 ~-~ (222 + 423 + ~ + S~)2z 

+ (225 + 42~ + 02, + 82~)(2~ + 222 + 2;t3 + 2~ + 22~)z 2 
+ (22~ + 222 + 22~ + 2,l~ + 22~)2z~/3} 

where z = b tan 0/]). 

4.1.1. Strain energy of direct load in the rear spar booms.--In a similar manner the strain 
energy of the rear spar  booms can be evaluated ; a typical expression, for the boom between 
ribs 2 and 3 being 

])3 
= }(P/h)2 ~ k ' 2 ( ( 2 ~ ,  + 42~) 2 + (22, + 42~)(2~ + 2~, + 24°) 

+ (223 + 2~, + 2~)~/3}. 

4.2. Strain Energy of the Top and Bottom Skins in Shear.--The shear stress in the top and 
bottom skins can be written as (1/ts)(2~)(P/h), (1/ts)(2¢ + 25)(P/h), etc., and the strain energy 
of the panels will be ½(P/h)2b])/Gts (2~) 2, etc., and for the triangular portion will be ½(P/h)2b])/Gt, 
[(~ + 22 + 2~+ 2, + ~)22/2]. 

4.3. Strain Energy of the Spar Webs in Shear.--Similarly the strain energy of the spar webs 
in shear can be evaluated, a typical term which refers to the front spar web in the bay  between 
ribs 2 and 3 will be 

_ ½(p/h) ~ hi) (23 + 2~ + 2~) 3 - 
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and for the web between ribs 0 and 1 will be 

= ½(p/h) ~ hp (~1 -¢- ~ + h3 + 4, + Z~)Yz. 

4.4. Strain Energy of the Ribs.--Since the bending moment due to 2P is progressively reacted 
by chordwise shears in the top and bottom skins there will be no bending moment in the rib 
and thus the contribution by the rib to the strain energy of the system will be that due to a 
uniform shear of P/h.per unit length, i.e., 

bh ~. Strain energy of the rib = ½(P/h)2~- 

5. Total Strain Energy of the Box-Beam.--The total strain energy U of the system can be 
written from the above expressions as follows :--  

U = (P/h) ~ [k~(2~)~/3 + k~{(2Zs) ~ + (2;.~)(2~ + 2;~5) + ½(2~,~ + 2;,5) ~} 

+ k~{(22~ + 4;.~) ~ + (2~t~ + 4;~)(2~.~ + 2;~ + 2,~) + (2;,~ + 2,~,, + 2;~)~/3} 

+ k~{(2;~ + 4;~ + 6;~) ~ + (2;,~ + 4~.~ + 6;,~)(2;.~ + 2;~ + 2~ + 2~.~) 

+ (2~,~ + 2~,~ + 2;t~ + 2~,~)~/3} 

+ {(2~ + 4;~ + 6;t~ + 8~)2z + (2~2 + 4~.~ + 6;~ + S~.~)(2;~ + 2;~ + 2~.~ + 2~.~ + 2~,,)z ~ 

+ (2~ + 2~2 + 2;% + 2~ + 2~)~z/3}] 

+ (P/h) ~ [k~'(2,~)~/3 + ks' ((22~) ~ + (22~)(2Z~ + 2).~) -¢- (2X~ + 2;.~)~/3} 

+ k2'((2,t~ + 4~) ~ + (2~ -? 42~)(22s + 2,~ + 2~) -¢- (22~ + 2;t~ + 22~)~/3} 

+ k~'((22~ + 42~ + 6~) ~ + (2,~ + 42~ + 62~)(2;~ + 2~ + 22~ + 22~) 

~(P/h)~-~Yt, I~ ~ + (~ + ~)~ + (~ + ~, + ~)~ + (~ + ~ + ~, + ~)~ 
+ 

~(P/h)~,[~ ~ + (~ + 

+ (~ + ~ 

+ ½(P/~)~-t~ [~°~ + (~ 

+ (~ + ~ 

~(P/h)~ ,  [~  + (~ + 

1 p h y h b  

+ ~ + ~ + ~)~z/21 

+ ~o)~ + (~ + ~ + ~)~ + (~ + ;~ + ~o + ~)~ 

+ ~ + ~ + ~)~z/21 

+ ~)~ + (~ + ~ + :~)~ + (~ + ~ + ~ + ~)~ 

+ ~)~+ (~ + ~ + ~)~ + (,h + :~ + ~ + ~)~1 
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The above expression can be regarded as the ' g e n e r a l '  expression for the  strain energy  of 
the  box-beam. The first and  second square brackets  refer to the  front  and  rear  spar booms 
respectively,  the  th i rd  and four th  give the  top and  bot tom-skin  contr ibut ions,  the  fifth and  
sixth brackets  give tile contribu~dons of the  front and  rear  spar webs and the  seventh  bracke t  
contains  the  contr ibut ions  of the ribs. 

The procedure  adopted  to obtain  the strain energy for a load P applied on the front spar at  
rib r is to replace 2n2~ by  (2nZ~ -- n) and  2, by  (2,. - -  !) in the front  spar boom and  front spar web 
contr ibut ions  respectively,  all o ther  terms remaining as wr i t ten  in the  general  expression. 
Similarly when  a load P is applied to the rear  spar the general  expression for the strain energy  
remains  una l te red  except  (2nX, --  n) replaces 2n;~, and  (2, --  1) replaces 2~ in the  rear  spar 
boom and  web contr ibut ions  respectively.  

The strain energy, U, is minimised for ~1 22 . . • 25 and  the  equat ions O U/~2, = 0 [r = 1, 
2 . . 5] can be solved for 21 . • 25. I t  will be realised tha t  the  replacing of 22, by  (22, --  1) 
will not  affect the coefficients of 2, in the equat ions ~ U/~A~ = 0 and  hence the coefficients of 
~, (s : 1 . . . 5) in the equat ions ~ Ulna, = 0 (r = 1 . . . 5) will be the same for all posit ions 
of the applied load. Thus the posit ion of the  applied load will only affect the cons tant  t e rm of 
the  s imul taneous  equa t ions ;  this feature, will considerably  reduce the  computa t ion  involved 
in the  solution of a box-beam under  a sys tem of d is t r ibuted  loads. Tables 1 and  2 give the  
coefficients and  constant  terms of the s imul taneous  equations.  

6. The Effect of a Cut-out in the B e a m . - - A  similar me thod  of a t t ack  can be applied to de termine  
the  effect on tile load dis t r ibut ion of a cut-out  be tween two or more ribs in the  top or bo t t om 
skin. In  such a case no torque can be t ransferred to the  root across the cut -out  by  shears in 
the  top and bo t tom skins. This infers t ha t  the t ransfer  at  the ou tboard  rib of the  cut -out  mus t  
neutral ise  the  t ransfer  t ha t  has been effected ou tboard  of this rib. I t  will be no t ed  t ha t  the  
satisfying of the  following requi rements  will be automat ic ,  i.e., 

(a) The to ta l  vert ical  shear will equal  the  vert ical  loads applied ou tboard  of the  rib. 

(b) The m o m e n t  of the  front spar web shear about  the  rear  spar will equal  the  m o m e n t  of 
the loads applied ou tboard  of the rib about  the  rear  spar. 

In  general  terms,  if the ou tboard  rib of the cut -out  is the r th  of the N ribs the  condit ion to 
be satisfied is 

N 

2,, -- ~ 2,. 
S = r + t  

Subst i tu t ion  into the  general  s t ra in-energy expression similar to section 5 will reduce the  
n u m b e r  of  variables to N -- 1, and the minimising of the  funct ion U wi th  respect  to ~, (S = 1, 
2 r --  1, r + 1, N) will give the necessary equat ions for the solution of the  problem. 

7. The Effect of Flexibility at the Root . - -The  s t ra in-energy funct ion has been fo rmula ted  
for encastr6 condit ions at  the  root. Since the dis t r ibut ion in terms of load at the root  is known  
it is not  difficult to add  ext ra  terms to the general  s train energy expression to include the  effect 
of e i ther  axial  load flexibility or shear load flexibility. I t  would  be necessary to es t imate  the 
deflection due to uni t  load and obtain  the strain energy due to this flexibility. The addi t ional  
te rms would  be minimised wi th  respect  to 2r (r = 1 to N) and incorpora ted  in the  coefficients 
and  constants  of the  ~ U/~2r ---- 0 equat ions  given in Tables 1 and  2. 

8. The Application of the Method to a Numerical  Examlble.--To i l lustrate  the effects of sweep- 
back  on the load distr ibution,  a box-beam is considered for angles of sweep from 0 deg to 40 deg. 
The geomet ry  of the  beam is shown in Fig. 4a. Tile solution of the  s imul taneous  equat ions  
when  a load P is applied at each rib at  the  front  and rear  spars allows the  transfer-coefficient 
table  of Fig. 4b to be completed.  
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The substitution of the appropriate values of 2 in the expressions of 4.1, 4.1.1, etc. determines 
the spar boom loads and the web shear loads for the various loading conditions. 

Figs. 5 and 6 show the distribution of direct load in the booms for bending and torque loads 
respectively applied at rib 5. Figs. 7 and 8 show the spar web shear loads under similar 
conditions. 

A check of the present method is obtained by comparing the distribution at zero sweep with 
that  derived by Williams' method of R. & M. 1761. 

8.1. Remarks on the Resul ts . - -Referring to Figs. 6, 9 and 10 it will be seen that the intro- 
duction of sweep into the box-beam affects the root constraint for torsional loading. For a 
torque applied at rib 5 the axial constraint boom loads at the rear-spar root are reduced, at 
40 deg sweep, to 60 per cent of their value at zero sweep and furthermore the reduction is approx- 
imately linear with the angle of sweep. It is of interest to note, however, that the spar web 
shear loads, Fig. 8, are hardly affected at the root by the sweep, and at 40 deg sweep are still 
more than 90 per cent of their value at zero sweep. 

Figs. 5 and 7 show that  sweep also materially affects the distribution due to bending loads ; 
when these loads are applied at rib 5, the rear-spar boom direct load is increased by more than 
33 per cent for 40 deg of sweep, and the rear-spar web shear load is increased by approximately 
50 per cent for 40 deg sweep. The front spar has corresponding decreases. 

Fig. 11 is of interest in that  it shows very good agreement, at zero sweep, with the distribution 
of direct load in the spar booms as calculated by Williams' method of R. & M. 1761. Williams' 
theory was based upon an assumption of ' rigid ribs of infinite number ' and curve II is obtained 
by the present method with an assumption of infinitely stiff ribs. 

The effect of the flexibility of the end rib (i.e., rib 5) in the distribution of the spar boom 
loads is shown by the curves III  and IV of Fig. 11. The torque is applied as differential shears 
to the webs at rib 5 ; and the flexibility of that  r ib will tend to produce larger differential shears 
in the webs inboard of rib 5 than those induced, by the root constraint effect, when the torque 
is applied as Batho shear. 

9. Conclus iom.- -The  effect of sweepback in a rectangular box-beam (no taper), with ribs 
perpendicular to the spars and in which the bending loads are taken by spar booms is considered. 
On the assumption that  transfer of load between the spars can only be effected at the ribs, it 
is shown that  the strain energy of the box-beam can be expressed in terms of the applied load, 
the box geometry and N variables (N being the number of ribs). The minimising of the strain- 
energy function with respect to each rib variable produces N linear simultaneous equations of 
N unknowns, the solution of which will give the load distribution in the beam. 

It is considered that sufficient accuracy can be obtained by replacing the actual ribs with 
5 ribs of equivalent shear stiffness, and tables are included in the report to enable the coefficients 
and constants of the 5 simultaneous equations to be quickly evaluated for encastrfi root con- 
ditions. 

It is also indicated how the method can be adapted to include the effects of axial and/or shear 
flexibilities at the root. The problem of a cut-out in the top or bottom skin is also discussed 
and the load distribution in terms of the rib transfer coefficients for a typical case is included. 

A numerical example is investigated and the transfer coefficients are included in the report. 
When a torsional load!ng is applied to the box-beam the direct loads in the spar booms at the 
root {assumed encastre in the example) are shown to be considerably reduced for large angles 
of sweep whereas the spar web shears at the root are not materially affected. For the same 
beam in bending there are significant changes of both spar boom and spar web loads at the root, 
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a n d  as a consequence  of  the  s w e e p - b a c k  t he  rea r  s p a r  is m o r e  h e a v i l y  l o a d e d  t h a n  t h e  f ron t  spar .  
F o r  t h e  specia l  case of  zero s w e e p b a c k  a c o m p a r i s o n  is m a d e  w i t h  the  d i s t r i b u t i o n  of load  in t h e  
spa r  b o o m s  for  a to r s iona l  load ing  o b t a i n e d  b y  t he  c lass ica l  m e t h o d  of R.  & M. 1761 a n d  
s a t i s f a c t o r y  a g r e e m e n t  is o b t a i n e d .  

No. Author 

1 W.H.  ;vVittrick . . . . . . . .  

2 E .H.  Mansfield . . . . . . . .  

3 W.S. Hemp . . . . . . . .  

4 D. Williams . . . . . . . .  

R E F E R E N C E S  

Title, etc. 

Preliminary analysis of a highly swept cylindrical tube under torsion 
and bending. A.C.A. 39. May, 1948. 

Elasticity of a sheet reinforced by stringers and skew ribs, with 
applications to swept wings. R. & M. 2758. December, 1949. 

On the application of oblique co-ordinates to problems of plane 
elasticity and swept-back wings. R. & M. 2754. January, t950. 

The stresses in certain tubes of rectangular cross-section under 
torque. R. & M. 1761. May, 1936. 
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T A B L E  1 

Coefficients of X Determinant C = ( P / h ) ~ ,  = (P/h) 2 D = ½ ( P / h ) ~  

, F' = bp bh ) F = ½(P/h) ½(P/h)  H = ½(P/h) 

D' = ½(P/h) ~ It]) 
' t ' . G  

21 22 23 24 25 

§Cz 8 + 2Dz 4Cz ~ -[- -~Cz ~ -+- 2Dz 8Cz" + ]Cz 3 + 2Dz 12Cz ~ + -]Cz 3 + 2Dz 16Cz ~ + SCz~ + 2Dz = R 

+ ( F + F ' ) z + 2 H o ~  + ( F + F ' ) z  + ( F + F ' ) z  + ( F + F ' ) z  + ( F +  F')z  

4Cz ~ + §Cz 3 + 2Dz 

+ Fz + F'z 

8Cz ~ + ~Cz ~ + 2Dz 

+ Fz + F'z 

-]Ck~ + 8Cz + 8Cz ~ 

+ ~Cz ~ + 2D + 2Dz 

+ 2F + Fz + §C'k 1' 
+ 2D' + 2H + 2F; 

+ F'z 

~°-Ckl -t- 16Cz 

+ 12Cz ~ + 8Cz~ 

+ 2D + 2Dz -+- 2F 

+ Fz + ~°C'k /  

+ 2D' + 2F' + F'z  

%°-Ckl + 16Cz 

+ 12Cz 2 + SCza + 2D 

+ 2 D z +  2 F + F z  

+ ~°-C'k/ -¢- 2D" 

+ 2F' + F'z  

]Ck~ + %~Ckl + 32C2 

+ 16Cz 2 + ]Cz 3 + 4D 

+ 2 D z +  4 F + F z  

+ -]c%' + c ' k /  

+ 2 H +  4 D ' + 4 F '  

+ F'z 

~2-Ckl -]- 24Cz + 16Cz 2 

+ SCz~ + 2D + 2Dz 

+ 2F + Fz + ~2-C'k1' 

+ 2D' + 2F' + F'z 

~°-C k2 + ~2-C k1 + 48C,~ 

+ 20Cz ~ + SCz~ + 4D 

+ 2Dz -¢- 4F + Fz 

+ ~°C'k(  + %~C'k/ 

+ 4D' - /  4F' + F'z 

~!Ckl + 32Cz -[- 20Cz ~ 

+ §Cz ~ + 2D + 2Dz 

+ 2F + Fz  + ~iC'kl '  

+ 2D' + 2F' + F'z  

~zCk~. + !2_s_rb 
3 " J ' ~ l  

+ 64Cz + 24Cz ~ 

+ §Cz ~ -+ 4D -¢- 2Dz 

4F + Fz  + ~-C'k~' 

+ !~aC'kl'  + 4D' 

+ 4F' + F'z  

= S  

----T 



T A B L E  1--continued 

2~ 2~ 2~ 2~ 2~ 

12Cz ~ + ]Cz ~ + 2Dz 

+ Fz + F'z  

16Cz ~ + ]Cz ~ + 2Dz 

+ Fz + F'z 

~aCkl + 24Cz 

+ 16Cz ~ + ]Cz ~ 

+ 2D + 2 D z +  2F 

+ Fz + ~-C'k/ 

+ 2D' + 2F' + F'z  

~4-Ck~ + 32Cz 

~° C k~ + ~-C k~ 

+ 48Cz + 20Cz ~ 

+ §Cz ~ + 4D + 2Dz 

+ 4F + Fz 

+ ~o-c'k/+ ~ c ' k /  

+ 4D' + 4F' + F'z 

]Ck ~ + ~-Ck~ 

+ !~-Ck~ + 72Cz 

+ 24Cz 2 + §Cz 3 

+ 6D + 2Dz + 6F 

+ Fz + -]C'k~'. 

- /  2H + 6D' + 6F' 

+ F'z  

~° C k~ + ~2-C k~ 

~°-C k. + 92-C k~ 

+ 2-½2-Ck~ + 96Cz 

+ 28Cz ~ + ]Cz ~ 

+ 6D + 2Dz + 6F 

+ Fz + ~°--c'k/ 

+ .-3-,-, ,~ + ~-½2-C'k/ 

+ 6D' + 6F' + F'z  

+ 20Cz ~ + ]Cz ~ 

+ 2D + 2Dz + 2F 

+ Fz + ~-C'k~' 

+ 2D' + 2F' -? F'z  

+ 64Cz -? 24Cz ~ 

+ ]Cz 3 + 4D + 2Dz 

+ 4F + Fz 

+ ~-C'kg + z~-C'k/ 

+ 4D' -? 4F' + F'z 

+ 2-½~-Ck~ + 96Cz 

+ 28Cz ~ + ]Cz ~ 

+ 6D + 2 D z +  6F 

+ Fz + ~°-.C'k.' 

+ ~-C'k( + ~-½~-C'k/ 

+ 6D' + 6F' + F'z  

-¢- 128Cz -I- 32Cz 2 

+ §Cz ~ + 8D + 2Dz 

+ 8F + Fz + 2H 

+ ~ c ' k / +  ~c'k~' 
+ i~2-C'k~' + ~-~-C'k/ 

+ 8D' + 8 F ' +  F'z 

= U  

= V  



TABLE 2 

Constant of ~ Determinant 

bO 

Load applied 
at 

Rib 1 F/S 

Rib 1 R/S 

Rib 2 F/S 

Rib 2 R/S 

Rib 3 F/S 

Rib 3 R/S 

R 

~Cz 3 -+- 2Dz 

0 

2Cz ~ + ~Cz ~ + 2Dz 

0 

4Cz ~ + -~Cz 3 + 2Dz 

0 

S 

2Cz 2 + -~Cz 3 + 2Dz 

0 

-~Ckl @ 4Cz + 4Cz ~ 

+ -~Cz 3 + 2D' 

+ 2Dz 

~C'&' + 2D' 

½-°Ck~ + 8Cz 

+ 6Cz  ~ + -~Cz ~ 

+ 2D + 2Dz 

~°C'k~' + 2D' 

T 

4Cz 2 + ~Cz 3 + 2Dz 

0 

½°-Ck~ + 8Cz 

+ 6Cz ~ + ~Cz ~ 

+ 2D + 2Dz 

½9C'k1' + 2D' 

~CG + %s-Ck~ 

+ 16Cz + 8Cz ~ 

+ ~Cz 3 + 4D 

-¢- 2Dz 

~c'&'  + ~-c '& '  

+ 4D' 

U 

6Cz ~ + ~Cz 3 + 2D2 

0 

½-6Ck~ + 12Cz 

+ 8Cz ~ + ]Cz ~ 

+ 2D + 2Dz 

½-6C'k~' + 2D' 

½°-C G + ~6-C kl 

+ 24Cz + IOCz ~ 

-¢- ]Cz ~ + 4D 

-¢- 2Dz 

~o c'&' + ~-c'&' 
+ 4D' 

V 

8Cz ~ + ~Cz s -+- 2D2 

0 

232Ckl + 16CZ 

+ ]OCz ~ + ~Cz ~ 

+ 2 D - ~  2Dz 

~-2C'k1' + 2D' 

+ 32Cz + 12Cz 2 

+ ~Cz 3 -+- 4D 

+ 2Dz 

~-c'&' + ~c%' 
+ 4D' 



TABLE 2--continued 

Load applied 
at 

Rib 4 F/S 

Rib 4 R/S 

Rib 5 F/S 

Rib 5 R/S 

R 

6Cz ~ + ~Cz ~ + 2D2 

0 

8Cz ~ + -~Cz ~ + 2Dz 

S 

1-~°--Ckl + 12Cz 

+ 8Cz ~ + -~Cz ~ 

+ 2D + 2Dz 

~-C'k~' + 2D' 

~-Ckl + 16Cz 

+ lOCz ~ + {Cz ~ 

+ 2D + 2Dz 

~2.C'k1' + 2D' 

T 

½°CG + ~aCkl 

+ 24Cz + IOCz 2 

+ -~Cz 3 + 4D 

+ 2Dz 

½-°C'k; + ~-C'k~' 
+ 4D' 

~6-C k~ + ~-C k~ 

+ 32Cz + 12Cz ~ 

+ -~Cz ~ + 4D 

+ 2Dz 

• 5~-C'k; + ~ - C % '  

+ 4D' 

U 

-~Ck~ + ~Ck2  

.+ ~6-Ckl + 36Cz 

+ 12Cz ~ + -~Cz 3 

+ 6D + 2Dz 

~C'k; + ~-C'k~' 
+ ~6-C'k~' + 6D' 

+ z°6-Ckl + 48Cz 

q- 14Cz 2 + ~Cz 3 

+ 6D + 2Dz 

~°-c'k~' + ~-C'k; 
+ ±°6-C'k'~ + 6D' 

V 

½° C k~ + ~6-C k~ 

+ z°6-Ckl + 48Cz 

+ 14Cz ~ + -~Cz ~ 

+ 6D + 2Dz 

½°C'kd + ~-C 'k (  
+ l__O_~F',b ' "~ ,~1 + 6D' 

{Ck~ + ~s-Ck~ 

+ ~6_Ck ~ + ~_~_8_rb 

+ 64Cz + 16Cz 2 

+ -~Cz 3 + 8 D  + 2D2 

~C'k~' + ~-C'k~' 
+ ~6-C'k( + !~ -Ck l .  

+ 8D' 
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