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SUMMARY

The objective of this work was to develop a method capable of produc-
ing reasonably accurate stage characteristics, in terms of mass flow, pres-
sure ratio, work input and efficiency, for any centrifugal compressor with
radial outflow (i.e. with no axial component of velocity at outlet), given
only overall geometric properties. Due to the scarcity of suitable experi-
mental data, the treatment perforce is very largely analytical.

Part I gives the analytical treatment and assumptions used; Part II
presents the results of applying the method to various machines and compares
the predictions with test data. Prediction of choking flow is generally
satisfactory, and the mass~flow/pressure-ratio characteristics produced have
substantially correct form, although no general means have been found of
predicting the onset of surge. For the cases examined the error in pre-
dicted efficiency level is within *1 to 2 per cent at design speed, some-

times more at low speed.

* Replaces NGTE M78029 and NGTE M78031 dated September 1978
ARC 38 052 ARC 38 053
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PART I - ANALYSIS

1. Intention

A deéigner could benefit at an early stage of his work from having a
means of predicting, for comparative purposes, performance maps for a
variety of tentative designs of centrifugal compressor, without having their
blade and passage geometry completely specified: that is to say a general
method applicable with knowledge of only overall dimensions and angles.

This it was the object of the present study to produce. Additional
applications of such a prediction method would be to secure good matching
between rotor and diffuser system, and also to assist the understanding and
analysis of conventional (i.e. flow-average) test rig measurements.

But with such an objective there are severe limitations to the
success which can be expected. Any serious consideration of the factors
upon which centrifugal compressor performance depends immediately produces a
realisation of how little is understood about the highly complex flow
processes which govern that performance. Only recently have experimental
measurenients of conditions leaving the rotor started to become available
(e.g. Reference 1), due to the sophisticated nature of the measuring tech-
niques that are required, and at present these data serve mainly to
emphasise how very far removed from simple flow concepts is the real situa-
“;‘.iono So on the one hand accurate modelling by purely theoretical means is
beyond present capability, while on the other the complexities of the fluid
dynamics ensure that no simple empirical correlations of overall performance
quantities will be found that are satisfactory for general application.

In these circumstances, it cannot be expected that any treatment
simple enough to serve the declared aims will achieve more than limited
success. What we are really enquiring is how good can that simple treatment
be made: what will it do and what won't it do?

2. General considerations

Certain points are clear from the outset. First and foremost is that
among compressors built with the same overall geometric properties some may
have better performance than others. But since a general prediction method
is by definition required to ignore details of, for instance, rotor blade
passage shape, it cannot discriminate between such cases. 8o it can never
give an "absolute" answer. Some empirical datum or standard of performance
must be set, and the predictions "tuned" to agree with it. Then relatively
poor machines will fall below such a "standard" prediction and, it may be

hoped, improved machines of the future will exceed it.
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When test data come to be examined, it is quickly realised how very
scarce are compressors for which adequate physical details and performance
results are available. In particular, there are hardly any machines provid-
ing data both with and without a vaned diffuser system. This makes it
difficult, for instance, to arrive empirically at a breakdown of measured
overall loss as between rotor and diffuser. Indeed, the general paucity of
test data means that our approach to the problem of prediction must through-
out be primarily an analytical one, relying on experiment to contribute
little more than the means for "tuning" the final answer to a selected datum.

In meeting the two requirements of a generalised analytical treatment
and rapid calculation, many rather sweeping assumptions and simplifications
become necessary. Arbitrary but hopefully typical features of internal flow
and geometry must be introduced. The chief concern is how, in each portion
of the machine, to set up a greatly simplified model of flow behaviour that
is yet not so crude as to ignore the major physical effects. It is then to
be discovered whether such simple modelling is "good enough'.

In one portion of the machine a purely analytical approach breaks
down, namely the channel of a vaned diffuser. Here boundary layer effects
alone determine performance, and correct prediction of pressure recovery by
analytical means would require correct modelling of the three-dimensional
boundary layer problem in all its aspects — a simple calculation is no use.
Consequently it is preferable to base prediction upon experimental data for
isolated channels. The chief task is then to generalise those data
sufficiently to deal with the many possible geometric variants to channel
shape for which specific test results are not available.

7 The calculations throughout are bound to be lengthy and involve a
considerable amount of iteration, so a computer program is required.

3, The prediction method

This Part of the paper gives a full statement of the assumptions and
modelling procedures which form the analytical treatment. This prediction
method applies only to centrifugal compressors having no net axial component
of velocity at rotor outlet, and with a diffuser system which is centred
about a radial plane.

The Appendix entitled "Analysis of flow model' states the assumptions
and working relations for each portion of the compressor stage in turn.
Equations are written so as to be usable with any consistent system of units,

and appropriate numerical constants and values of air properties are given in
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Appendix 1 for both SI and Imperial units. Various amplifying notes and
derivations to which reference is made in the analysis appear in
Appendices 3 and 4.

Some compressors will have features which prevent them conforming to
prediction by the standard treatment given here. Variations of entry duct
shape can in certain cases be dealt with by the standard method, provided
information is available to specify the required items of input data. 1In
other cases, however, special provision must be made by adjusting some
feature of the treatment: for instance, prewhirl vane blade loss could be
increased to simulate empirically some entry maldistribution. Alteration to
the standard treatment would also be necessary to cater for a compressor
having an unconventionally large change of blade camber between inducer
leading edge and throat, otherwise serious error in predicted inducer
choking flow would result. When need arises the analysis can readily
accommodate changes of this nature to suit particular types of compressor
not conforming to what are taken as standard features. What the prediction
method cannot deal with, however, are geometries of vaned diffuser channel
having divergence outside a specific range - that range being equivalent
to two~dimensional channels of unity throat aspect ratio with included
divergence angles between 6 and 11° (see Figure 1). Diffuser channel
geometries with divergence outside that range are considered to be far from
optimum designs and shbuld not normally be encountered.

As regards surpe, Appendix 5 contains some observations on the
evidence relating to compressors fitted with vaned diffusers, but unfort-
unately no satisfactory correlation has emerged for universal application.
Nor is the mechanism of surge in general as yet sufficiently understood for
the problem of its prediction to be amenable to a purely theoretical
approach., This performance prediction method thus does not claim to include

treatment of surge.



NOTATION
A flow area
Ag total geometric throat area of channel diffuser
Ay wetted surface area of semi-vaneless space
B blockage factor (defined as 1 - blocked area/total area)
Cs skin friction coefficient
Cr, lift coefficient
Cp torque coefficient
Cp specific heat at constant pressure
Cpr pressure recovery coefficient
c mean chord of prewhirl blades
D diameter
£() a function of
F
. wake mixing parameters (defined in text)
g conversion factor, dependent in value upon the unit system
H boundary layer shape factor (= §%/8)
H' boundary layer shape factor (= 5**/0)
h height of blade or passage
I rothalpy{
J mechanical equivalent of heatx
i angle of incidence
L blade loading parameter
4 equivalent flat plate length
L3 length of vaned diffuser channel
M Mach number
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}ﬁot applicable to Appendix k4.



m meridional length (measured from rotor inlet)
ng number of diffuser vanes

ne number of full rotor blades

ny number of rotor half-blades or intervanes

number of prewhirl blades

o

pressure

) a function of Mach number (defined in text)
Q mass flow
g a function defined in the text
R gas constant
Re Reynolds number
r radius
S surface length
5 blade pitch
T temperature
t rotor blade thickness
U blade velocity
v absolute flow velocity
W relative flow velocity
W passage width
Yp profile loss coefficient N
of vrewhirl blades
Yq secondary loss coefficient
x| . /
multiplication factors on boundary layer thickness
2 |
x . . e A
4 cartesian co-ordinates, x = axial direction, y = radial direction
v ]

#

Jot applicable to :ppendix L,



o absolute flow angle
g relative flow angle measured from meridional direction
B blade angle
Y ratioc of specific heats
) boundary layer thickness
8" boundary layer displacement thickness
5** boundary layer energy thickness
€
functions defined in the text
¢
n isentropic efficiency
e boundary layer momentum thickness
8 diffuser channel divergence semi-angle
A axial velocity ratio defined in text
M viscosity
P density (static if without subscript)
o a factor applied to inducer choking flow coefficient
sy i . Py - Pg
T compressibility ratio (= P
pv*:/2g
o] - flow angle measured from axis in meridional plane
¥ a parametric group (see text for various forms)
v angular co-ordinate with respect to axis
8 rotational speed (radians per sec)
® angle of diffuser vane surface at leading edge, on suction side,
measured from radial direction
AR channel diffuser geometric area ratio (outlet/throat)
As channel diffuser throat aspect ratio (: hth/wth)

LWR channel diffuser length/throat width
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Subscrigts

eff effective
c compressible or quasi-compressible
£ disc friction
applied to Cp Ty
£ leakage
Le leading edge of diffuser vane
ic incompressible
J Jjunction of profile arcs
m meridional component
out diffuser channel outlet
ps pressure surface
ss suction surface
sh after normal shock
s static condition (except Yg)
t stagnation or total head condition
th diffuser channel throat
w tangential or whirl component (of velocity)
* inducer throat
2D equivalent two-dimensional

Numerical subscripts refer to stations in machine as rer sketch following.
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VANED
DIFFUSER
P ::
VANELESS | !
SPACE ' !
L1 _{B)mixed
PRE- ROTOR
WHIRL
VANES
S R I

Superscripts

~ design value

- average flow quantity (usually used to denote average of
hub and tip)

A core or mainstream quantity

' relative condition (applied to A, M, P and T; no superscript
means absolute condition)

' and ¥ applied to h denote reduction for boundary layer thickness

(see text)

Other symbols are defined locally in text or diagrams.



- 12 o

APPENDIX 1

NUMERICAL CONSTANTS

Air properties
105
-8 _*S . 0o
g o= 1,015 x 107° s (Tg in K)
Ts + 120
in 1b/ft sec
For SI units multiply above by 1.488 (then in kg/m s)
Cp = 0.27798 + 0,037079 x = 0,021413 x* - 0,007016 x° + 0.012773 x*
where x = = —7;12 (T in °K)
in CHU/1b °K (from Reference 12)
For SI units multiply above by 4186,8 (then in J/kg K)
14.588 Cp ) c . ) '
Y = T5TEEE G where p = above expression in x

The same value of ¥ applies in both Imperial and SI units.

Thus both Cp and ¥ require to be found at the mean of any particular range

of temperature, which in practice involves iteration. However, for
ease of computing it may be sufficiently accurate to take constant
values of Cp and ¥ independent of T; if the conventional value

¥ = 1,400 is used, then Cp = 0.,2399 CHU/1b °K or 100k J/kg K.
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QOther constants

ft-1b-sec-"K ST
R 96,02 287,05
J 1400,7 1
g 32,17 1

Use of these constants with ¥ = 1.400 gives the maximum value of

Q/Tt

A Py

= 0039633 in ft-lb-sec-"K units or 0.040415 in ST units.

Note relating to the conversion factor g

In Imperial units the unit of force consistent with Newton's Second
Law is the pdl, but common engineering practice uses the lbf and hence a
conversion factor (g) is required, the numerical value of which is equal to
the gravitational acceleration [i.e. 32.17 pdl = 1 1lbfl; g as used in this
work can then be said to have units of pdl/lbf or 1bp.ft/(lbr.s®) and takes
the value 32.17. But in SI units the unit of force consistent with
Newton's Second Law, the Newton, is of course the accepted unit of force,
s0 that no conversion factor is required and g in the equations takes the
value of 1 [its units could be said to be kg.m/(N.sz)].
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APPENDIX 2

ANALYSIS OF FLOW MODEL

The problem is essentially as follows:-

given basic geometry of compressor, including rotor inlet and
outlet blade angles but no other details of rotor
passage shape

mass flow and inlet conditions

rotational speed

to determine whether the given flow is below choking, and if so to predict

work input, pressure ratio, and isentropic efficiency.

The main items of compressor data required to be specified fall into
three categories:-

(i) geometrical features: diameter, blade angle and blade thickness at
hub and tip at rotor inlet; rotor outlet blade angle and blade
thickness; diameters and axial passage widths at rotor outlet, at
start and end of vaneless space, at start and end of vaned diffuser;
numbers of rotor blades (and 'intervanes' or half-blades if any) and
diffuser vanes; vaned diffuser passage dimensions at throat and at
channel outlet, channel length, and leading edge vane angle.

(ii) estimated flow properties: gas angles at hub and tip at rotor inlets
tip/mean axial velocity ratio at rotor inlet; blockage factor at
rotor inlet if different from a value determined hereafter as
standard; total pressure loss after end of vaned diffuser channel.

(iii) the rotor blockage growth factor - an empirical quantity adjustable

at will as discussed later.

Inlet conditions to prewhirl blades - station 1

Assume flow is axial at inlet, i.e. &, = O at all diameters

Specify geometry q Da,tip5 nyhubE Dzwtip3 Dzyhubg no. of blades (np)
chord (¢) at mean diameter

and prewhirl outlet gas angles.mzwtipg %z  hub
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V2

of

\Q]
e

I |
D tip D2 tip

~F_~.‘~"“-<

’ T

D, hub D2,hub y

I

Allow for entry blockage (e.g. approach duct boundary layers) by means

of blockage factor B, such that effective inlet flow area

x 8 ]
Ay = By I (D1,tip - Dz,hub)

where B, must be specified or chosen from experience.

»

Then B, is related to mean displacement thickness ﬁi on inner
1

and outer walls as follows

x 2 a - =®
(1 - By) I (D1,tip - Di,hub) = & = (Di,tip + Dl,hub)

Lot

° 3
o e 1"'B =

* Da,tip - D

1, ,hub

But D
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Hence A, is found.
Specify flow Q; stagnation temperature thmg stagnation density Pt
o1

Then thi = R Ttgi pt@m

Calculate value of

Q Tt,m . Pref

1 2y ~
corrected mass flow" = P,
v Tref
where  Ppeg = 14.7 psia = 101.325 x 10° N/o®; T..p = 288K

Consider mean diameter only for prewhirl blade loss assessment
mean D = '1‘ (Dll.,tip 4 Dﬂ. 9hub o Dﬁlg‘tip 4+ Da,hub)

%_{(mean D)

Hence mean pitch 5 =
“p

#

Mean height n o= (Dhtip = Dy hub * Do tip - Da,hub)
Hence mean s/c¢ and mean c¢/h are known
Take mean Gy = % (“z,tip + Gg hub

Prewhirl blade loss

Profile loss from Ainley & Mathiesona, as blades resemble turbine NGVs.

Figure U4a of that reference shows only small effect of a, when

lag] < 50° and s/c ¢ 1, so use lowest curve in that Figure to give Yp.

This curve approximates to

s Bo G4
YP = 0,02 + 0.1125 (1 - E)
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when s/c¢ € 1; when s/c > 1 put s/c = 1 in relation.
Reference 3 suggests factoring Ainley-Mathieson values of ¥p by 0.8,

hence revised relation
* S 2o 84
Yp = 0,016 + 0,09 (’I " E)

with the second term zero when % >1a

Secondary loss from Ainley & Mathie:son2 modified by Dunhaml‘L.

Assume no end clearance

a, = 0O

"o as defined by A & M is given by tan oy = % (tan o, + tan a.a)
Hence tan op = 4 tan G, o’ CoS Gy = (’l + 7 tan’a.,)

Reference 4 gives

. -
0,0055 + 0,078 -0-1-

io

_ cos o, (CL )9 cos®a,
s =

L ]
h cos a, \s/c cosaa,m

where (vide A & M)

Cr
7 = 2 cos Gy (tan a, + tan Io.gl)
3 5"
Hence ¥g = 4 (%) sin®a, cos a, (1 + tan”a.,,) 0,0055 + 0,078 -53'-

2

2
= 0,022 (ﬁ-) sin®a, cos ag (1 + tan“a.g) 1+ 10 [(1 - B,) %]
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Total loss then given by (Dunham & Came?)

=0 o &

2 x 10°

where Re =

Conditions at outlet from prewhirl blades ~ gtation 2

Flow area at blade outlet

TE oW . . .
Assume &g = Oy [Note: boundary layer thickness increases 1n compressor

blades and reduces in high deflection turbine stator blades, so
constant thickness is an arbitrary but possible answer for low

deflection accelerating blades,}

Hence
D .= D
Bﬂ = 1~ - Bﬂ) Dm,t1p - Damhub
z,tip a2,hub
_ ® 2 2 Gy, tip * ma,hub)
Take A% = Bﬂ ° T (Dm,tip - Du,hub) cos( >

Mean conditions at blade outlet are found as follows

Ty, = Te,

B

J— p
Assume a value of thﬁg take initially Pt . " (Yp + Ys) -ﬁz—ﬂ;
9

g
Qy Tt,m by

p—— > M, (take subsonic solution)
Ay, Py
9@

<1

Hence mean
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1
v -
8 s T,
s/Tt,n
_ mean i;.a —
M, — vall;es < = > Pg o
o
5,8 \\\\Es
Pg = Pé,a/PTs,a
Tt,ﬂ = /
Ts,a
\ . \\\‘S ) _
By = f (Ts,g)
Substitute i:,a; ?;,a; a’ Py and pg into equation for Yp + Y5 and

iterate until this procedure gives correct value of F; 2
: 9

Conditions at inlet to rotor =~ station 3

Tt,s = T

/ ] '
! / / /
Pooa = Pr,g ROTOR
@—..__
For the special case of no pre-
whirl blades these two values
/

become inlet conditions and u i///
3 |

g = O at all diameters.

Assume ¢g = 0, i.e. no radial

comporent of velocity.
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0
In general Ay = Bg e %'(Ds,gip - Ds,hub) cos (mean Gg)
5
vhere Bg = 1=-2 ﬁ%i hg = 3 (Da,tip - Da,hub)

ra
Values for Bg |or ﬂﬁ and @ will depend upon passage shape and
8

length between stations 2 and 3 unless these be taken as coincident.

Specify geometry [ Daqtipg Da%hub3 Dys hy (including running clearance)

no. of full blades (ng)

no. of intervanes or half-blades (nj)

proportion of meridional length where intervanes
start (treat as 0.5 if unknown)

blade angles: By tip5 Pus,hub Pos

| blade thickness: tﬂwtip; t&,hubg mean t,

Also specify r’_h"*ﬁ
A
gas angles %ﬂgtip

and Gg pyp

(& values O for no
prewhirl)

Note: if better know=

ledge is lacking D4.
take

ha
Oy tip = %z ,tip

@g ,hub = % ;hub

By must be specified or D3 tip

chosen from experience
(see Appendix 3-8 for

. D3 hub
typical value). '
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Allow for non-uniform axial velocity profile at station 3:

assume axial velocity at any diameter Ds

Dy

—_— , - D
Tos [1+ 0= = 3,ref

s,tip Ds,ref

where Vﬁ,a = mean axial velocity

] tip axial velocity

i.e. A mean axial velooity (could be » or <1)
Specify A

Then from continuity (see Appendix 3-1)

2 4
_ 25, tip * D tip Do hub * Ps,hub

D =
s,ref
e 3 Da,tip + Ds,hub

Hence Da,ref

Take "mean &, as value of &, at D if @ profile were linear
3 3 a,ref

»

Ds,tip =

D
%5, tip ~ (“a,tip - “a,hub) )

. 3,r
i.e. Gy wref

s,tip ~ Ds,hub

Hence Ag

Mean flow quantities at station 3

Know Q3 Agj Pt,s; Tt,a

(take subsonic solution), whence Vg
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's

=

1]

tip axial velocity qug,tip = Vg,g M

hub axial velocity

]

Hence < 'y hub

s, ref = Ds,hub
D

]

o D

a,tip 7 “s,ref

~

[Note: since same value Gy is used both for Ag and in getting VEQ& from ﬁav
the values of axial velocity everywhere will not be sensitive to the

assumed Gy profile, so linear assumption is acceptableo]

Relative conditions at rotor inlet

{ rotational speed (8) at operating condition
Specify design rotational speed e

Conditions are wanted at hub and tip

absolute values Tt,@; Pt,g (assume P%wﬂ applies to hub

Know and tip)

G5 Vm,g3 Us (=2 Dg ®) at hub and tip

The following treatment of the

rotor applies at either

hub or tip and distinguish-
ing suffices are in general
omitted,

Velocity triangle is defined, and

v = Vm"03 tan @,



Us Vy,s
Rothalpy Iz = Cp Tg,5 - ——gj:—"—
I from left-hand

hence

relative Tt from

CP Ttné

Relative Pt from

t,s
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]
Ua

)
Cp Tt,a - EEE

expression
U (U -2V )
a \'s W8
CP Tt,s + 57
X
Y-31
— (T4
Py (T
'3\ "t,s

Ig; Tt.;; Py ; are thus all different at hub and tip,unless there is no
prewhi%l or prewhirl is of free vortex type in which cases I is

same at hub and tip.

Incidence at rotor inlet

S
Define the zero incidence condition as B, = Bug

L
Note: hub and tip values of B3 Vg,a etc. will not necessarily

occur at the same value of Q; i.e. the ﬁh,a values will not fit

the relation involving A.

Thus superscript ~ relates not to any

unique running point, but to the condition giving zero incidence

at either hub or tip as the case may be.

Then at hub or tip Ggz; Beg; Ts (=

% Dy) are known.

From the velocity triangle (see Appendix 3=-2)

tan Bg

Pa

Hence

i = By =

Peos

rgﬂ

Vin,3

-~ tan a4
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Hence i

Hence W

a2
] 1
Know Tt,m 3 Pt,a
]P ]
t,s ;
P PS%@
W 8,8

Then & > Mg > 4 ™~ p
T

(all quantities being different at hub and tip)

Note: it is possible to have M; » 1 at either hub or tip (but not both).
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Prescribed functions and geometry of rotor

lNote: The prescribed forms for W, B and B, which follow are arbitrary, and
later experience may suggest improvements more typical of successful
design.]

T4
r3, tip
r;‘,,,hub <——INLET PLANE (m measured from here)
For tip profile x = (r -7 )(sec . tan &) - h
& 3 ,hub 18 18 4
y = r, - rs,tip
= 4
where r, = 3z D4

Assume profile formed of 2 circular arcs with their common
normal at 45° to axis

Let mj denote value of m at the junction of arcs

Then E;}E;—I; = (Z j\(/;_j(fJ j) (see Appendix 3-3)




TIP

% x +y)
m.
when == ¢ —i
Ma mc
% m/mg
mj/h%

when

o Ia
A\
o 2

T
m
when —= ¢ =i
m m

P

+ (con & - cos 9) [(1 - JZ) %+ y]

2 -J2

HUB

LI Y R

g 5°¢ 7 2 s ,hub
x L Amm
879 m,

COS

Ts,hub (r* - rs,hub)_ 1 -
[¢0}3] 3
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HUB
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near leading edge

3@3‘4(5“‘3' amin)fz( 'ﬁ%)

3
where Poomin = 2 Be (1 * 38 Qws)

noting that B, is in degrees.

m
The prescribed variation of B, is only used to find the throat position ;ig whence

&

[

dp
By and [é137§t7] s hub and tip have different values of pws° B etcs
hd =

ag,, . - 10p..
dw/mgy) |, ~ T ©3 m,

AP,
dzm7m%3
E
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B
(cont'd)

el HUB
where
/
m dg.,
Ei = (% = a‘f) ':dfﬁi 7mé'y] + 2 (Bg Bmln)
m m ag, 4 m
5= - (3-2) (1o 2) [7.7...”} 25 (32) (5. - busn)
s 2/ 1 a
3 -
dg
= 1,% 1 I_ni;‘. «© )
By = (2 mé)(‘*"'m‘) [dfm;_’més ;'Bm% (B* ﬁm:z_n)
m m, ap ] m s m.\/m,\3?
E, = =% (1 _;n:)(a:) [mml +—&(%-3-ﬁi)p*+(§_m—’)(mi) Buin
- P
\
when % < gl < 1
&
m il
@*-4(Bé-smin)m—é( 'E)
where ﬁmin = 4 B (1 + f% Bé) noting that B, is in degrees.

m
Hub and tip have different values of B_ and of EE but same B,.

&
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Notes: 1. W, and B, can be found ab initio (see later) but not W, and
B4s initial values of Wy, and B, must be assumed as part of
an iterative procedure.

2. W as prescribed is regarded as being the velocity in an

assumed local isentropic core, i.e. on the edge of the
surface boundary layer; the flow angle B is assumed to be
the same through the boundary layer as in the local isentropic
core.

Flow adjustment at rotor inlet

Consider mid-stream path only. At any incidence assume that the flow angle
equals the blade angle at the throat, slip being there ignored since ¢
is small: i.e. P, =l§* =B, At zero incidence the flow and blade
angles are equal all the way from inlet to throat.

Define the throat as follows (see Appendix 3-4), ignoring any change of ¢

m
between inlet and throat (as Ei is typically <5 per cent):-
%

3 s,

L cot B o + tan By + 2ty
Boa 15 value of B at m =2m, -~ t,
where
Pap =% (Ps * Pua)
s = 2% ro
3 nf
-.o Pl! = ﬁrﬂ"( 1 )'I' t3
m, ne m, cot B + tan By 2m 4

where all quantities (including t,) differ between hub and tip.

. s e . m . o . .
Since variation of B with oo is known, 51 can be found by iteration
4 4

(assume m,; find B“a; check relation for m,; repeat to agree).

Note: the above expression is not very sensitive to tj, and if this is not

known a value of 0,05 x mean inlet radius may reasonably be used.

Hence B,
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To find W,

Because the throat is close to the leading edge, rg = r , and little error

should result from assuming at either hub or tip

= v '
By = Sy and Ttgm = Ttgw
Hence P, * = P, ' (except as below in case of shock)
Lo t,8
But strictly
2ﬁrm
By = = where r, is known from m,
£

4 T, ' is found from

(r, 2)®

Cp T EP)

i
=
]

]
tqlﬂ'

Pomg,

p ! Ttmaﬁ
t,3 ¢
9 T"tq,s

1}

]
Hence thm

If M; > 1 there will be a shock system around the leading edge (at hub or

tip as appropriate), and then

2 b4
(¢ - 1) (M") + 2
t .Y 3
t a ¥+ 1 )
"8 (r+ 1) (M;) Te.s

]
P,y =

[Note: the loss of P is small, only 1 per cent at M; = 1®2}

Now alsoc assume at hub or tip

ts. = tg (as in Appendix 3=l4)
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where o is a contraction coefficient treated as equal at hub and tip.

[Note: this implies that change of streamtube thickness in the span-

wise direction between inlet and throat is the same for hub and tipa]

Fx N
C———
From velocity triangle at hub or tip
W, = Vm'* sec Bmm Vm x W,
Beot
Pa) Sq 1
Hence We cos B, = wa cos ﬁaca 5, -, 50 p.. ©
or M _ sg COS Bs oA
Wy Ps S,cos B ~t, O
¢ [
1 e
Thus /T | _ |3/ Ie| _SscosPa 1 Thie [Thie
= - ¢ ?
APt . APt as* cos B, -t, © 1;:1;",l Tt,a

Given o (see presently) then knowing Mg

¥ ]
T T
in_ﬁqﬁ

W
[} #

8 " J Tt,m

taking subsonic solution for M;.

'
Mg —>

[Note: The above treatment ignores slip, but since ¢ is small at the throat

this is reasonable.]



If at either hub or tip

]
QT
TFTTE > 0.39633 in ft-lb-sec- K units (or 0,040415 in SI units)
%

]

see later.

Rotor inlet choking limit

ROTOR LEADING EDGE PLANE

Knowing m,, find v, and B__ (all different at hub and tip).

Assume throat line from hub to tip follows the relation

ro- rm“hub

o tip ~ To,hub

m,(r) = By hub * (mm,tip - mw,hub) T

hence m, at any value of r [: mm(r)] is known.
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At m,(r), values of [B_ |at hub and tip are known [@whub(r); ﬁwtip(r)]
* [ b ¥ Ttip ]

Assume that, at any value of m,(r), tan 8 varies linearly with radius

tan [B,,(r)] = tan [Bwtip(r)] - [tan [3wtip(r)] -

- tan [ﬁ,,hub(r)]} M

hence B, (r) is known at all points along the throat line.

Throat area is

Fustip
Ay = B,..[ {21&1- cos [ﬁw(r)] - np t,,,(r)} dr

Ta hub

Assume linear variation of t with r

T - ra,hub
x,tip = Tu,hub

tulr) = ta,hub + (ts,tip = ts,hub) T

Assume By = B3 . g

o is chosen empirically in the light of experimenﬁxand should lie in the
range 0,9 < o < 1. It may depend upon the highest M between hub

and tip (max M;), and a tentative relation is

o = .Bl. [0.94 ~ 0,13 (max M! - 1)]

3
when max M; > 1
or 0594 when max M; <1
"

e I I - T e UV

#s

ee reference to By and B, in Appendix 3-8.
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Thus all quantities determining A; are known. Integrate by evaluating the

Knowing Q 3 ""ngw" 3 Py '3 Al evaluate

H } term at, say, 10 equal intervals of r and using Simpson's rule.

1
Hence A,.

e ‘ v '
Ttgm o« (Tt,t,tip * Tt,m,hub)

] . [ t
P ? (Pt,m,tip * P'c,-n,hub)

q

and if 2 0,39633 in ft-lbe-sec~"K units (or 0,04OL15 in SI units) the
inducer is choked, and the calculation ends.

QT

me o
If the flow as a whole is not choked, i.e., if Al 7% < 0.39633, but at

o
A:;' Pt ol
L]
QT

either hub or tip 2 0.,39633 as previously evaluated, then
A F%

proceed as follows.

Assume streamtube thickness adjusts so that ML = 1 at whichever of hub

]
Q /T
or tip has MKM§E 2 0.39633
t

e

o ®

t 1
Also assume Mthub + metip = 2 Mg

" o7,

T
where M, corresponds to 2 Lye as evaluated for whole flow, taking
Ay W

?
A Fp

. . gl |
subsonic solution for Mu.

W
Thus ML is known at both hub and tip; hence values of - and W,.

v
Tt,m
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Initial choice of Wy and B,

Both W, and B4 are the same for hub and tip.

Since

It is

is

it is easier to make a reasonable first guess at B, than at Wy, this
condition is used, and thereafter the main iterative loop will

operate via change of B,. Experience suggests that the first guess
for B, be taken as about 12° more than Beog sy the value increasing with
reduction of @ below choking and decreasing with reduction of 2

below 5»

then necessary to select an initial value of W, for the preliminary
iterative loop. For this purpose assume a value of B, (typically say
0.8); then the continuity relation gives W,, as follows.

known at hub and tip and I is constant along any streamline (secondary

flows being ignored),

thus I I

a3,tip 4,tip
Ia.tip IA,hub

I - N/

s,hub = “T¢,hub
Thus at outlet

(r, 9)% I3, tip
[ — ——ce——— !

Cp Tt,4 = Ig + 83

Hence Ty (different at
hub and tip) I3, hub

Assuming flow outside boundary layers to be locally isentropic

- .
b.h \Pm2
P, ' = p, '[-—=2 (different at hub and tip)
t’* t93 T )
t,s
o ) - a2 ] ]
Hence average values Tt,4 = 3 (Tt,é,hub + Tt,&,tip)
5 v 1 v L
Pia = 2 (Pt,4,hub + Pt,&,tlp)

Q is known
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A, = B, - 2rr, h, cos By, B, and B, being assumed as above.
QYT . W
Hence Y tae — M/ 2 > W

Y
RE 7 .
4 .4 tye .

taking subsonic solution for M;k,.

The iterative procedure is then as depicted.

vary g,

W, and B, agreement MAIN LOOP

via preliminary loop

B, constant PRELIMINARY
LOOP

mix/ing / _—

of /wakes

dist/ribution
Wiesner
correlation

contin Jui

triangle

Each choice of B, in the main loop requires a solution for W, and B,

via the preliminary loop.



- 39 -

It is necessary to check continuously throughout the iterative procedures
19Ty
that values of B, and B, at any stage do not give above

the limiting value. In cases when the boundary layer growth assumed
is extremely high, it is possible for choking to occur at rotor out-
let, in which event no sclution can be achieved.

Calculation of mean velocity through rotor -

This is expressed as %L (always +ve, and = 1 at inlet).
3

Wy is known and W, is known (both different at hub and tip).

Assume a linear variation of lL between inlet and throat

Wg
m/m W
ie€a l=1+(/4) (—-2-1)
Wg m,/m,) \Wy

Between throat and outlet, the form is as prescribed for either hub or tip.
Hence W everywhere is known.

Calculation of whirl velocity

rV

3 = L (different at hub and tip)
3

The quantity wanted is -
%

At inlet Vw93 and Wy are known

ry Vy
hence L, = -~2ta8
m, W,

At the throat and thereafter the complete velocity triangle is defined

(see Appendix 3-5), and Vy; is known from
V, = r2 - W sin p

hence L is known from throat to outlet.
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The variation of L between inlet and throat is as given presently, knowing

L =L
?ﬁ”?%‘%’ chosen in order that the inlet loading is zero.
L

Caleculation of blade loading

AW

W (required to be zero at inlet; elsewhere may be
8

This is expressed as

+ve or -ve)

AW 2% a(L) "
In general V. = . cos By, T/ ) (see Appendix 3=7)
e d(L) ° .
At the throat and any station thereafter 3 = L| must be obtained
4

from the calculated values of L. This may conveniently be done by
fitting a cubic (or perhaps quadratic) to the neighbouring values of
L at each calculation point and differentiating.

Hence L.

Between inlet and throat prescribe a maximum value of L as

‘@ L,m o L3

Lpaxy = k (m,/m,)

where a reascnable value of k may be 1.2.
Then Lg, L,, im, £Max are known, and L, is taken as zero in order to
give zero inlet loading in all cases.

This region (between inlet and throat) is divided into three parts

(i) foro<&<xﬂf—x~
m% q
'NARY
take L = 3 (ﬁ:) + L3



(ii) for Imax(__m__ Eﬁ"-—-lmaxmL
(f . \a
take L = I (.%"_)4,1,..1““83:
Ltﬂax m4 3 2q

e

i
i
b

m

] & m
(iii) for = . <« B s
& 4 by my

take L = -4 -P-l-s [ - m
2 (&) *E‘«’*Q(a‘:)](a:)*

t—{o
i
[}
[Le)
.
&1
S
o

I t"“l~
*
+

el
———
.

et |

® & a o 2
where q = h&“%) +( ax) -




w B2

These relations

ensure no sudden

change of L and

hence of loading L
at the throat

POSITIVE
INCIDENCE
NEGATIVE
INCIDENCE
Lmax[ - :
| s
Y — ; L/
Mx !
My, !
L max [ -
my,

*

L is now known everywhere.

Beo 1s not known between throat and outlet. The difference between B, and B
increases from throat to outlet, and for the present purpose it
should be adequate to assume that this difference varies linearly with

m from zero at the throat to the known outlet value, i.e.

P =

Hence %ﬂ everywhere.
8
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Treatment of intervanes

Where intervanes start, the full-blade value of %w- will change from

8
2% . 2% . .
[5; (cos B“)L} to [E-F—ﬂ-;(cos ﬁ”)L] , normally being halved,

and thereafter both full and half blades have same g
3

An instantaneous change of %ﬂ is not acceptable for either full or half
8

blades, and in addition the half-blade loading should be zero at its
leading edge; hence proceed as follows.

Treat the half blades as starting at the calculating station immediately
after the specified leading edge position. At that station the full-

blade value of %ﬂ is %(cos ﬁw)iZI as evaluated by the foregoing
8

method, and the half-blade value of LW is zero,

Yy

Assume linear variation of %‘! between the above values and that calculated
3

at the immediately following station according toI: 2% (cos B&)L:I.
, i

nf+n

LEADING EDGE OF HALF BLADES
e AS SPECIFIED

/FULL BLADE
CALCULATING

/ STATIONS

— %
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Calculation of surface velocities

W W

Suction surface 3 S8 - A
W W
3 3
W W

Pressure surface H Tfﬁ = 5o
8 3

In general this procedure yields four

distributions:m=

tip suction surface

tip pressure surface

hub suction surface

hub pressure surface

&
WB

different full=blade surface velocity

(WPS/W") hub

With intervanes there are a total of eight different pressure and suction

surface velocity distributions,

those on full and half blades being

equal beyond the second calculating station following the specified

half-blade leading edge, since the same value of W is applied to both

full and half blades.

FULL BLADE

gl ——

/

HALF BLADE
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If this treatment gives any negative values of %L (e.g. on pressure surface
3

at high positive incidence), these are replaced by zero.

Also there are two mean velocity distributions
tip mean (W W )
P M )i

hub mean (W/wa)hub

which are considered as applying to shroud and hub (i.e. non-blade)
surfaces respectively.

[Note: Although hub mean and tip mean values of W, are the same, the pres-
sure and suction surface values at outlet (wss,¢ and Wbs’é) are not
equal to that mean W, In reality blades cannot support any loading
at their trailing edge, and some adjustment must take place; this
probably leads to a rapid off-loading very close to the trailing edge
which cannot be predicted in this treatment. But see presently for
method of allowing for this off-loading in calculation of boundary

layer thickness at trailing edge.]

Calculation of boundary layer thickness at rotor outlet

The values of W just obtained are regarded as being the distribution of
velocity at the edge of the boundary layer that has grown on each
surface.

Assume that in association with each individual surface a local isentropic
"core" or mainstream exists, having properties Pg and Tt'(see
Appendix 3-8). Values of Py' and Ty' at any station are different
for hub and tip, but for either hub or tip the values of Pt‘and T;
are the same for suction, pressure, and mean (non-blade) surfaces.
Thus it follows that all surfaces are treated as having different
static pressure at any station.,

For each velocity distribution values of §* and 6 are calculatgd (see

Appendix 3-8 for general comments on the procedure adopted).
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Rothalpy is constant at either hub or tip, and inlet value I, is known at

hub and tip. Hence at any point

1 u®

Cp Ty - 553 = Lo

. oo - Lot (r@)®/2gJ

£ Cp which is then known

Taking a particular surface velocity distribution (lL vss jl), the value

Wa My

of

is determined at any station on the surface.

W
=

Hence the relative Mach number M' at that station; this is the local
core or mainstream value on the edge of the boundary layer growing on

the particular surface.

%
1
Evaluate p = I = (see Stratford & Beavers6 for
1+ 0.2 (1) turbulent boundary layer)
If § is surface length, dS = sec B, dm ds

B

dm

Then "e@uivalent flat plate length" (&) is given by

s m/m%
1 ° £ 1
'e = 5[ P dS e o m"”"@ = ':E;.[ P sec Bm d(m/m'ﬂ:)
0 . o

where p outside the integral is the local value corresponding to M' at

the station in question.
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The integral is evaluated assuming linear variation of p sec B OVer

each calculation interval, using some means like Simpson's rule.

b sec fe ~.

-
-~
~——

Hence is derived, for each surface considered, the quantity

1
int = ].p sec B, d(m/h&) at rotor outlet, the integral being

o}

evaluated on the basis that the value of p at rotor outlet corresponds
to the outlet velocity for that surface as given by the foregoing
treatment (i.e. with finite blade loading at the trailing edge).

This is done for convenience in order to permit fairly large calcula-
tion intervals near outlet (e.g. 0.1 in m/m,), as ‘

r
j p sec B, d(m/m,) changes only slightly towards rotor outlet.

Allowance for closure of the velocity distribution at the trailing edge is

then made by putting

e
22 = L (np)
my Dy

in which M; and P, for all surfaces are taken as corresponding to the

unique mean condition W,.
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In the case of the hub and shroud surfaces (treated as having the mean velow
city distributions) boundary layer growth effectively starts not from
zero thickness at rotor inlet but from a condition corresponding to

the inlet blockage. Hence for these surfaces

7 &
=+ - L [(int) + -&f{l
L3 p% m%
— : 1028
5.
where L, = = ﬂm P RCIIE
0s0L6 1 + 0.8 (Mg) (-ﬁr—ﬁ)
_ 3
and 6; = % hy (1= B) as before

(¢, is different for hub amd tip)

Note: if inlet boundary layer proportions are known, different values
. . -y

can be used for Bthip and Bg,hub’ rather than taking &; for each

wall. For axial compressor situations it is often found that the

outer wall boundary layer thickness is approximately twice the inner.

In the general case

5* x k¥ { Ds tip * P nub

s = k « & = =
8,tip 3 Jhub 21k - Ds,tip + Daghub

hg (1 - By)

Everywhere on all blade surfaces use B, as written above, and between
throat and outlet take P, according to the linear relation adopted in
the Section "Calculation of blade loading". But on shroud and hub
surfaces (corresponding to mean W distributions) replace B, by the

following:
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from throat to outlet, use P as prescribed

from inlet to throat, use P evaluated from

W

sin B =

where distributions of W and L are known.

Then, for a one-seventh-power velocity profile and probable range of Re,

6y

thicknesses at outlet are (from Stratford & Beavers

i

éi 0.046 [1 + 0.8 (M;)z]o-e4 23 (Re&,*)-.o.2

o _ ' =]‘°"’ 4 =02
™ 0,036 [1 + 0.1 (M*) o, Reg .

where Re, L
9

In these expressions M;, pﬁ and,p4 again correspond to the unique
mean condition W, (i.e. they differ between hub znd tip but not

between pressure and suction surfaces).

t
4

the assumption of local isentropic cores gives Pt ; from
?

p, and p, are still to be fixed. Since Ty . is known (from rothalpy),

0N t\Y-1
v t,4
p. ' = P —f
t'l* t’a T 1
t,s

Both T. ' and P, 'are different for hub and tip.
t,a t,e
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Then for either hub or tip

P ?
Pt 5 5 Ps %
Sy4 K
P
M, — 4 S P
4
T / Sy4
e T,
59% !
5* 6
Hence = and - for each surface.
My My
Average boundary layer thickness and blockage
Consider two adjacent blade passages at outlet (with intervanes)
FULL BLADE HALF BLADE FULL BLADE
—TIP
o > | T &
2 W 2 w
& %15 5
[ i (2]
QO luf}o g}
A xR @
e @ 9 e
—HUB
q.._—
ROTATION

Boundary layer thickness is evaluated at points (1) to (10).
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=l

If no intervanes then (3) -+ (5), (4 = (1), (&) - (10}, (9 -» (6).
Average thicknesses are required for (i) all axial surfaces, (ii) all

tangential surfaces, to apply thus:-

¥*
Gyy; Ow

l
?

where w, is the pass-

age width normal to

S

€L;eh the flow at rotor out-

—F
Lo

let, determined as

follows:

i
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Bs -

=
&
£
&
&
9
<

Blade thickness normal to direction of mainstream flow =

=

t-ﬂ: cos(ﬁﬂ: - Booé)
Thus w, = 8, COS Ba = tg cos(ﬁ4 = ﬁw&)

Increase thicknesses on all suction surfaces [(1), %y, &, (10)] by factor
% (see Appendix 3-8), where Z is to be specified.
Take average thickness on axial surfaces (suffix h) as mean of
M, 3, B, 5, 6, B, (9, (10)

and average thickness on tangential surfaces (suffix w) as
mean of (2), (7)

Total passage area = w, b (ng + n;)

Boundary layer blockage per passage is

w4h4-(w4_~251;)(h4-25;)

Hence A B, w, h, (n; + n;)

(W% -2 a;) (h‘& -2 5:‘,)

Wy hy

where By =
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The foregoing treatment does not cater for rake of blades at trailing edge

ANGLE h
OF RAKE 4

<——
ROTATION

Provided that pm4 remains the same at hub as at tip, then

w, = §,cosf, -t, coa(ﬁ‘ - ﬁu‘) sec(rake)
Ay = By w, h, (nf + ni) as before

[wa -2 8y sec(rake)] (h‘ -2 8;)

where now B
e
w, hy

Relative conditions at rotor outlet

We require the average core or mainstream flow conditions relating to the
area (A}) that allows for blockage.

Know Q A,

Ty 's Py o different at hub and tip

take | Ty , 2 (Tt,é,hub + Tt,i,tip)

3 (Pt,i,hub + P%,i,tip)

[Note: in most normal cases Tt,;,hub and Tt,;,tip differ by only some 10°K,
so that this simple averaging of Tt,é and Pt,; is reasonable, Where
the hub and tip values differ much more widely, as in the case of a

large difference in Gs,hub and “a,tip' then it may be that some
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mass-weighted averaging of Tﬁvé and Ptmé should be used = in other
words that the conservation of rothalpy applied to streamlines at hub
and tip should be associated with proportions of flow representative
of those streamlines, more flow at the tip tham at the hub. But such
flow weighting can only be arbitrary, and in view of the uncertainties

involved is omitted.
; W

@“ Tﬁ%?’l 5 M N - Sy W
Jr— - A - e 4 4
Ay Py g J T4

taking subsonic solution for M).

Then

This defines the situation before mixing-out of "wakes" to a one-dimensional
flow (station 5).

[Not@z uniform static pressure (Pé’*: corresponding to ﬁ%wi and M:) is
assumed throughout the whole flow passage for the mixing

caleulationm]

Check on value of wg

Bach circuit of the main iterative loop corresponds to a particular value of
Byo TFor that Py, an initial choice of Wy is obtained es given
previously, leading via surface velocity distributions and boundary
layer growth to a value of B, and hence, as just set out, to a
further value of Wy. The latter must match the input Wy,. Thus it is
necessary to do a subsidiary iteration at this stage, keeping constant

Py and varying W, until match of Wy is obtained.

Mixing of "wakes"

The equations are written to include a change of dimension (hy # h,). Many
arrangements of geometry are possible at rotor outlet; A, B, C are
three examples. In cases A and B, hy = h, but in case C the effect-
ive axial dimension for the flow is open to doubt. Variation of hy

leads to wvariation of work input, and some limited experience from
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test data suggests that in case C the value used should be

oy uh-;h*
—h,
/—% B C

[Note: mixing is assumed to be instantaneous so that no change of radius is
involved (c.f. the small radius ratio noted in experiments by Dean &

7.

Senoo This means that relative momenta are conserved (see
Appendix 3-9) and Ti' is constant (from rothalpy). The problem in
the relative frame is then essentially the same as that analysed in

Reference 8.]

moo
= Tt,4

For consistency with Reference 8 the terms (1 - F) and (1 - G) are retained,

where now
. Eﬁ 5 |4 t, cos (ﬁ* - ﬂwé) sec(rake)
T T hgte | T 5, cos B,

h, | by - 2 6y
e | e | 3¢
hg s, h, cos B,

X ls% cos B, - [2 5y + t, cos (ﬁ& - 5“4)] sec(rake)}
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TG = h, h, =2 (8$ + Bw)
- = X
hg Se h, COs B,

% {s% cos B, - [2 (6ﬂ + eh) +t, cos(ﬁ% - ﬁm%)] sec(rake)l

Then equation (23) of Reference 8 gives

2

v (- 1) -9 (v - mf ey = o
1-6]”‘

¥, = [(sin Bg) TTF

Y (Mé cos B%)a (1-G) + (M;/Mi)a
¥, = (cos B,) (1 - F)

where <

il

¥4

The only unknown is M; so that the equation may be solved (by trial
and error). Hence M; and ¥y etc.
From equations (12), (13) and (22) of Reference 8

SO ey ra- B O

Hence Py and Wy

Ay = 2mrg b, cos Bg3 hence A;
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Thus Q3 Tt,;; Als W.; M' are known

QY Ty
Then M; > - t’? 3 hence P, ;.
?
As Pt,b

This defines the situation after mixing.

After the final values at station 5 have been obtained, evaluate also Py s
]

and Ts’5

Pt,a P
P > S,
5,5

™~
™~

5

T 5 TS,5

5,5

Check on value of Ba

Throughout the calculation of rotor velocity distribution, boundary layer
growth, preliminary iteration on Wy, and mixing, an assumed value of
B4 has been used. This must now be corrected by making the mixed-out

flow situation compatible with Wiesner's slip correlationg.

Vslip,5
From velocity triangle Ws
Vm s
Vm’5 = Wy cos By 5
5 Bw4

Wy cos By (tan By - tan By, )

i

Compare that value of Vslip s With YLd
! (nf + ni)
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B, must be changed until these agree. That is then the correct value of PB,.
For a realistic solution B, > B -

For each value of B, used in the second and subsequent circuits of the
main iterative loop, the preliminary iteration on Wy should start
with an initial value of W, equal to the converged value of W,

obtained on the preceding circuit of the main iterative loop.
Hence final values of M;; A;; Pt,;; W3 Py’ M etc.

Absolute conditions after mixing

From velocity triangle

<3
i}

ry % = Wy sin By

r, 8V (r, 2)2
- - Wo5 - ] 5
Cp Ttga —~—§3~—1- = C. T s —

Rothalpy Ig p Tt,6 = "2pg

i

rg @ (2 Vy s - 15 2)
2gd

]
Cp T_tﬂ5 +

LI} Cp Ttg.’ﬁ

Hence T.t95

Absolute Pt from

Y.

Viat?
P = P EELE
t,s tyB !
t,s

P
Ps,53 Py etc. already known, hence ﬁiif —> M,
9

From velocity triangle

r, 8 - W, sin B,
Wy cos Bg

tan @y = 5  hence ag
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V5 can be obtained either from

Vg = —nB
sin ag
or from
Va
Mg > 2> Vi
Tt,s

Work input to rotor

Useful work supplied to fluid = Q (Cp thﬁ - Cp Tt,a)

There are various parasitic losses which require additional (wasted) work
input.

Friction between rotor and casing ("disc friction" - see Appendices 3-11,
3-13)

a 4(c, Tt)f - o.08 Lo

where p and §i are some mean values between stations 3 and 5.

Take these as 5

i

+ + 2
¥ (Pa ,oub  Ps tip Ps)
% (“s Jhub ¥ Ha gip * 2“5)

Leakage (see Appendices 3-12, 3-13)

Specify “gap" = axial clearance between rotor tip and casing at rotor

=

outlet, at design speed.

In the normal range of %?E (> 0.02), Appendix 3-12 suggests
%

} D .
Q A(Cp Tt)e = '}). k75 (E&E) + 0.02] -%5?—2 (useful work)
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Total work input =

Q[(cp oo - O Th,o) + 80 ), + (o T")ﬂ]

Rotor efficiency and pressure ratio (total-to-total)

Rotor isentropic work input corresponds to increase of Pt from P% . to P
]

Paod,

14
Now -—"'—-’——Tg‘ 5yis S ——-’-—it ]
tya t,a

Hence Tt,mgis

Rotor isentropic work input = Q (Cp Ttww,is - Cp Tt,m)

rotor isentropic work input
total work input

Rotor efficiency =

Rotor pressure ratio = ===

Vaneless space

Specify Dg; hg

Assume wall profile is linear between stations 5 and 6,

Sl N )
mm———— - h
g = Ty =~ O &

ime'm h = h& +
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[Note: starting from a fully-mixed state at station 5, the boundary layer
is treated as growing from zero on each of the two side walls, sub-
ject to a condition regarding transition which is introduced
presently to ensure that calculations are performed as for a

turbulent boundary layer throughout.]

Equations must be solved for successive incremental steps of radius between
r, and res convenient steps may be 0,01 in r/rb. The main equations

are (see Appendix 3-14):

A A . A
17dM Jn (1 =M® 4+ € tan®a) + 2H (1 + H) © 0,704 M3 0.14 1
A ar X -1 Ng - 2Ho "a+ Ao
M 1+—3—M 1+ 0.8 M 17+ 0.,1M
h sec®a dh
= HCfgseCG- T "'a;' .ooo(é)
A
1 _de _ _egh( 1 1 (8)
= —A _ A i - seoco D
tan a dr Mdr 1+Y21Ma r
A A
gg_cfgseca' 0 sec®o, o M (2 + H - M?® + & tan®a ©)
- - -A _ ry 0.-0_
dr 2 r Mdr 1+Y ’IMB
2
r
- 20 ]'*
g = [1- o (1 + H)
where 4

=
H
1
. Y
+
B
jo N
El&
N’
®
T
POl

These equations assume that Tt' Ps and flow direction @& are everywhere the

same in both boundary layer and mainstream; all other flow properties

A A A A A
relate only to the mainstream or core flow, namely: M; V; p; Tg; Pg.
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Step-by-step solution

Conditions at the beginning of a step are known, as follows:-

geometric quantities 2 r: h
X . A
mainstream flow quantities: M; @

boundary layer quantities: 6; also H from

A O o e A 0o 7 6
H = 1,286 (1 + 0,8 MB (1 + 0,1 M® (see Stratford & Beavers )

A A
knowing M; Pt (constant = Pt,a); Tt (constant = Tt,s)

r A
LN
N
A
S P.b
H—s < 5 —> B
[ ‘\55 E
T //)W
KE —— qus
Tg ‘\\55 A
" ]

AA A A
hence p; Vs 4 3§ Reg =

—;,{l
@

then C¢ from Green et al1o, vizs

0.9
C = G - @\ | = 05
£ fo (_.__._......_.H 1 1)[1 - 6.55]% Ceo (1 + 0,04 ﬂ""’_)]- Ok

1 4+ 0,2 M

where

1 ‘ 0,01013

Ag
/1 + 0.2 ﬁm log10 [Ree (1 + 0,056 M )] - 1,02

Cro = = 0,00075



..63..

For a chosen step length Ar, the values of Ah and hence { are known. Then
values of ﬁ, &, 6 and all dependent quantities at the end of each

step are obtained from simultaneous solution of equations A, B and C.
A

%% is negative, %g is positive, and the sign of %% depends upon the

relation between hy and hg.

First step

In order that the boundary layer may be treated as turbulent at the end of
the first step, it is assumed that Reg has by then reached the value
320. This decides the values of & and Cs at the end of the first

step. Little error will be introduced by writing for convenience

v
Reg = &—iﬁ (= 320)

in order to save extra iteration; this is justified by the arbitrary

nature of the assumption regarding Ree.

Thus the calculation starts as follows:-

station S

e vt step-—————-——dal

A
M = Mg Ree = 320
= 320 p.a/P5 V5
6 = O A
H = ¢ [M]
Cs is indeterminate C¢e = £ [ﬁ; Hs Ree]
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For the first step, therefore, 46 is known, and C; can be eliminated
4

between equations A and C, to leave one equation in %% which is

solved simultaneously with B.

N 8 A
1 aif (h“ZHe)(1'M +€t‘m“') 0,704 M® 0,14 N®
7 dr ¥ =T 7n - 2HO -+ A
i 1+ L2 1+08M% 14 0.1M
do dh secBq,
ZHdr"dr‘(h"aﬁe)"“r

Check on boundary lavers
For the foregoing treatment to be valid, the boundary layers on the two

walls must not join, and it is thus necessary to check after each

step (excluding the first and perhaps early ones) that 26 < h,

i.e., that

h

A Qo F
20.6 (1 + 0.7 M")

& <

N
When this limit is reached, P% becomes the centreline value and ceases to

A
be constant (likewise M etc. are now centreline values).

Thereafter equations A, B and C are replaced with the following (see

Appendix 3-15):
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A A :
:.I. gﬁ Ma - secaoa -y MB (I‘a + Tb) I‘c N ta.naa. oy 1\,/\[9 l‘b rC o7
_ 1dh . sec®a . (tan®q Al Cr &
= tar vt Tr ( T, -TH h cos a seee(D)
A Aa
1 da( 2 Ag ) 1al [1+ (Y-1M Te
= |(tan"a -« Y M" Tg) = = — +
tan o ar pary 4, X 5 1 4= 1-Ty
1an 1+ YMPT, B
+HE;+ T TR E
A 2
tan®a
7l Al - M® +
1 P [ tan%a ] - 1 Te Te |,
A" dr A - T Adr -18z ~ 1T
P Y M2 T M 14— P a
,1dn sec®a )
h dr r L X N ] —
( A_\oe 42
where Ty = 0.125 (1 + 0.8 M")
Aa -0 7
Ty = 0.097 (1 + 001 M)
A A -Q0e 58
< I'e = 0,088 M® (1 + 0.8 M")
A A \=127
Tq = 0.0136 M2 (1 + 0,1 Mz)
Ty = 1=-Ty =Ty
\

Solution of equations D, E and
Cs, as before. H is the

A
function of M only.

F requires knowledge of H and Reg to obtain

A
same function of M, and % is now also a



- 66 -

A w o 7
6 = Z0.097 (1 + 0.1 M")
A A A
As before evaluate ps Vs ¢ and use
o Ve
Ree = Lz}"’_"

Hence Cr.

Conditions at end of vaneless space

A
If boundary layers have not joined then P = Pt 5 otherwise Pt e
? 9

9@

value of P after the last step.
M@, Gg3 Og; Hg are obtained from the step-by-step procedure.

by = H, 04
o
Bg = 1 o s
6 n,
Ag = Bg o 2Wrg hg cos G

A A
Knowing Mgs Pt,a5 Tt,@

=

]

>
)

is the
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Mean total pressure (ﬁ;’e) is only required when no vaned diffuser follows
A
the vaneless space, and in that case M, is likely to be fairly low
(= 0,5) and the boundary layers well developed. In those circum-

stances it is reasonable to assume (see Appendix 3~16)

— A 3]
—- - - —
Pt,s = Ps,s + (Pt,e Ps,e) (1 4572 hs)

Vaned diffuser

Specify D,; h,h; number of vanes ng

total geometric throat area Ag

channel geometric area ratio (outlet/throat) AR
channel centreline length 4£3

channel throat width in radial plane Wi

angle of lower vane surface at leading edge

A
Axial dimension at throat hyp = - T
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. hip
Throat aspect ratio AS = -
Yth
o
If hg = hy LWR = —
th
If hg # h,, also specifly wqout
AR - A
then hout = i -
Wout g

Assume conditions in the channel throat are those at the end of the vaneless
space (station 6) modified for area change, including blockage, and
loss of total pressure. As ﬁe is normally <1.2, shocks if present at
all should be weak, so ignore any loss of gt at shocks. But introduce
an arbitrary schedule of ﬁt loss with increase of diffusion as
described hereafter. (For general discussion, see Appendix 3-17.)

Throat conditions:
A A
My, and Ptyth are bulk mean values
Tt is consténtg hence Tt,th = ths
A A
Pt,th g Pt,e according to assumed schedule
take Ay = Byy - g9 where By is to be calculated

A
[Note: when the vaneless space is followed by a channel diffuser Mg is
likely to be >0.8 and the sidewall boundary layers at station 6 are

usually nowhere near meeting in the middle.

For boundary layer growth between station 6 and throat, consider
(1) vane surface, taking length of surface = 2xrg/ng (as an
approximation); thickness (8,) grows from O at leading edge
(ii)  sidewalls, taking mean length of path = mrg/ng; thickness
(84) grows from 8y at staﬁion 6.
For simplicity linear distribution of M is assumed along both vane surface
and sidewall mean path, the initial values depending on
(L) Mach no. level, ﬁa either €1 or >1, and
(i1)  incidence to vane surface at leading edge (= oy - w)

in the following arbitrary manners-
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ﬁe incidence vane surface sidewall mean
A A

<1 ¢] Mg Mg

A A

A A
€ Qg < W ‘Mg cos (@ - ag) Mg

A A
>1 0 Mg Mg
Mg + M
A +
>1 ag > Mg o Eea &
' A
(M@e after expan-
A

sion from Mg

through angle

Qg - W

i, + M
A -+

>1 Gg < W Mg o —QEE—-—E

(ﬁze after reverse
expansion from ﬁs
through w -~ “a) if
solution ﬁ&e z 1
exists, otherwise

A
Mgy cos (0 ~ ag)

A

A
Mgy cos (w - ag) + Mg

2




-0 =

M A
where My, is given by the normal shock relation (Me > 1):

™ - 1) (ﬁe,)"3 + 2
2y (ﬁ@)” - -

=>

sh =~

M ) N
Expansion relation (Mg > 1): Mg (> M@) is given by

X+ 1

where x Y = 1

A A A
Reverse expansion (Me > 1): Mee (< F%) is given by same relation, provided
A
solution Mge 2 1 exists (i.e. r.h.s. of equation 3 0).

A
Thus assumed distributions of M between station 6 and throat are:

for vane surface

N N A A Sh
Moo= Mipitial = \Mipitial = ¥final Srre/ng

for sidewall mean

=>

A £ & Sy
= Minitial = Minitia1 - Mfinal) RTe/tg

A A
where Mfinal is taken as Mth in both cases
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Values of §* at the throat are then

for vane surface

o -0 .2

A
® A 2 |Gets 0«8 Pth th
Bth,h = 0.0“’6 [1 + 008 (Mth) ] (&th,h> _"x_—"'

Htn
Zﬂra/nd R .
4 M
where eth,h = -5— pdS, and p = -—-—-———-—-,-\—a-
th 1 + 0.2 M
0
for sidewall mean
A 08
& L{. A S]O-%é ,6 008 P'th Vth
ath,w = Ooo 6 [1 + 008 M_bh th,w ""‘T"‘""
Kth
where
w ( A /A )o-z 4 o925 ﬁre/hd
e 1 P 5 Pe e’He + j p s
th = R w
v Pen | © ] 0.046 [1 + 0.8 (Me)z]" a4
0]

A A A A
Note: Mth; Pips Vth; Pins My are the same for vane surface and sidewall

mean; all are unknown at this stage.

This situation must be resolved by iteration. The 1terat10n procedure is
followed twice, the first time taking Pt th = Pt g+ Start the
iteration by assuming a value for ﬁth (say 0.9 initially, or Ms if
that is <0.9).
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Now
A
QY Ty Q/Ty|  Bg 2rrg by cos @, Py o
-.mx—m — ry 3 13 A °
AP, A P, th € ﬁtyth

th 8

In this relation By, is the only unknown; hence a first value for Bine

But also P

o>

% > s.th

$
A
th s v

J T, th th

Whenee 5Ehgh and 6€h@w can be calculated from relations given.

.

*
Bthh
—l—_ #
Then throat blockage is x
- Win B\
given by th,w
i
ix* A
B - (hth -2 5th,w) (Wth - Bth,h)
th ~

hin Yen
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Compare the latter value of By, with the firsf value obtained and
iterate on ﬁth until the values of By agree. Hence solution values
of ﬁth; Byy ete.

After the iterative procedure has been concluded the first time (correspond-
ing to ﬁt,th = ﬁt,e)’ replace ﬁt,th with a value given by the
arbitrary relation

Py o (0.36 + 1,28 By, - 0.6k Bﬂ’:)

using for Byy the first solution value, and follow the iterative
procedure*fhrough a second time. Take the results as correct values
of ﬁth; Bty etc.

If the diffuser throat is choking the foregoing iterative procedure will not
find a solution. Whether or not the diffuser throat is choking can be

A

ascertained by putting My, = 1 and for that condition evaluating
Byp from continuity relation
Bin from boundary layer growth

as previously set out; then taking these values of By, the throat is
choking if (see Appendix 3-18)
Byy (continuity) - By, (boundary layer) 2 O

In that case the calculation ends.
A A
Otherwise, having obtained My, by iteration, Py tn and Pg gn are then

known; the channel pressure recovery coefficient is defined as

Appendix 4 shows how to evaluate Cpr from a table of data appropriate to
single channels with parallel sidewalls, straight centrelines, and
throat aspect ratio (4S) = 1, given values of the following

quantities:
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Bth H IWR 3 AR

The data of Appendix 4 are taken from work by Runstadler11, with
uncertain extrapolation to lower LWR by means described in
Appendix 3-19.

Of the geometric restrictions mentioned, an approximate method is suggested
for dealing with the usual case of AS # 1 (see Appendix 3-19):
When AS > 1 (not likely to exceed say 2), ignore the effect
When AS < 1, calculate

wg AR -~ 1
actual 28 = 2 tan (2 v LWR)

6(20) = (E'IA‘S' + 1) ('&s‘ - 1)

then
effective 20 = actual 28 - A(2®)
and use Appendix 4 with quantities
Bgny IWR; ARgpp = 1 + 2« LWR e« tan [% (effective 2@)]

If channel sidewalls diverge, a suggested treatment is to define the
properties of an "equivalent two-dimensional channel" (see
Appendix 3=19) as

& hout
B-th; LWRZD = 3 AR; ASED =
Yh,2D Yth,2D
here = o hth
w “th,2D = Yeh°{_ o

for which Cpr is evaluated in the manner previously described.
Channel centreline curvature may reasonably be neglected if only slight; if
appreciable then the walue of Cpr as given by Appendix 4 for the same
input quantities will be too high.
As alternative to the data of Appendix U4, it may be convenient to use a

specified value of the ratio Cpr/cpr”ideal where Cor,ideal is taken to
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A
be a function of My, and AR. In certain cases Cpr/bpr,ideal can be
correlated in simple manner with Byy, so that then

A
Cpr = f (AR; Mth; Bth)'

Using Cpr/Cpp,ideal the calculation proceeds thus

. a choking _A
(1) Mgp — [area ratio] at M = Myp

(ii) [ choking ] at M = il

> is equal to
area ratio 1 !

out,idea

choking ] A
AR x [area ratio] 8% M = Mgy

s choking A & _
(iii) [area ratio] at M = Mout,ideal ™ Mout,ideal

A
Pt,th S p
“ “s,out,ideal

Ps,out,ideal

Ps,out,ideal - Ps,th

(iV) cpr,ideal

A
Pt oth = Ps,tn

Hence Cpr.

In either case, having found Cpr’ hence Ps,out'

Conditions at end of diffuser channel

Teout = Tt tn (= Tt,s)

Geometric area = AR - Ag

A one-dimensional mean total pressure (ﬁz,out) can be obtained approximately

from

Q ’Tt’out - Pt out J——
K — M —  nesmome et —_9 P
. t t
(AR - Ag) P out ou Py, out sout



-7 -

Compressor outlet (station 7)

Some loss of P, is likely to occur between channel outlet and the final

measuring station. Introduce a loss factor defined as

L

P

t,out P

t,final

P%Wout - Psq,out

ﬁgwout is a continuity-mean total pressure at channel outlet, so that
boundary layers in that plane have already been allowed for, but there
will be a “"dump"

loss due to vane

boat-tails and/or

trailing edges.
The total pres-
sure loss factor
for this "dump"

is approximately

equal to
£(t
s \s Pyte
t = distance 'be' (in sketch)
where 8 = distance 'ab' + 'be!

cp,te = mean pressure coefficient on surface 'bde’

Pswmean - Psmwut

p— for which a wvalue
P%mout = Ps,out

around =0.15 may reasonably be taken.
Hence P%wvm
In addition to the trailing edge "dump" will be losses associated with any
ductwork, bends, deswirl vames etc, located between station 7 (the
trailing edge pitch circle) and the final measuring station.

In the case of a vaneless space but no vaned diffuser

= P, and P = P

P
t,8 B,7 8,6

tew
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Overall efficiency and pressure ratio

Overall isentropic work input = Q (Cp Te,is = Cp Tt,1)

overall isentropic work input
total work input

Overall efficiency =

Now T, ;g5 can be evaluated as
9

by

¥y
T . P
either (i) EZJEQ = 52&2
t91 tgi
Yeni
s P Y
or (ii) “is | 8.7
- Tt,i Pt,a

leading respectively to
(i) overall efficiency (total-to-total)
(ii)  overall efficiency (total-to-static)

Corresponding values are

]

(i) overall pressure ratio (total-to-total)

i

(ii)  overall pressure ratio (total-to-static)
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APPENDIX 3
NOTES AND DERIVATIONS

To Axial velocity profile at rotor inlet
Let
[axial velocity] = [mean axial velocit ] 1T+ O =~ 1) _2_:_££§£._
at diameter D h J Dtip - Dpof
Now from continuity
Q = 5 [B %'(Dtig - Dhug)W [mean axial velocity] =
pe Bl axial velocity] d[axial area]
Dtip
D-D
® x ( 2 8 ref 7D
B enad) - [ feoen2le oy
ti ub -
B P Dtip Dref e
Dhub
Deip \ Diip
o 1 2 ) H = 2
© 3 ? (D 3 - ) = “/ D“’dD L W[ (D o ‘D) dD
tip Dhub Dtip = Dpeg refl
Dhub Dhub

- A 8 ]
=z (Dtip Dhub) +

-1 [@ (Dtig - Dhuﬁ) ~ 2 Dpef (Dtig - Dhug)]
Dtip = Dpes

] ]
y tip = Phub [DPoip * Pbip Dhub * Dnup _ Pres (Dtip ! Dhub)

omn (7& had 1
Dtip = Dref 3 2

2 B
2 Dtip + Dtip Dhub + Dhub
ret 5 Diip * Dhup
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Rotor inlet velocity triangles

/

Zero incidence

General
(-ve incidence as drawn)
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3. Rotor blade tip profile
T
45°
X
A A
R2
y
| v
45°

Arc length at junction (ms) = ?ﬁ» R,

Two circular arcs with
o)
common normal at 45

In general
]tC--R3 = Rﬂ.-‘y

"« Ry +R, = x+y

R:I,_--R3 =

Hence R,

[H

and Ry

Total arc length (me,tip) =
T Ry +Rp)

= %m(x +y)

X 4+ (1 mvﬁf)y

L —d R’-R
Metip  Ra ¥

(-] +)
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b, Rotor passage throat geometry

Assume blades have constant thickness (ta) and circular arc leading edges.

is value of B at m = 2m, - t,

Poea

take By = d (B + B
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Approximate the geometry thus:-

Boob




- 83 -

5. Rotor velocity triangle from throat to outlet

At rotor outlet there are two situations of importance
(i) that before mixing=-out of wakes, i.e. with blockage present
and velocities relating to the average isentropic '"core" or
mainstream flow

(ii)  that after mixingeout of wakes, when the flow is assumed to

be one-dimensional with zero blockage.
Correlations of slip (see Appendix 3-6) relate to the velocity triangle
for the second situation. Distributions of surface velocity, as used
throughout the rotor for assessment of boundary layer growth and hence out-
let blockage, are obviously concerned with conditions of the assumed local
isentropic core, and thus the outlet quantities P, and W, (which are used
to derive those velocity distributions) relate to the first situation.

In analogous manner two different velocity triangles can be imagined
for any station within the rotor. The local surface properties B, W, AW
(and hence Vy) are those appropriate to the existence of a local boundary
layer and hence some local blockage, for which a velocity triangle may be

drawn thus:-

u=rn
-
Vw
Vm W
B

Then Vw = 18 ~ W sin

(Note that P is assumed to be the

same through the boundary layer as

in the local isentropic core.)

Some slip exists within the rotor (see Appendix 3-6), and this must
again be regarded as applying to a one-dimensional (zero blockage)

situation, depicted thus:-
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However, it is difficult at any station other than outlet to reconcile
gquantitatively a value of Vslip in the second triangle with the viscous
flow properties of the first triangle; note that V # quo—d (see
Appendix 3-10).

At rotor cutlet this difficulty is removed, since the same values
of B4 and W, apply to both hub and tip, and an overall blockage factor B,

is known. Thus an overall mixing treatment can be used to relate the two
triangles.
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6. Slip

The phenomenon of slip, manifest as a flow angle leaving the rotor which is
greater than the blade outlet angle, is primarily due to what is often
termed the relative eddy effect, and exists in inviscid flow. This effect
can be deduced from a potential flow analysis; Stanitz & Ellis13 give
results of such for a wholly-radial-bladed compressor. Comparison of the
slip factors so obtained with the empirical real-machine correlation of

Wiesner’ is as follows (slip factor = 1 = Vslip/U)

20 blades 20 blades
Potential flow 0.9354 0.8955
Experiment 0.9074% 0.8773
Difference 0.0280 0.,0182

indicating that this effect accounts for perhaps 70 to 85 per cent of the
slip, this proportion being greatest with few blades. The latter trend is
reasonable, since slip increases as blade number is reduced. The residue
not due to potential flow would then correspond to a slip factor of 0,97 to
0.98. This relatively small residue is presumably due to viscous effects;
whether it should depend upon blade outlet angle is not known. When
experimental correlations of slip are sought (e.ge Wiesner9), the procedure
will generally be to derive the absolute whirl velocity at rotor outlet

from measurement of work input, and the meridional velocity from mass flow
(assuming zero blockage), so allowing construction of the velocity triangle
from which Vslip is obtained. That procedure cannot recogniée boundary
layers or wakes; thus the velocity triangle which includes Vslip relates to
flow that is one-dimensional and axisymmetric.

Slip likewise occurs within the rotor passage, where the relative eddy
exists. For a passage with radial walls, Stanitz's work indicates that the
circumferential mean value of slip velocity within the passage decreases
gquite rapidly as radius diminishes and eventually becomes negative at
passage inlet. This, however, will not apply to a real rotor having a
nearly-axial inducer section at inlet. Elsewhere Stanitz (discussion of

Wiesner's paperg) proposes that departure from flow in a radial plane at
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outlet can be allowed for by introducing the term sin ¢, thus giving at outlet

r® sin ¢ fcos B,

Va1i = -
slip n0°7

Within a passage where ¢ changes from O at inlet to % at outlet one can
therefore surmise that slip velocity is zero at inlet and increases in some
manner to the Wiesner value of Vslip at outlet. The manner of the variation
is uncertain.

Nor is it clear exactly how intervanes affect the situationj; if the
eddy is mainly contained within the portion of passage which includes the
intervanes, then Wiesner's formula for Vslip at outlet should apply

unchanged with n = ng +n But within the passage, the sudden change in

ie
blade number must influence the radial development of slip velocity both up
and downstream of the intervane leading edges.

There are two further effects likely to influence Vg3, which
Wiesner's relation does not take into account. First, it is fairly certain
that Vgyip must depend in some manner upon hy/h,; if this ratio is far from
unity (in either direction) the Wiesner relation is likely to be in error.
Second, there may be significant variation of Vslip with flow at a given
rotational speed. 1In neither case are adequate test data available to

introduce the effects.
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7o Rotor blade loading

Stanitz & Prian¥ give an analysis which depends upon the condition that
there is zero absolute circulation around an element of flow in a
blade passage. Applied to blades with pressure and suction surfaces
having the same angle at a particular radius, and with backwards
sweep (rather than forwards as in Reference 14), the argument can be
adapted as below.

Although the mean angle of flow in a blade-to-blade direction (e.g. ﬁtip or
Bnub) is generally not equal to the local blade angle, either due to
slip or - ahead of the throat - due to incidence, nevertheless at the
blade surfaces the flow is taken to be at the blade angle.,

Then at the blade sur-
faces the component
of absolute velo-
city in the direc-
tion of the local
surface is, from
the velocity
triangle

* (W~ rR sin B)

and the circula-
tion around the
circuit ABCD is

o i 80) - (i - =% otn 8)] + a[(1), . - 2 e¥] -
cos B [(Wps - rR sin Bm) Vigg = TR sin B[ + d|{V, heen © T Iy 0
Ignoring blade thickness, AY = 2m/n
dfr o (v ]
. W W = 2 ocosp _Lr ( W)mean
.. ss T "ps = T ©OS Pw am
Ay 2m cos B, d[r : (Vw)mean/m* Wal
or Wo ~ n b d(m/m,)

Davis & Dussourd?> give a similar relation. Their equation (1) is

d!r Vw!

AW = AV T

where S is measured along the blade surface

thus dS = sec B, dm

dir V
and AW = 2% cos Bm-—j—-—ﬂj as above.

n dm
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8. Boundary layers at rotor outlet

No simple treatment of boundary layer growth in the rotor is really
defensible, and the assumptions used here are open to serious criticism. In
the real flow situation at rotor outlet there are no discrete boundary
layers as such, and no uniform core. As a result partly of separation the
effective blockage of the flow passage is high, and representation of this
by summation of displacement thickness (8") on the various walls obviously
implies geometric thickness (§) greater than is physically possible with a
conventional power-law velocity profile. A measure of this blockage is,
however, necessary for calculation of loss due to the mixing known to take
place immediately after rotor outlet. And factors such as the incidence at
which flow meets the rotor blades at inlet, that varies with operating
condition, contribute to the loss and so require to be taken somehow into
account: this is most satisfactorily done by am attempt to estimate blockage
from a boundary layer approach. Consequently it must be reckoned that "the
end justifies the means", and illogical features of the treatment are
accepted.

As discussed further in Appendix 3-13, the rotor is treated for
the purposes of boundary layer growth and other losses as if it has an
integral rotating shroud. Thus all four walls of the rectangular flow
passages are regarded as growing boundary layers appropriate to the local
relative flow conditions.

In reality the total pressure, static pressure, velocity, and flow
angle all vary everywhere round the passage perimeter, and steep gradients
in all these quantities exist across the passage (see Eckartq)w The present
treatment establishes velocity and flow angle distributions (W and £) in
the meridional plane at six positions around the passage perimeter, and
boundary layer growth is evaluated for each of these six distributions as if
two-dimensional flow existed locally, with uniform static pressure and uni-
form flow angle (B) through the boundary layer, and with the given velocity
(W) occurring at the edge of the boundary layer. Thus the values of §" and

0 so derived for each position relate the flow and momentum in the boundary



- 89 -

I
Th—
N T —
1 ‘ -
layer to conditions at :
. . VELOCITY
its edge where "main- : W
! “ "
stream'" gradients of ! MAINSTREAM
|
velocity, static pres-~ }
sure, flow angle, etc. 5
deemed to begi | -
r m o] o !
are deeme egin STATIC L//’///
The resulting values PRESSURE ;
of 8" at rotor outlet
are then averaged to E B
form a blockage factor. ://V// o
FLoWw | L
ANGLE !
!
|
|
1
1

Major defects obviously exist in this procedure. In the first place
it takes no account of the important secondary flows arising from the
effects of rotation and wall curvature. Secondly, if relations are used
that correspond to turbulent attached flow throughout, the effective mean
value of shape factor H at outlet is around 1ok, This value of H is
certainly unrealistic for surfaces where separated ''wakes" develop. 1In
general H rises at separation, to some local value around 3, and if the flow
manages to negotiate a separation "bubble™ and subsequently re-attach to the
surface then H must fall again during the re-attachment process. On the
other hand, for a boundary layer which becomes a wake downstream of a
terminated surface, H decays from the terminal boundary layer value towards
unity. Thus it is uncertain what behaviour of H should be assumed for a
surface where permanent separation is maintained. When there is virtually

zero net flow through the separated region, informed opinion* suggests that

*Private communication by staff of R.ALE.
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H may be around 2. In Moore's incompressible experiment169 resembling the
rotating channel of a centrifugal compressor, values of H were deduced to
be between 3 and & following separation on the suction surface. Moore's
selected wake profile relation implies H = 3,89, That experiment indicated
absence of any reverse flow in the wake, which carried a significant and
increasing portion of the through-flow (being fed by secondary flow in the
channel), and Moore points out that this situation is considerably
different from the case of normal two-dimensional boundary layer separation.
Apparently, then, quite a high value of H should be attributed to the wakes
which in a real machine represent the major source of channel blockage at
rotor outlet.

It is found, however, that the calculated mixed-out conditions at

rotor outlet are rather insensitive to the assumptions made regarding H.

Since the complexities of the real flow situation cannot be properly

modelled by any boundary layer treatment simple enough to be used in a

"quick" prediction method of this type, and because of other imperfections

such as the arbitrary nature of the velocity and camber angle distributions

assumedﬁﬁ it is necessary to introduce an empirical factor somewhere into
the relations for rotor outlet blockage to bring predicted performance into
line with experiment. Such a factor may be applied either to all passage
surfaces or, more realistically, to blade suction surfaces only.

Two alternative procedures have been examined:-

A Attributing to all surfaces a wvalue of H derived for one-seventh=
power velocity profiles (H = 1,4), and increasing both §° and 6 by a
factor 2 applied to suction surfaces only.

B, Surfaces other than suction treated as having one-seventh-power velo=-
city profiles (H = 1,4) with no factor applied; suction surfaces
treated as having a specified higher value of H (e.g. Hgg = 3), € being
evaluated as for an attached boundary layer with one-seventh-power
velocity profile, and §" from 6 and Hgg, with a factor X applied to
both &* amd 6.

%if a certain pressure distribution exists on a surface with attached flow,
that distribution will be changed in an unknown manner by separation
taking place. The wall pressure distributions corresponding to the sur=
face velocities arbitrarily assumed in this treatment are not intended to
be an accurate model of those existing in a real compressor with separated
waltes. But in general form they are thought to be sufficiently typical of
current design practice to form a basis for calculation of blockage via
boundary layer growth.
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Clearly neither model is fundamentally satisfactory, and the pretence of
calculating discrete boundary layer thicknesses is only a convenient way of
introducing the effect of variations in surface velocity distribution
(e.g. due to incidence), and of enabling the mixing process at rotor outlet
to be handled in a reasonable manner. But comparison of these two systems
is informative, and demonstrates some important features of the iterative
procedure within which the boundary layer calculations are contained.
Figures 2 and 3 show results obtained from the complete prediction

method using two alternative sets of boundary layer assumptions, viz:=

1o Hyg = 105
X varying in each case

2 Hgg = 3

Case 1 corresponds closely with system A above. The following points

deserve note:-

(1) The values of B, and B, (before mixing) are significantly affected
by choice of Hgg. | When Hgg = 3, By can be as low as the blade
angle, but the value of X is then unrealistically high,]

(ii)  But the value of B, cos B,, which is a function primarily of ﬁ;,
is not much changed, and the conditions after mixing - see B, and
M; ~ are nearly the same. Consequently rotor efficiency is
insensitive to Hgg at realistic X (experience suggests 2 or X as
circa 3 to 5 for match to experiment).

(iii) B, is considerably smaller than Ps when Hgg = 3, but more nearly
equal to By when Hgg = 1°5. As noted in Appendix 3=-10, the
condition B, < By tends towards the case of purely mechanical
blockage (when "mixing" is simply a sudden enlargement of flow area),
which would correspond to 6 = O or H = co.

(iv) It can be concluded that within the possible range of Hgg (say 1.4
to 4) its effect on rotor efficiency is slight and outweighed by
whatever factor (e.g. Z or X) is used to tune the level of predicted
performance.

(v) For a given rotor efficiency, X is slightly less at higher Hggo

(vi) In this analysis the rotor outlet chokes (i.e. ﬁ; = 1) when blockage
is increased sufficiently by means of high Z or X. For the
examples shown, this occurs at X = 13,5 with Hgg = 3, or X = 18.5
with Hgg = 1¢5,
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(vii) It should be noted that for converged solutions the total boundary
layer blockage would not change pro rata with the multiplication
factor even if that factor were applied to all surfaces. This is
because the underlying surface welocity distributions change with
the factor: a large factor means high ﬁiy less rotor diffusion, and
hence reduced boundary layer thickness before multiplication by the
factor,

The comparison embodied in Figures 2 and 3 thus indicates that

choice of Hggy is not important. In wiew of this, alternative A, using the

factor 2 rather than X, is adopted. ‘
A quantity comparable in significance to the multiplication factor

(2 or X) is the value of ggmassumed to exist at rotor inlet. In the

examples just cited a value of Egyh& = 0,01 is assumed for both hub and

shroud walls, corresponding to Bg = 0.98. This value of By is arbitrarily
chosen, and the equal division between the two walls is arbitrarys
particular configurations of entry ducting may in practice produce different
overall values of By and different division between walls. The effect of By
is illustrated by the following example, also relating to equal division

between wallsse

Bg rotor efficiency
1@0 OW930
0,98 0,895
0,96 0,860

giving 12 per cent efficiency drop per one per cent of inlet blockage.
This, therefore, is an effect of much greater magnitude than H, and
‘represents a major uncertainty in the whole method of treatment.

So far as their influence on the calculation is concerned, the two
quantities By and Z are complementary and to some extent interchamgeable in
function, and it is clearly undesirable to leave more than one such major
gquantity adjustable to suit individual experimental results. Hence there is
a strong need to select an average value of B, for general prediction
purposes. Some guidance in this choice may be obtained from the combination
of
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(a) knowledge of the inducer throat blockage factor (B,) required to
match empirically the measured choking flow

(b) calculation of the inducer throat blockage due to boundary layer
growth, over a range of different values of Bg.

The latter calculation is of dubious accuracy due to the many assumptions

upon which it depends (given in the main text) in relation to flow angle

and surface velocity distributions and the treatment of incidence, and it

ignores possible effects of separation near the leading edge (due to shocks

or otherwise) and of flow curvature in the throat (this effect is likely to

be small, <1 per cent blockage). But an approximate estimate may be made

as follows:-

Knowing distributions of W and Tg, and hence M'

m,/h*
W 3 ~3
o e sec B dim/m +
=t [p B atm/iy) ™
o
( s
1]
where P = ul
‘ * 1+ 0,2 (M;)a
4
€3 = O for blade surfaces, and for hub

and shroud surfaces depends upon 6;
and hence on B, as given in the

main text

Then for each surface at the throat

Qo

5" 46 [ 8 (M')a]o.“ e, |—t
= 0.046 |1 + 0.8 (u! S P

where p, and p, are obtained from knowledge of M; (different

for each surface) and of Pt ; and Tt,: (different for hub
9

and tip only).
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Writing dipy = 8" on shroud surface
d() blade suction surface, tip
J d(5) blade pressure surface, tip
d (7 hub surface
d(10) blade suction surface, hub
d(6) blade pressure surface, hub
£

the boundary layer blockage at the throat’ is approximately

d(Z) (atrll,tip cos @Wlanmtip = nf tw’tip) +
4 (a‘r syhub ©08 Poy, pup = g t*,hub) *
+3n, [dm *d(5) + dgg) * dmo)] [(rm,tip - rm,hub) -4 - d(?)]

and B = 1 boundary layer blockage
#(BL) ~ ~  geometric throat area

This quantity, B,(pry, mey be compared with B, (= ¢ Bg) as determined to

fit measured choking flow, for several compressors.

MG M S R G ae % R SR e R e W AR R R Me we  ea PE e e MR e wie Ge M dm e ee e ew W me  we e e

%imew in this treatment at a distance of m, from the leading edge on all
surfaces
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B, B, calculated
assumed in calc d B‘(BL) from test ML
. 3,tip
CASE 1 | choking flow { ?‘88 8‘33? 0.9k o
. 0.98 0.944 0.999
choking flow { 0.94
CASE 2 1.0 0.984 0.99%
lower flow 0.98 0.921 - -
0.98 0,951 1.237
choking flow { 0.91
CASE 3 1.0 0.990 1.229
lower flow 0.98 0.939 - -

/

From this table the following points may be noted:-

(1)

Equal division between hub and shroud

As flow decreases the calculated boundary layer throat blockage

rises, for constant Ba; this is due to incidence becoming more

positive with consequently more diffusion (or less acceleration)
between inlet and throat.

(ii)

At choking B, determined from tests, Cases 1 and 2, agrees roughly

with the calculated Bt(BL) corresponding to By = 098 and not at

all with that corresponding to B3 = 1.

(iii)

The lower B, for Case 3 is associated with M;,tip > 1, involving

some thickening of the inlet boundary layer due to shock interaction

which is not allowed for in calculating B*(BL) in the foregoing

manner.

Thus it may be generally reasonable to take Bs = 0,98, leaving Z as the

remaining factor for adjustment to suit individual test results.

With such considerable uncertainties present as have-been noted,

there is little point in attempting refinement of other boundary layer

assumptions, save for seeking to give the analysis an appearance that is

more or less philosophically reasonable.

Much more sophisticated and

laborious treatment of boundary layer growth (including secondary flows)




could be introduced to try and simulate the real situation, without material

benefit in these circumstances.

Typical boundary layer proportions on the different surfaces at rotor
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outlet as computed using Hgg = 1.5, X = 3, By = 0,98 are as follows:=

Full blade | Intervane | Non-blade | Intervane | Full blade
suction suction ("mean") pressure pressure
Hub 157 82 bg 7 19
Tip 201 97 98 10 20

In this example the aspect ratio of the passage at rotor outlet, measured
normal to the flow between a full blade and an adjacent intervane, is
approximately 3. Thus the non-blade (hub and shroud) surfaces account for
three~quarters of the perimeter, which is why a factor such as 2 or X applied
to suction surfaces only has to be fairly large in order to have much overall
effect.

It has been suggested earlier in this section that 2 = 4 gives opti-
The

experience on which that choice is based relates to good current designs of

mum matceh to experiment, and this value is adopted as “standard".
rotor all with substantially similar amounts of diffusion. Poor machines
would obviously require a higher value of 2. And in cases where the rotor
relative velocity ratio is much greater or much less than conventional,
then it is likely that Z should be taken as also greater or less than the
"standard" value.

A qguestion remains as to whether Z should be scheduled with, for
example, design pressure ratio. The quantity 2 in effect chiefly repre-
sents blockage growth due to separation and wake formation. Now increase
of pressure ratio essentially means higher rotational speed and hence
raising of the Mach number level generally throughout the rotor; this
perhaps advances the onset of separation and/or increases the growth of
wakes into which low energy fluid is swept by the action of secondary flows.

It might therefore be reasonable to relate Z to rotor pressure ratio.
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9. Absolute and relative momenta

Consider any flow situation
rn

Vm

o Q Vi
Meridional momentum = z + Ay Pg

which is the same in the relative and absolute frames

Tangential momentum in absolute frame = SLE;giﬁmﬁ

Tangential momentum in relative frame = Q_E_gag_ﬁ

1]

% (r@ - V sin a)

©

AN relative tangential momentum = ngg - absolute tangential momentum

Hence if absolute momentum everywhere is conserved and there is no change

of radius, then relative momentum everywhere is also conserved.
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10, Mixing at rotor outlet
The mixing, assumed to be instantaneous at the blade trailing edges,

changes the flow from a state where blockage exists due to blade thickness
and to boundary layers having grown on the rotor passage walls, to a one-
dimensional condition with circumferential uniformity. There is, of
course, a loss of total pressure associated with that change. Given a
certain value of the effective blockage, for example from some experimental
measurement of average flow properties, there are two approaches.

First, to treat the mixing as a simple sudden enlargement in area
(equal to the blockage) experienced by flow that is essentially one-
dimensional both before and after the enlargement. That corresponds to
setting equal the terms 1 - F and 1 - G in the mixing equations of
Reference 8. The equations for continuity and conservation of tangential

momentum give the relation

« G

1 . .
E— W, sin B, = Wz sin B4

where F is a measure of blade trailing edge thickness and aggregated
boundary layer dispiacement thickness 5@9 and G contains in addition the
aggregated boundary layer momentum thickness 6. Consequently, if all block-
age is treated like blade trailing edge thickness, effectively with

5" = 6 = 0, then

W, sin B, = Wg sin By

and it follows that

(i) both relative and absolute tangential velocities are unchanged through
the mixing

(ii)  the relative flow angle increases (By > B,)

I U4 =Ub |
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In the second approach, consistent with estimation of blockage from

a boundary layer treatwent, %“E_% < 1, and for typical solutions there may

be only a small difference between B, and By, perhaps a few degrees either
way, depending upon the mean value of H and upon blade trailing edge

thickness. Drawing velocity triangles for the particular case of B, = Bg

it is seen that

VW15 > waﬁ: and

<
ww,s ww,q,

Now the work equation requires that

[Z Vi dQ’:L, = Q- Vu,s
Noting that, unlike the first approach in which the flow before the enlarge=
ment was already one-dimensional, in this second approach W, relates to am

assumed isentropic "'core" (both '"core" and boundary layer having uniform

angle B,), the work equation becomes

1 -8 - 8"\ =
(1 ~ 6«) Vw,4 + (1 _ 8*) vw,BL = Vw,a

where v;,BL is the mass mean absolute whirl velocity of the boundary layer

flow. Since |V, =T = W, throughout, it follows that

U constant



w 100 =
(du e 6) WW%% + (6 b 6‘“) MWBL = (1 bl 8’“‘) wwg%

where W$wBL is the mass mean relative whirl velocity of the boundary

layer flow. But as Wy g < Wy ,

(18 Wy o+ (B~ 8 Wypr, < (1-8%W,,

qunmonm

or Ww,BL < Ww,%

This is clearly correct, since the boundary layer profile is such that at

any point within the boundary layer W < W,, and hence on the assumption of

uniform flow angle B,

Ww, 4 Wiy

BOUNDARY
LAYER

An interesting digression is to consider the case of blades with

forward instead of backward sweep at outlet.

Since the mixing calculation

is concerned only with relative flow conditions (vide Appendix 3-9), the

numerical solution is unchanged.

the case of B, = By} become

Thus the welocity triangles (again for
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<
wwgb Ww,4 as before

But now Vy, , < Virya

In this case Vo, = U + Wy, throughout,; so that the work

w
U = constant

equation leads as before to

Wy BL < Wu,q

In the special case of B, = O, Bs must also = O in both approaches
and relative whirl velocities throughout are zero so that the work

equation is satisfied.
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11 Disc friction

This relates to the friction on two sides of am enclosed disc with zero
throughflow. Leakage losses are additional when there is throughflow.
Two sources of data may be compared:

(i) Daily & N@e@1?: tests with liquids at values of rim speed up to

170 ft/sec, hence very low Mach number.

They define a dimensionless torque coefficient Gy such that

Torque = Oy é% p & r®

B

Cp depends primarily on Reynolds number (P £ r ), and weakly on the

m

ratioc axial clearance/radius; four regimes of flow are distinguished.
Where large changes of p and p occur from inlet to outlet of a real
machine, some mean value must be used in the expressions for torque
and Re above.

For ranges of clearance/radius and Re typical of radial compressors,

the recommended relation for Cp (regime IV%) gives approximately

=0 o
- 2
0,07 (E_E_E_

G = -
. i
Then work loss is
Q A(cp my) = loEaiex
=00 B
029 w8 [5Q p®
= Omo am
7 2gJ !J.

where all quantities are in ft-lb-sec-CHU units.

- em e wm Wm We ww mme  GeN e ea e e e e BE e m mm We e e e wm e e e G e M e e ae e e e e e

%in the paper17 the coefficient in the empirical relation for Regime IV
should read 0,102 not 0.,0102.
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(ii) Ribary18: tests with gases at subsonic rim speed; the author warns
that when rim Mach number > 1, some dependence on it ought to be

included in the relatiom.

A

The formula is given

Power in Kilowatts = 1.26 x 10™%

p U° p® (p U D)"'°‘2
g 113

where p is in kg/m®, U in m/sec, D in m, g in m/sec®, and p in
kg/m sec.

After conversion to ft-lb-sec-CHU units the work loss becomes

=003
_ pgrtpgr®
Q A(CP Tt) = 00089‘4" ZgJ ( ﬁ

These two sources give relations of identical form, with coefficients that
agree quite well (0.07 in one case, = 0,09 in the other) and a mean
value of 0,08 may be taken.

S es em s em em R er e em M G e em ar M SR e Ge e e MW O RS G e m Ee W SR e em e e e e e

Pli]tn the paper18 there is confusion between symbols £ and £', but the graph
(Figure 1 of Reference 18) indicates that the experimental constant
1,26 x 10~* is to be compared with the theoretical value 2.05 x 10~%,
and hence that this experimental constant evidently relates to
equation (9), rather than (6) as stated.
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12, Leakage losses
There are basically two sorts of loss associated with flow leakage.

First: leakage from outlet to inlet via shroud
under the action of pressure gradient;

this is called "recirculation.

HIGH Pg

LOW Pg

LEAKAGE
FLOW

There is no satisfactory treatment for this. Three references

mention it:

(i) Coppage, Dallenbach, et al19 of Airesearch suggest tentatively
2
. ) Uy
A(Cp Ty) = 0,02 (tan ay) « k s

where k is a "diffusion factor" (apparently having its origin in

NASA axial cascade work) which is defined as

165 W o 8J (CP T4, = Cp Tt»a)

8 [n (Da = awtip) + amnﬁqtip]
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This is entirely speculation and no evidence is cited to support
either the form of relation or the constant used. There. ought to
be some dependence on gap size.

(ii) Rodgerszo gives an expression for "scrubbing" and "recirculation"
Egintly, involving ;% where his & is the "inlet flow coefficient"
—%:3, but says in the preceding text that the loss varies as the
inverse of &, i.e. as % not ;%n As by "'scrubbing" he appears to

mean disc friction, the é% is presumably am error, since

Q o8 Gg

?;;8 = , 80 that his relation would read

= 1.2
8(Cp Ty) = 0,0032 7 - =%

or
Pa A5 Us
Q A(Cp Tg) = 0.0032 ———
gd cos a,

and noting that A, has dimensions similar to D:, this expression

matches that for disc friction (vide supra); it would not do so if

1
== Were used.
i

But one can get no further: the breakdown between disc friction and
recirculation is not given, and without any supporting evidence it
would be inadvisable to adopt an unproven relation for the two

effects tomether.

(iii) Rodgers & Sapiro21 of Solar again combine disc friction and

recirculation,and give

+

- 3 2 -
. -5 | Pa Ps o U5 Dy . cos ﬁ"’%
QB8(Cp Tg) = 0.5 x 10 ( ) gd (slip factor)
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The group % (53 4+ Ps) Uﬁ Dﬂ is exactly that appearing in the normal
relations for disc friction (vide supra), but with Reynolds number
omitted; the group cos B, /(slip factor) is not understood.

Supposing the latter be assumed = 1, which is at least of the correct
order, then a comparison may be made with disc friction alone, by
extracting the common group § q° mﬁ/?gJ and leaving

Solar relation Dise friction

=0 o 5
=8 r
Om08 “““““““““““““““““““““ ‘

o

b x 10"

This Reynolds number is typically% in the range 0.2 to 1.5 x 107 so
producing a value of 2,9 to U4 x 10”™° on the right-hand side (= Cp).
By comparison the Solar relation is far too small, and appears to
contain a major error.

There is one other relation of possible relevance. Rodgers & Sapiro (ibid)
do not make clear what they mean by "recirculation"™ in the context of
the last relation, and they give a further expression for the loss
"due to axial clearance" said to be derived from tests of shrouded
impellers. This is

AN = K (552) where & = 0,15 to 0.2

ﬂﬁwalmat@d for eight compressors covering pressure ratios 3 to 6%
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Now the only leakage in a shrouded impeller should be that here
called ''recirculation", and it is therefore possible that the last
relation is intended to apply to that loss. But the situation is
too confused to be useful.

Thus none of the references provide an acceptable estimate for this type of
leakage loss alone. _

Second: leakage past unshrouded blade tips under the action of the pressure

difference between pressure and suction surfaces.

e
PS| |SS
LEAKAGE
FLOW
-—
ROTATION

Jansen22 gives the theoretical expression

8 oo 2 2
A(Cp Tt) - Q06 (EEB) o VW’5 vh’é (Ds'tip _ Dswh“b)
T gd \h .
3 4 n h* (1 + p5/p3) (D* - DS,tip)

which is said to agree satisfactorily with test data.

In any experiment it would be hard to separate the two types of leakage
loss, since changes of clearance affect both, and so it seems
likely that Jansen's relation should be regarded as fitting total
loss from leakage, even though it is not derived on that basis.
This supposition is supported by the fact that Jansen says his
relation produces similar values to an empirical one obtained by
Krylov & Spunde23 from unshrouded radial inflow turbine tests,
where both forms of leakage loss would be present.

Krylov & Spunde give

D .
AN = 2 (592) (—1’11-2 - 00275)
hé D-'?:
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where "gap" is defined as the clearance normal to the surface of the
casing - presumably an average figure through the whole passage.

But note that in a radial inflow turbine the meridional pressure difference
acts from outer to inner diameter, this being in the direction of
flow, whereas in a centrifugal compressor the pressure difference acts
the same way while the flow direction is opposite. Thus the stimulus
for flow to take the so-called recirculation leakage path is not the
same in the two cases, and for the turbine that leakage flow is not in
fact recirculated, so in general the penalty may be lower in the tur-
bine case. Nevertheless, examination of test data for centrifugal
compressors, from five different sources, indicates that the Krylov &
Spunde relation much overestimates the rate of fall of efficiency with
increase of clearance in the range 0,035 < gap/hy < 0,15 (a normal
value of gap/h, at design speed is between 0,025 and 0,0L).

To sum up, the literature does not provide any satisfactory working relation
for leakage loss.

Now axial compressor
experience suggests
that tip clearance

loss follows a pattern

as shown in the Aq ““““““““““““

sketch, and it may be | / %%wﬁé
surmised that a RANGE
similar form applies

to centrifugals. CLEARANCE

The centrifugal
compressor data

surveyed support a slope at normal and greater clearances approximately

given by

D .
0,ki75 222
.

On this somewhat slender basis the following arbitrary relations are

proposed for working purposes:-
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Datip/Da
INCREASING

when gap/h, » 0.02#

D .
AN = [0.475 (522) + o.oa] —3,4ip
h“.’c D‘!r

when gap/h, < 0.02

D .
an = |2.475 (522)_50 (522)” Z3,tip
h, h, D,

-——————————-——————-——-———--———-————--—-—_

For a centrifugal compressor "gap" should be taken as the axial clearance
between rotor and casing at rotor outlet. In practice this clearance
varies with speed, but there is no evidence as to how leakage loss should
be assessed at part speed, so the relation is used with design speed
clearance at all conditions.
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13, Parasitic losses in general

With a shrouded compressor rotor, it is easy to distribute losses
realistically (even though quantitative estimation may be difficult). In
that situation the rotor flow passages are fully enclosed by rotating walls,
on which boundary layers can be deemed to develop according to the local
surface relative velocity distribution. Between the rotating shroud and
stationary casing there is a clearance gap, leading to two effects. TFirst
of these is the type of friction associated with zero throughflow, which is
similar to that on the rear face of the rotor; the frictiom loss of a
fully-enclosed two-sided disc is then representative. Second is the
leakage loss referred to as "recirculation", which exists where there is
throughflow, whereby a small proportion of the fluid returns from rotor
outlet to inlet.

When there is no rotating shroud, cataloguing of losses becomes much
more confusing. A similar recirculation path exists as mentioned above,
and also similar "disc" friction on the rear face (only) of the rotor. But
it is no longer obvious how to treat the remaining effects. Growth of a
boundary layer on the outer side of the flow passage combines in some
manner with the zero-throughflow friction on the casing, and additional
loss takes place due to peripheral leskage around the blade tips. The
latter is primarily associated with blade loading and hence with through-
flow, so that, as noted earlier, tip leakage and recirculation losses could
not readily be distinguished in any experiment.

For want of a better approach, the method adopted here is to assume
that the losses from boundary layer growth and friction together are the
same for an unshrouded rotor as for a shrouded one. Hence boundary layer
growth on the passage outer side is treated in the same way as on the other
sides, additional friction is included corresponding to a double-sided
disc, and a clearance loss is added according to the best available
correlation.

The question then arises how to treat the work represented by para-
sitic losses. In the case of a shrouded rotor, "recirculation loss' can be
regarded as involving an unchanging mass of fluid, equal to a small propore
tion of the throughflow, which is continuously following a cycle of

compression in the rotor (a - b), expansion along the leakage path with
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some heat loss to the casing and
rotor (b » ¢), and final cooling
by giving up heat to the through- /
flowing air (¢ » a)., "Disc /

friction" also heats the casing Y
and rotor. Much of the heat
passing to the rotor from these ~ c
sources is then absorbed by the

through~flowing air progressively _-a

throughout its passage within the

rotor. This violates the normal ENTROPY

adiabatic state during compression

upon which conservation of

rothalpy is based, and leads to an

increase of stagnation temperature rise unmatched by any increase in Euler
work. Additionally there is the quasi-instantaneous increase of rotor
inlet enthalpy due to cooling the recirculating fluid. A qualitatively
similar situation must exist in the case of an unshrouded rotor.

As a crude representation, some arbitrary proportions of the
aggregate parasitic loss could be assumed to pass to the through-flowing air
as discrete additions of heat at rotor inlet and at rotor outlet. Supposing
that half of the lost work reaches the air, that would mean an increase of
enthalpy rise of 1%—2% per cent, or typically 3—60 in outlet stagnation
temperature; i.e. 4-1 per cent increase in temperature. Since the major

result of this would appear in the diffuser as an increase in level of

Q /Ty

AP the net effect would be small, and in order to avoid
t

Mach number via

further complication of the method it is for the present purpose ignored.
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14, Flow and boundary laver growth in the vaneless diffuser

Treatment of the flow in this region follows the analysis by
Stanitzeqq but correction is required. Stanitz says "The effective height
of the diffuser at each point on the mean surface of revolution is equal to
the geometric height of the diffuser minus the assumed displacement thick-
‘ness of the boundary layer on the diffuser walls. Only the effective
height of the diffuser is considered in this report; ..... boundary layer
displacement thickness ..... can be assumed or estimated from boundary
layer theory”. Unfortunately that approach is not satisfactory; continuity
and momentum relations require different areas, so that use of a single
"effective height" is not permissible.

The main assumption in the treatment is that outside the boundary
layer the flow is uniform across the passage at any radius. Static pres-
sure and flow angle are assumed uniform across boundary layer and maine
stream. For the present purpose simplifications are made to Stamitz's
treatment, in that the vaneless diffuser is regarded as having its centre-
line radial, and heat transfer is neglected.

Boundary layer terms cannot readily be incorporated in an analysis
using, as Stanitz did, the fluid particle acceleration method, and it has
therefore been necessary to rewrite fhe analysis using the stream-tube
momentum box method. Consequently the derivation of the working

egquations must be given in full.

A A
V+dV
PRESSURE = Py 4 ¢
] (r+dr) gy & of+dof OUTLET
[ /
/ / -
! /
o ’ // ' RADIAL
‘ DIRECTION A
, SURE= P / | y
() ~s
: INLET

/
/ S

do d(p;‘L
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A
At inlet to momentum box: velocity = V inclined at a
pressure = Pg

flow area = r 4} * h' cos a

A A
At outlet from momentum box: wvelocity = V + dV inclined at a + do

pressure = Pg + dPg

flow area = {r + dr) a¥ (h' + dn') cos(a + da)

Define h = geometric width of passage
h' = h - 28*
h" = h - 28* - 26

Pressure forces

It may be shown that, neglecting third order small terms:-
Net radial pressure force = h r dPg + d¥

(directed inwards)

Net tangential pressure force = 0

Mass flow
A
dQ = ﬁ crd¥n' cosa.V

Shear force

A A2
Force opposite to average direction of motion = Cyp - Ezz— (wetted area)
Wetted area = 2 r d‘l'\/(dr)2 + (% an)®
h+dh

A A
V2

G -~ ravar.¢

/u%(%h;)a -

bxj
Q
e ]
Q
[
H

-5

where ¢
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Momentum

In direction of local motionm,

inlet momentum

A
B .ral h" cosa . V®

"

=

mi=<i>

aq -

[

j=n

outlet momentum

A A
L@+ an™ | (V+ i)

aQ (n' + dn'")

Tangential force balance

A A
aQ (V + av)
g

(h" + d.h."

Ty dh')Sin(a' +da + d¥* + % alv)

A 4a
+ Cp € E--é——rdﬂ’ dr sin a

N "
49 - Vh sin(o +

g

= — 2 av¥)
On substituting for dQ and rearranging, this gives
av dn" dh'
1+ = [+ == ) [T - = [’l+cotc»(da.+d¢'+%d¢)]
v h h .
’ dr
- \T+cota.Fdb) + Cp { - = 0
h cos a
Retaining only first order small terms at this stage, we have
af " an' . dr
= e o == o+ cot @ (d& + dV7) + Cp § mp————— = O
v h h h" cos a
Now a¥? _Vsin o and 9 - v cos 4, whence da¥' = tan o I
dt r t 7 ! - r
‘ A
o an"  dn'  dv do. 1 Cr ¢
o’ R - s +dr{=—+ = 0 eaeol(1)
n" ' § tana *on" cos a
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Radial force balance

A A " n
dQ (Vg+ av) (;1' + :;l') cos(a + da + a¥® + 1 a¥) + hr dPg d¥
+

A AB A "
+ Cr § Y- rd¥ dr cos a = 4@ - Vh cos(a + % a¥)
g g h'

Substituting for dQ as before leads to

1" ]
1+9}\-‘51+§£'_'. 1-911-,-[1-tana(dm+d\lf*+-}d\lf)]_(1-tana-%d\i:)
v h h
h g dP 4
+—'-'-AA2S +Cf§-.;'_..._r..__.=o
W' ¥® cos®a h cos a
which becomes
" ' g dP Ce £ 2

dh" - QET + %\ ~ tana « do + = —x 2 + dr | =g f _ tan “) 0
h h v p V® cos®a h cos a r

Combined force equations

Multiplying equation (1) by tan®c and adding the result to equation (2)

gives

ah" an' o n 8dPg Cp & ar 0 3
"o v A YR AA % = eeee
h h vy W v®  n cosa
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Alternatively, subtracting equation (2) from (1) gives

o = aoam(l‘l')

Continuit

For the whole flow

%

Fa
S c2xnr h' cosa o V

= constant
48  dar . dn' av
mmo ry ‘ﬂ’mﬁm'ﬁ""}‘:’;’"m '“361.1’1 m“dﬂn "‘“"T = 0 omnm(S)
P '
Equation of state
P
A =]
p = m
A
A ap 4ar
mdbm '%‘" = "‘"’Fﬁﬂm“"x& mooap(6)
p s Tg
S ant
= + = gonstan
t 8 2gd Cp
A Tl
o o dTS + gJ cp = O
Al N
® dTS + (‘Y L 1) p vV 4av = 0 (7)
L] @ P -~ [ )
@S Y g *g
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Total pressure

A
Since Ty and P, are constant, the isentropic relation gives

A
s = (!L:;J) ad (8)
JT\ Y Ps ¢ o 0q
5
Auxiliary equations
From equations (6) and (8)
dA = 1 Egﬁ (9)
g T TR
From equations (7) and (8)
Ap b
dPs"'E"v";g‘_d—' = 0 0000(10)

Equations (9) and (10) are, of course, familiar ones for any flow situation
in which total pressure and total temperature are constant.

From the definition of Mach number

A
A 2
MW = Vv
g YRTg
A A s
ar
o.o 297{2 = 2-‘3’;\!_—;» 0000(11)
M v T
From equations (7) and (11)
¢ an 1
%— = ";\" W 0000(12)
Vv M \1 + 5 M
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From equations (4) and (10)

N
da. nh daV  de _
M + hw @ 4 T = O mmnm(,]B)

In the absence of friction (h = h' = h" and Gf = 0) equations (1) and
(13) would both reduce to the familiar free vortex relation
r V sin a = constant.

From equations (3) and (10)

M
dn" an'  av Ce § dr
e i N W s h‘" e p =3 O mﬂmm(1d‘ﬂ')
h h v h h” cos o
From equatioms (5), (9), (10) and (13),
eliminating dﬁ 3 da 5 dPg
ah' av A h dr
= 4 == |1 = M? + === tan®a) + sec®a = = 0 co0e(15)
n' v h r

The momentum integral relation

This is derived by combining equations (14) and (15) and noting that

dh" = dn' - 2d6

Thus equation (14) can be rewritten

] ¢ Cp ¢dr
20 M. _ 536 - 26 (1 + H) %¥ i S e
X q cos o

¢
Substituting for QE? from equation (15) then gives
h

2 A
%—g=%Cfgsecm-g—%f—&—%g%(2+H-M’a+etanaa,) co0e(16)
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-1
where e=—%—= [1-%@-(1+H)]
h

Equation (16) is in conventional form, and is the momentum integral
equation for compressible spiral flow.

A more convenient form for the present purpose, using equation (12), is

Cr & sec o 2 f _{a 2
a6 = ( f - 0 sec a) ar - OdM[2 +H -« M® + & tan“a, vees(17)

2 r n 1+‘Y51ﬁ8

Working equations

For greatest convenience the calculation procedure employs as variables
aft do a6

L3

T T ar for which three equations are required.

Now for a turbulent boundary layer with one-seventh-power velocity profile,

Stratford & Beavers6 give
W A A
%- = H = 1.286 (1 + 0.8 M3)°‘** (1 + 0.1 M”)°‘7
. a* a0 _ ait [ o.70h B o0.14 #7
o FT My As t Az
M \1+0,8H 14+ 0.1 M
oeo dh' = dh - ZdS*

A /\a Aa
dh - 2HAO - 2HG %g' 0,704 M + 0,14 M

A A
M \1+0,8M 1+ 0,1 M2

0...(18)

Substituting equations (12), (17) and (18) into (15) leads after collection
of terms to

h sec®a dﬁh(1-ﬁ3+at )+ 2H (1 + H) ©
dh + (~—§3-—~ - H C. € sec u) dr + — -
r f A ¥ = 17,
M 1 + > M

/\a I\a
- ZHe 0’704 MA + 001’4‘ M ¥ N = O 0000(19)
1+0.8M 1 4+0,1M
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”
Equation (19) allows %‘% to be calculated.

From equations (12) and (13)

A
da dM & dr
—mmmmm-ﬂ-w — 'y o v = 0 ammo(zo)
tan @ TR +‘Y’ 1 e r

A
Knowing %%., equations (17) and (20) give -g% and %ﬂ% respectively.
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15. Fully developed conditions in the vaneless diffuser

If the vaneless space is sufficiently large the boundary layers on
the two side walls will join, and the mainstream or core of isentropic flow
then disappears. A reasonable approximate treatment thereafter is to assume

that a similar (one-seventh-power) velocity profile is maintained, with
£ 3

8 =2 h. Then %r and g'can be taken as functions of ﬁ alone (Stratford &

Beavers6), gt is no longer constant, and the superscript A refers through-~

out to centreline values only. Of the equations in the previous section

(Appendix 3-14), numbers (1) to (7) also (11) and (12) continue to apply:

(8) to (10) and (13) et seq do not. In this case the major variables are
A

Qﬁ s 42, EEE for which fresh equations are required.

dr > dr ’' dr °

A

From equations (4), (5), (6) and (7), eliminating d83 das dTg

A
g dP, A A '
— Az (Y M® - l% tanzﬁ) + %g [1 + (Y -1 MQ] + §§7 + sec®q %? = 0

p Vv h v
0000(21)
N g dp . af .
Substituting for —x—= from equation (3) and for % from equation (12)
pv v
gives, after some re-arrangement
A ( hll)
A 2q . MB 8 -
ait sec”a - M* + Y M .
- 1A
ﬁ 1+ -1 M2
2
Ce ¢ dr ' 2
1|k a Ao " E‘_’_ ' £ dh sec”a dr
+ 5 (h" tan®o - Y M (dh i dh’ + cos o) * o + - 0

eeoel22)
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4 " 0 o k4
Now %%m & 0,125 (1 + 0.8 ﬁ")
from Stratford & Beawer36
) o F
Y
35?» e 0,097 (1 + 061 M“)
%
( el
v AR
Hence h 2 hil = 01»125 1 + 008 M m@mm(ZB)
A\ Oodd AL\ =00 T
" = h [1 - 0,125 (1 + 0.8 M") - 0,097 (1 + 001 M") ]
mwmo(al!')
< 0 A
A A \=0ebE
dn' = %mahmh[omo% M® (1 + 0.8 M‘“) ] -‘-i;%f‘i- 0000 (25)
i
" A wo HE
dh" = %m dh - h [00088 M3 (1 + 0.8 i\'?x”) -
A A\N™L07 dﬁ
- 0,0136 M® (1 + 001 MB) ]—ﬁ- 000e(26)

Substitution of equations (25) and (26) into (22) produces, upon collectiomn

of terms, an equation of the form

»H
Ka%*’%“‘!{bdr = 0 0000(27)

where

A A "
sec®o - M® 4+ ¥ VB (1 - ;%—)

Ka = 4=

744X 5 1 fia

wd o F
+ (f,—,- tan®q - Y ﬁ’a) [0.0136 e (1 + 001 ﬁ“) ]..

h ' w"\ n Ag g AN
- 1 + Nyl m';;-‘tan“cr,m‘YM 0,088 M ('I+O.8M
h h
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sec®a
T

Ko

h
(3

tan®a - ¥ 1?48)

Cr ¢
h cos a

n A
The ratios -}-15— and %— are functions of M only, given by equations (23)
and (24).
Thus 3 can be found.
g dPg
Next, elimination of —x—= between equations (4) and (21) gives
pVv .
da_ (1" . £ a ) alil1i+ v i*| an n" .. 8a) dr
(-——YM-tana.)+—— = + +1+-—-YM)--=O
tana\ h 4 ¥ - 1 A v h r
M 1+ > M h
ce0e(28)
Substitution for dh' from equation (25) then produces
" A Ag
—_-ta:ma, (%—Y fie . tanaa,) + g_g 14 (:{, = PAM -
M |1+ 2— MR
2
A, =0 eH8 n
--‘l-[o.ossﬁ“(1+o.8na) ] +ih-+(1+3—‘rﬁa)i’-'-=o
n' h h r
0009(29)
A
. dM . da
Knowing s equation (29) enables = to be calculated.
A
N Pt (,] Y -1 ﬁa)iz?
ow F— = + P
8
dII; ap Ha '
@ t 8 Y M aM
o o —— = + ° ry 0000(30)
A Pg Y =182
Pt 1 + S M M
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Elimination of dPg between equations (21) and (30) leads to

fo h P
A 1w M 4 e tan®a
P, b tan®a|  ail h" an' dr
ol R A | YR - 4 ==p + gec®q = = O
£ " oy i 1 14+ Lzl e
t 2
eooo(31)

As before substitution for dh' from equation (25) then gives

ab a1 - e 4 J% tan®a
& b tenia| . a¥ h
- ry A - A,
B n' oy ® W g+ Lzl fip
t 2
N g\ =058 an 5
- B ,088 M (1 + 0.8 M ) + 2 psec® s E = 0 eoos{32)
hw h r
N
4 ap

Knowing %%g equation (32) enables "E% to be calculated.



- 125 -

16. Mean total pressure of flow with boundary layer
For the core flow

A A A GB
Pt = Ps + T E_Zg
For any station in boundary layer
gz
P,t = PS + 7 28
where T o= 1+ 4 M% 4 E_EZZ MY+ ieee.
(i) Mass mean total pressure
-]
/.Pt pVdy
. - [
Define . [Pt]mm = pos
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2

-{]-

o>
<>

o
Noting that 8*" = .[
0

the foregoing expression for 559 for incompressible flow only,

reduces to

Pt - Ps - |
B, -p R
4]

[Note: even if variation of T can be neglected, this relation does not
apply for varying po]

Then, for fully-developed incompressible flow

- e e
Pe =Pl ; Bic
% P ) b - 63@
t 5 | um
¢
= 1 - Hic
S ns
G:ic 1C
= 0,802 using the values for

a one-seventh-power boundary layer, viz:

5
bremaad = 1003 H H. = 1@286
Bic ’ 1

25

and Fernholz's relation

10272 H' H' 4
O Gl V- (.&2)
Hic hiad 003‘? 10
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(ii) Area mean total pressure

L
.[ Pt dy

N+ KA—

]
J
o

Define [Pt]am

il

"
*d
+

t = g s + 0

A

P, -P 4

t Sam fdy
0

[Note: this relation holds for varying p.]

Then, for fully-developed incompressible flow

e ™

Py - P - 1. 8ic + 65
B, -P B 6
t 8 |am
=,l_Hic+1
S
0

L

0,778 using the previous values
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Or, for fully-developed quasi-compressible flow (% constant)

B .~ P w0 o a0 04
R = 1 = 0,097 (1 + 0,1 ﬁﬂ) = 0,125 (1 + 0.8 M”)
By - P_

am

(from Stratford & Eeavers6)

which has the following values

ﬁ ingompressih}@
quasi-compressible
0 0,7780 1.0
0.2 0. 7766 1,002
Ookt 0,7723 1,007
0,6 0,7657 1.016
0.8 0.7572 1,027
1.0 0. 7474 1,041

Now it may be reasonable to assume that, for fully-developed flow,

values of (ﬁm - P //%ﬁ - P | are connected thus:
t 8 t s

mass mean incomp, 1 area giean incomp, 1]
mass mean comp. area mean gquasi=-comp,

Consequently the incompreseible area mean (0.778) is likely to be a fairly
close approximation to the compressible mass mean for Mach numbers not
exceeding about 0.6,

If this correspondence is assumed to apply also to flow which is not fully=-
developed but has relatively thick boundary layers, them

anmpu on

P, =P H.  +
+ 4 4
xﬁmmmmﬁ B ] = where h = 2 judy
any D aummmeRy
. ic
= 1 - b,572 =€

For convenience 0;o can be taken as = @, since the dependence of 6 on M is
wealk,



- 129 -

17. The vaned diffuser

This component can be divided into two distinct regions: that from
leading edge to throat, and the fully-enclosed chamnel following the threoat.
The vital link between these regions is throat blockage; upon this the
channel pressure recovery depends, and that blockage is determined primarily

by the flow behaviour between leading edge and throat.

THROAT

== i LIVl
= INCIDENT
FLOW r
STATION 6

At the leading edge pitch circle, bulk flow conditions are known?
ﬁe; Gg3 %t,e; Bg. Bg 1s usually sufficiently near unity not to be signif-
icant. Mg and a4 vary with operating condition, although the change of ag
is fairly small (typically $ +50), ﬁs may be either »1 or <1. Leading edge
incidence (ag # w) will alter the value of ﬁ entering the initial part of
the vaned diffuser. Thus a variety of situations in terms of Mach number
and incidence have to be catered for. But because the treatment is to be
general, no precise vane shapes are specified. Consequently the pressure
distributions between leading edge and throat (that on the vane surface and
that on the sidewalls) upon which Bip will depend must be arbitrary. It is
therefore not reasonable to assume the presence of any shocks or supersonic
expansion except at the leading edge (due to incidence) when M >1. In some
particular designs of diffuser, significant vane surface expansion and/or
shocks may exist between leading edge and throat, but such can usually be
avoided by suitable design and so are omitted from a general treatment.
For the usual range of compressors ﬁe # 1.2, so the form of shock assumed to
exist at leading edge is not important and loss of ﬁt through that shock is
trivial and can be neglected. The effect of a leading edge shock on side-
wall boundary layers, although possibly important in practice, is

unquantifiable and hence of necessity ignored.
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Shocks will only form downstream of the throat (i.e., inside the
channel) in choked operation, when pressure recovery is of no interest.

In the choking case ﬁ either increases or only slightly decreases
between leading edge and throat, according to whether ﬁﬂ < 1 or »1. Thus
there is little change of B from leading edge to throat, and the pressure
distributions assumed are not important in determining choking flow.

At lower flow, significant diffusion occurs between leading edge and
throat, and considerable blockage develops. The primary factor is the
overall change of Mach number, and the path followed between given end
values has only a minor effect. Linear distributions of ﬁ are therefore
assumed between the pitch circle of leading edges and the channel throat.
Because the sidewall boundary layers grow from finite thickness at the leade
ing edge pitch circle (corresponding to Bg), the two sidewalls together
usually contribute most of the throat blockage.

Having regard to the large degree of simplification in the nature of
the flow which has to be assumed for general purposes and easy calculation,
no model can be constructed for the growth of boundary layers on vane sur-
face and sidewalls, and hence throat blockage, which is strictly defensible.
In the first place, variation of ﬁ across the throat (in the radial plane)
would, if allowed, Be wholly arbitrary, and it seems preferable to assume
that flow diffuses to the same terminal (i.e. throat) Mach number along both
the vane surface and sidewall mean paths. Boundary layer growth along those
paths is calculated, for the sake of convenience in a general treatment, as
for attached flow with one-seventh-power velocity profiles, throat blockage
following from the resulting displacement thicknesses. With reduction of
flow towards surge, however, such calculations can lead to a situation where
the physical thickness of boundary layers exceeds the passage dimension, so
that a "core" region of undiminished total pressure can no longer be deemed
to exist. Additionally, as flow is reduced and the amount of diffusion to
the throat condition becomes large (a pressure rise coefficient between
leading edge and throat in excess of O.4 often being achieved), the assump=
tion of attached flow with a shape factor (H) in the region of 1.6 loses its
credibility. In these circumstances, to be realistic a model requires some
means of catering for reduction in mainstream total pressure, for which
purpose a schedule of total pressure loss with throat blockage factor is
employed. The relation used has been chosen on empirical grounds; it applies

smoothly throughout the whole range of throat blockage factor, so as to
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avoid any abrupt discontinuity in form of a compressor characteristic curve,
although the total pressure loss which it introduces at diffuser choking
condition is negligible. That the treatment in this region of the machine
contains some inconsistency cannot be denied; the difficulty is to find a
better.

There is some likelihood that surge with a vaned diffuser is promoted
by reaching a limiting diffusion between leading edge and throat - see
Appendix 5. The phenomenon of surge may perhaps also be influenced by
interaction between diffuser vanes and rotof, but there are wholly insuffi-
cient test data available to disentangle the many possible factors of
significance. Examination of limited data (Appendix 5) suggests that simple
two-parameter correlations relating to the region between leading edge and
throat (for example a diffusion factor and some geometric parameter) will
not apply universally fo? predicting surge.

Beyond the throat, channel pressure recovery is evaluated from data
for straight-centreline single channels in terms of geometric parameters and

the calculated value of By, (Appendix 3-19 and Appendix Ly,
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18. Diffuser throat choking

For a particular flow Q it is required to find whether

QU Ty tp
FAY

Bin Ag Py ot

#  eritical value.

But By is unknown and can only be found by the iterative procedure
A
(together with Mth) if the diffuser throat is not choking, i.e. if

ﬁth < 1. 8o an alternative criterion is required. This may be
constructed as follows.

The iterative procedure {see main text) compares two values of Bip» One
obtained from the continuity relation = Byy(cont.), and the other

obtained from boundary layer relations = Bgp(b.l.). For a solution

Bypleonte) = Byp(b.l.)

Now suppose diffuser throat is not choking, there is a solution

Fa
M’th <
Bﬁh(conto)gom = B‘th(b“’l“)SOL = (AB'th)SOL = 0
A
For the same flow Q consider the assumption that Mth =1 3 then

B,m(contm)M=1 ld B_th(balm)mz,] - (ABth)Mz’l qﬁ: O

< Bm(con'to)M:1 < B-th(col’l'bm )SO]L

i B’ﬂ;h(b"'l”)mg‘] > Bth(bmlm)SOL
Hence
(AB‘th)Mz’l = Bth(cont.,,)Mﬂ L Bth(con‘tm)SOL an Bth(b“l‘“)M=1 + Bth(b"l‘")SOL

which is negative
Thus the condition for diffuser throat choking is

(0Byplyq ® O
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19. Channel pressure recovery data

Two-dimensional straight-channel diffusers have been extensively
investigated by Runstadler11, who

gives experimental pressure

xa

recovery data varying with inlet

centreline flow conditions

A A
(Pt; M), inlet blockage, inlet

|

passage aspect ratio (AS),
length/inlet width ratio
(LWR), and outlet/inlet area ratio (AR). Those data are presented as a

series of "maps" in which contours of Cpr are plotted on scales of LWR and
AR, Each map is drawn for a

particular combination of

20
A

Mips Bgps and AS. Lines of
included divergence angle (20)

are unigue, since

~1 AR = 1

20 = 2 tan > o LWR

AR

A
The effect of Pt,th is

included in the definition of Cpr

= Ps,th
> I LWR
s.th

out

pr | <

o>

t,th

Various points arise in applying these data, due to the multiplicity
of variables and the necessarily limited range of conditions covered by
Runstadler's tests.

A
M Mth: test range 0.2 to 1.0. Of all the variables considered this is
the least important; for any particular geometry of chamnel By is

the dominant inlet flow parameter. In the usual compressor operating
A
range (0.6 < My < 1.0) it is reasonable to take an average Cpr

A
independent of Mth - the error is unlikely to exceed 2 per cent, and



(2)

(3)
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about 5 per cent in Cpr corresponds to 1 per cent in overall effi-

ciency. Other uncertain factors in the application of Runstadler's

data to a compressor could easily be of greater significance, such as

centreline curvature and non-uniformity of inlet flow direction and

velocity.

Bint test range 0.98 to 0.88 in intervals of 0.02. VWhere values are

encountered <0.88, the most practicable course is to extrapolate from

the test range by means of a linear relation for Cprv derived for the

same geometry from the 6 standard values of Binhs using a least-squares

fit.

AS: test values 5, 1, 4 only. Large effects are evident from the

data, but correspond to a range of AS greater than is met in

compressor diffusers - seldom »1, unlikely to be »2, usually between

% and 1. The nature of the data does not permit reliable inter-

polation, so uncertainty is inevitable at AS appreciably <1. A simple

and approximate basis for that case is suggested by certain observa-

tions from the data:-

(i) For AS = 1, the optimum 28 at a particular LWR shifts from =9°
at high By, to «73° at low By.

(ii) TFor AS = %, the optimum 20 at a particular LWR does not shift
with By, and is ®13°.

(iii) Allowing for the difference in optimum 2@, the peak Cpr at a
particular LWR and Byp is about the same for AS =  as for
AS = 1.

(iv) Between AS = 1 and AS = 5, there is little difference in
optimum 2@ at a particular LWR, but the peak Cpr is lower for
AS = 5.

(v) All these features are effectively independent of the value of
LWR over the narrow range of LWR where comparison can be made,

These observations lead to a possible procedures-

When AS € 1, apply a change in 20 [: A(E@)] at the given LWR so as to

produce an effective 20 (and hence an effective AR) at that LWR, for

use with data at AS = 13 that is to say, assume
Cor [LWR; 2035 AS < 1] = Cpp [LWR; 20 - A(20); AS = 1]

where A(28)

]

£ (AS; B'th)
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The data at AS = 4 and 1 support a value of A(28) = 5° within the
range Byp € 0.94 of usual interest for compressor diffusers. Assume

an arbitrary variation of A(20) with AS

A(28) = (3;%§ + 1) (i% - 1)

the form being taken to agree with a trend derived later.

When AS » 1, within the usual range of interest only small error is

likely by treating as if AS = 1. The error will give Cpp too high.
) LWR and AR (at AS = 1): test range confined to 10 < LWR < 20 and

6° < 20 < 12°. Many compressor diffusers have 3 < LWR < 10, and

some means of extrapolating Runstadler's data to low LWR must be

derived, even though the values will be of uncertain reliability.
Now Runstadler's data

|
|

for a particular By, 20=9°

appear as shown on a
plot of Cpr vs. LWR;

the lines of constant

SLOPE FROM
REF. 26

20 merge together

|
|
|
|
|
|
|
|
!
I
1
|
|
|
]

towards optimum 26, Cpr

RANGE OF,
RUNSTADLERS
DATA

|

|

i

i

;
and those for {~
higher-than-optimum :
28 lie among the E
lower-than-optimum. E
The 20 lines tend to

!
|
1
|
|
|
I
|
[
i
|
|
|
]

|
E
straighten out at 10 20
LWR = 10. log LWR

Reference 26 gives the result of applying to two-dimensional straight
channels a theoretical boundary layer method for assessing Cpp, in
the range 3 < LWR < 10. The values of Cpp so obtained are not them-
selves believable, as there is no merging of 20 lines towards an
optimum - there is in fact no optimum 28; this is due to failure of
the calculation method used in Reference 26 to account for stalling.
But it is noteworthy that all the 20 lines derived from Reference 26

(plotted as shown) are straight and have similar slopes, which slopes
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match quite well those of the Runstadler data lines where the latter
straighten around LWR = 10. Extrapolating the Runstadler data
according to such "master slope" (which varies slightly with Bgy)
therefore seems an acceptable procedure in default of anything
better. |

Given LWR and 28, AR followé from

AR = 1+ 2.LWR tan [%(2@)]

so that "maps"™ of the original Runstadler form can be constructed at
low LWR.

All thé foregoing notes relate to two-dimensional channels,i.e. with
parallel sidewalls. For diverging sidewalls no comparably extensive test
data and no sure method of treatment are available. A tentative procedure
arises from consideration of the observed effects of throat aspect ratio
with parallel sidewalls (section 3 supra).

Four cases are drawn for AR = 2, by way of example:

Z
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Suppose these all to have the same L/,

case a:  AS = $ length « 11.2 units
case bs AS = 1 } X
minimum inlet perimeter length o« 5 units

case c: AS =2 = AR ] length « 3.5 units

minimum outlet perimeter
case d: AS = 5 length & 2.4 units

The increase of optimum 28 (at constant L/wyy,) from case 'bf (AS = 1) to
case 'a' (AS << 1) is attributable to the increasing predominance of side~
wall boundary layers as the outlet aspect ratio (h/wout) falls. The higher
outlet blockage in case 'a' means that the effective area ratio for 'a' is
less than for 'b', and to arrive at the same effective area ratio the value
of 20 in case 'a' must be greater than in case 'b'. This can be seen more
precisely as follows:

In general the effective area ratio is given by

MRee - AR 2 (Wout + Bout ) Bout
off = Btn Wout Bout

where the term in square brackets is simply B,,t.
Now consider two channels, both with parallel sidewalls, both channels

having the same c/wth, the same AR pr and the same Biy+ but different AS:
both should then have the same pressure recovery. In this situation, for

the simplest case of zero inlet blockage (Bth =T, géh = O)

g;ut « £ approximately, (say g;ut =K » 5)

so that
_ £ (AR _
ARgry = AR - 2K . (-—-As + 1) = constant

since AR = wout/wth and hout = hth.



- 138

This relation shows that AR must increase as AS falls, the effect being
small when AS » 1 but large when AS << 1. TFor example, taking arbitrary
values of K = 0,004, €/uy, = 10 and AR pp = 23

when AS = 5 1 0.25 0,1
AR = 2,08 2.11 2.26 3,06 1004
then
0 = 6,18 6.35 7021 11,76 50,35

While these numbers are not themselves meaningful, the trend is clearly
evident and explains the observed effect of AS on optimum 28 for two-
dimensional channels. The relation previously given (3 supra) connecting
428 and AS is chosen to reflect this trend.

Coming on to channels with sidewall divergence, the requirement is to
define parameters for a "{wo-dimensionsal equivalent', so that pressure
recovery can be estimated by the means set out for parallel sidewalls. The
foregoing argument regarding effect of AS has shown the significance of out-
let blockage. In the present case effective area ratio will be closely
preserved if the following quantities are maintained in the 'equivalent"

systems=
ARs Byps €35 woues hout (and hence Ag)

the situation then appearing as in the sketch

h out hout

Win 20 Wout Wih
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h
n = Lt
where wth . 2D = Wth hou-t

Thus the parameters defining the "two-dimensional equivalent" channel are

assumed to be

1) hout

AR 3 LWR>p =
’ 2D " Wi, 2D Wip,2p

Note: this method may not be very satisfactory for large values of hout/hth9
because the requirement of constant gsuzsdepends upon maintaining not only
the same € but also the same E;h, and for constant By, (<1) the value of gzh
varies with the throat perimeter

h h
th out
from (wth + hth) to (Wth hout + hth hth ) o
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APPENDIX &4

EVALUATION OF Cpyp

Data are assumed to be available in the form presented by Runstadler11,
namely "maps" giving
contours of Cpp on
scales of LWR and AR,
one map for each of 6
values of By, (from
0,98 to 0,88 in inter-

vals of 0,02). Map AREA
regions outside the %ﬁg? +

range of Runstadler's

tests have been con-

structed by the means
described in + +

Appendix 3=19. There

are thus 3 input para-

meters, namely LENGTH [ THROAT WIDTH RATIO

{(LWR)

On each map real values of Cpr are known at each point +

For each of 6 values of Byy feed in 3 input arrays

x(1) I=1,MX where X corresponds to LWR (MX = number of IWR values)

¥(J) J = 1,MY where Y corresponds to AR (MY = number of AR values)

]
i}

N(I,J) I=1MX J =1,MY
where N corresponds to Cpr

Where real values of Cpr are not known put dummy values, say »1.
All 6 plots have same points +, only Cpr values differ.
Check if required geometry is within overall limits of data (see table
following)
1.3 & AR € 4,0

2.4 € TWR € 20
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Compare required LWR with X(1) etc. until a value of X > LWR is reached

i.e. IWR > X(1) ..... X(I), LWR < X(I+1)
Compare required AR with Y(1) etc. until a value of Y > AR is reached

i.e. AR > Y(1) ..... Y(J), AR < Y(J+1)

Thus values of X and Y, I and J are known at 4 corners of enclosing
rectangle.
If the required By, > 0,98, use 0.98; if <0.88, see later.

Otherwise take 2 values of By, that lie either side of required value.

N(LT+1)
//y/
Y(J+1) 5
N(I+1, T+1)
For each By, Cpr is known
at 4 corners of x I
rectangle. TTTTTTTTTT (?"T_
. ) y N(I+1,7)
N(LT) | l
!
Y(7) ‘
X X(I+1)

Check that none of the 4 values N(I,J) etc is a dummy; if a dummy, see later.

Required value Cpr =

nex,o {1 - Ty = X(I)] [1 oG Y(J)]}

+ N(I,d+1) {[1 - TS x(IT] [Y(J+’I)y- Y(J)]]

+ N(I+1,d) {[X(I+1)x_ X(IT] [1 BE{65)) g Y(J) ]}

+ N(I+1,3+1) {[i‘(f+1)x- X(I)] [Y(J+'I)y- Y(J)]}
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where

e
i

required LWR - X(I)
required AR - Y(J)

i

If two or more cormer values are dummies, then stop.
If one of corner values is a dummy, then check whether required point lies

within "real half" of rectangle or “dummy half",

If in "dummy half" then stop. If in "real half" then proceed as belows

required value CpIn =

N(I,J) [1 - Y(J+1)ym Y(JT]

N X
+ N(I,J+1) [Y(J.M) - ¥(J) 7 A(I+1) - x(x)]

X .
+ N(I*}"] ”J-ﬂ-']) [}{(I+1) ~ X(I‘)] in CASE 1

or

X%
N(I,J) [1 = XE - XD ]

¥ N
+ N(I+1,J) [X(I+1) - X(I) ~ ¥(3+1) - Y(J)]

+ N(T+1,J+1) [Y(Jﬂ)y__ Y(J)] in CASE 2
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Having obtained Cpr values for each of two values of Bgp either side of
required Byp, interpolate linearly to find Cpr at required Byy.

If the required By < 0.88, obtain Cpp at each of the 6 datum values of Bgy,
0.98 to 0.88, in the manner previously described (unless prevented by
dummies), then fit a straight line through the 6 points (e.g. by

method of least squares) and extrapolate to the required Byy.

C

r
LWR AR Byp = .98 By = .96 By = 9% Byy = .92 Byy = .90 By = .88
2.4 1.3 .398 «371 <343 .3%18 .303 273
2.4 1.4 L3k .Lo8 375 <343 .327 .29
2.k 1.5 436 411 .375 L343 .327 .29k
3.2 1.3 . 384 360 .328 . 322 . 305 27k
3.2 1.h L4665 ) 405 <377 . 362 . 331
3.2 1.5 Lo Y 123 .ho2 . 384 . 350
2,2 1.6 «502 L5 436 Lok .386 .350
Lo 1.b4 L6k A3 Tele} . 386 . 368 .33%6
4,0 1.5 .517 486 453 426 L1408 . 375
L,o 1.6 545 .513 478 TS 426 .393
4,0 1.7 555 .525 485 451 431 .393
Lo 1.8 .555 .525 .485 L1451 431 .393
4.8 1.5 .518 1480 150 431 113 .380
4,8 1.6 .561 527 493 L6k Jabhs L2
4.8 1.7 584 .552 .515 483 63 L2y
L, 8 1.8 .596 .563 .52h . 490 470 L35
4,8 1.9 .598 .566 .52k 490 470 4325
4.8 2.0 .598 .566 52k .40 470 435
5.6 1.6 +565 .525 <491 h72 451 116
5.6 1.7 .596 563 .526 ka7 477 oy
5.6 1.8 .619 .586 545 .515 o3 458
5.6 1.9 631 597 .557 522 «501 65
5.6 2.0 .63h 602 .557 .522 501 L1465
5.6 2.1 .63h .602 .557 .522 .501 465
6.4 1.6 .Sk 51k 76 L1469 L1451 - Wb
6.4 1.7 .600 .558 .526 .50% L84 iy
6.4 1.8 628 «595 .556 .526 .506 471
6.4 1,9 648 .615 572 540 .519 484
6.4 2,0 .660 .625 .585 .550 529 Loz
6.4 2.1 .665 630 +585 .550 «530 .492
6. 2,2 665 631 .585 <550 «530 Loz
6.4 2.3 665 .631 .585 .550 530 92
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)
5

Cpr

e,

AR B'th = m98 B’th = nn96 B'th = 091‘} B'th = m92 B‘th = 090 B'th = 088

e & & ©® © © © @
[ASEEACIRACTRAC I AU TR AU AS RN A G IR AV

R ENENEXENENENEN

e o

OO0 O0OO0

o 00 00 00 0o 00 00 00 Co
° -] e L a

e ©

e

L

L] & L]

& L]

&

L

-] -] e 9 & e -2 - ) -]
[eaN N ) WerWerWerWo ) Wop W e Wer R 00 00 00 GO Co 00 Co Qo Co 0 QO OO0

o

1.7 »586 « 555 .515 . 502 183 o Ll
1.8 629 .588 «553 .530 +508 J72
169 .656 .618 «581 550 0530 195
2.0 0672 .639 .595 .56k 541 505
2.1 .683 648 «606 «573 «551 514
242 .690 655 611 575 <554 .516
2.3 .69 659 611 575 554 .516
2ok 6971 659 <611 575 554 .516
2.5 +691 .655 611 575 554 .516
108 625 »588 »550 «533 513 475
169 658 618 «581 .555 .53h .1408
2.0 «681 642 604 572 552 .516
2.1 .695 .658 .616 .583% .562 .526
2.2 . 707 671 .628 .593 .571 .533
2.3 o 71k o677 635 598 «575 «537
2.4 716 681 635 598 «575 «537
265 .716 .680 635 .598 T 573 .535
2.6 . 716 677 .635 . 597 «571 «5%1
2.7 . 716 670 .635 «595 +569 .528
1.9 .653% .61h «575 0557 «536 1499
2.0 .683 .640 603 «577 556 «520
2.1 .705 665 .625 «593 572 .536
2.2 .718 .680 636 .603 .580 546
2.3 . 728 .690 648 613 .588 » 552
2.h « 736 .696 .655 .618 .591 555
245 « 739 . 700 655 .618 .590 552
2.6 «739 .699 655 .617 »588 550
2.7 «'739 .697 «655 .615 .586 547
2.8 0739 693 654 613 - 58k .Sh2
2,0 .680 .639 »600 «579 .556 <520
2071 » 702 662 625 «596 .576 .53%8
202 0723 684 643 .611 .587 .553
2.3 «735 . 6oL .655 622 <59k «562
2.4 . 746 »705 665 .630 .600 «568
2.5 754 711 672 .635 603 .570
2.6 «757 .71k 672 +635 602 »569
2.7 « 760 2715 672 .63k 601 .566
2.8 . 760 .713 671 632 599 562
2.9 757 709 .670 .628 «596 557
3.0 .75k ,'703 668 .625 592 551
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AR Bth = 498 Byp = 96 By, = .94 Bgp = 92 Bip = <90 By, = .88

N N QL G G I ¥
L] Ll
Co 00 Co 00 00 Co 0o 0

NNV ONONON O™
L] L) L] o - -

2.0 .670 .635 «593 .580 560 .520
2.1 . 706 .661 .625 .603% .580 5h2
2.2 . 720 .680 645 .618 «590 557
2.3 . 740 . 700 660 .630 602 .570
2.4 . 750 «710 .670 636 606 576
2.5 . 763 .719 679 6l 611 .580
2.6 . 767 .723 684 645 612 .581
2.7 <771 . 726 .686 647 611 .581
2.8 773 . 727 .688 L6U7 .610 .580
2.9 773 .725 .686 645 .609 .575
3.0 .773 722 .682 640 607 .568
3.1 771 716 678 .637 .60k .562
3,2 .770 .710 666 .618 «597 .550
2.2 716 672 640 620 «595 +550
2.k «752 .710 673 b2 613% 581
2.6 773 732 .6903% .657 623 .590
2.8 .788 L7432 .70% 663 .626 594
3.0 o 79U . 749 . 705 664 626 .593
342 794 748 . 702 «661 .621 .589
3okt «790 . 740 .690 .650 .613 576
2.h L7433 .7702 669 ) .617 575
2.6 « 770 « 720 694 660 .627 .593
2.8 . 792 . 7h8 « 707 .669 634 .602
2,0 .803 . 759 . 716 673 .638 .605
2,2 .807 . 765 721 675 .637 604
3.k .808 . 768 . 720 .673 633 .599
3.6 807 . 764 <711 668 627 <591
3.8 804 .753 .690 .650 .619 .578
2.4 .725 690 .655 634 .620 +558
2.6 . 760 .721 .690 .659 .629 .592
2.8 . 782 .745 .707 .670 .638 .600
3,0 802 . 760 .720 677 L6k 612
3.2 .809 . 769 727 .683% 648 615
3.0 814 . 782 . 731 685 649 .616
3.6 .817 . 786 $731 685 645 615
3.8 .819 .782 . 727 .682 639 .608
) .816 773 713 673 626 .590
2.6 . 735 . 708 680 .650 630 .580
2.8 767 . 740 704 667 .639 .605
3,0 .792 . 754 717 678 647 613
3.2 .805 . 765 727 .686 653 620
3.k 812 777 . 7%6 .693 .656 .625
3.6 817 .790 .74 .696 656 627
3,8 .82k 790 .71 .695 654 .626
4,0 .830 »'790 . 737 .690 650 622
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C

pY
LWR AR Byy = 098 Bip = 96 By = WO By = 092 Bgp = 90 Bgp = 88
18.4 2,8 . 751 732 .699 .660 .638 .600
18.4 3,0 775 . 745 . 712 673 .66 .612
18.4 3.2 «796 . 757 . 723 .685 .653 .620
18.4 3.4 - 806 . 768 732 .69k .658 .627
18,4 3,6 2811 776 o 742 . 702 «663% .633
18.4 3.8 817 .783 . 746 .70k 663 .635
18. 44 4,0 824 »'790 748 .699 .66 632
20,0 2.8 «730 .705 .685 -6l 634 »580
20,0 3,0 o757 . 740 704 663 6U43 .607
20,0 3,2 . 780 o 747 .716 677 650 617
20,0 3.k 799 « 760 . 726 687 656 625
20,0 3.6 .805 . 767 .735 .69k .662 .630
20,0 3.8 «310 .77k 743 .698 .669 640
20,0 L,0 816 . 779 750 710 .670 6140

The foregoing

range of LWR and AR is shown graphically in Figure 1.
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APPENDIX 5

Notes on surge

Test data show that, for a given rotor at a given speed, surge
usually occurs at a higher flow when the rotor is followed by a vaned
diffuser than when it is followed only by a vaneless space. This implies
that in a particular compressor arrangement a variety of potential surge-
producing mechanisms exist, and one which is associated in some manner with
the presence of a vaned diffuser is usually the first to come into play.
Since compressors with vaned diffusers are the case of greatest practical
importance for aircraft gas turbines, it is that for which a means of surge
prediction is chiefly required, and to which these notes relate.

A further general point to be observed from test data is that a
reduction in diffuser channel throat area (e.g. by a change of axial dimen-
sion, other features remaining the same) can, in some instances at least,
lower the surge flow — and by a greater proportion than that by which the
choking flow is simultaneously lowered, so that flow range is extended. In
such cases, quite a small change to throat area has an appreciable effect
upon surge. Since this small reduction of throat area usually does not
significantly alter the value of parameters which govern performance of the
subsonic channel following the throat (the behaviour of which is now fairly
well understood from the work of Runstadler11), this evidence suggests that
the important region as regards surge-promoting mechanism lies ahead of the
vaned diffuser channel throat, i.e. in the so-called 'semi-vaneless space'
between vane leading edge and throat. Except at flows near to diffuser
choking the semi-vaneless region also acts as a diffuser, mean throat Mach
number being less than the incident at vane leading edge, so reduction of
throat area at given operating condition serves to raise throat Mach number
and reduce the amount of diffusion in the semi-vaneless space. The
literature already contains suggestions relating surge in centrifugal
compressors to some measure of the diffusion ahead of the vaned diffuser
channel throat (e.g. References 21, 27, 28, 29). .

Examination of data from fourteen builds of compressor (comprising
nine different rotors, in several cases with changes of vaned diffuser)
reveals a fact of much apparent significance. The pressure rise coefficient

A
of the semi-vaneless space (PRC), defined as (Ps,th - Ps,s)é(Pt,e - Ps,e)
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and calculated by the present method of analysis for the experimentally
determined surge flows, shows a notable degree of consistency in value over
the speed range for a given compressor: there is, however, a very wide
variation of the surge value of PRC among the different compressors. In
seven cases out of the fourteen (involving five different rotors, four with
and one without sweepback of blades at rotor outlet) the value of calculated
PRC at surge for all speeds lies above O.l4 — in one case close to 0.6;

among the other compressors (all with rotor sweepback) values as low as 0.15
to 0.2 appear. This consistency between speeds for a given compressor
affords strong support for the theory that surge is somehow related to a
limiting value of semi-vaneless space diffusion. But evidently that limit
depends upon individual features of a particular compressor arrangement.

A further fact which may or may not be coincidence is that among the
same fourteen compressors, six out of the seven giving data which exhibit
high calculated values of PRC at surge (in the range O.4 to 0.6) had vaned
diffusers discharging into annular "dump™ collectors of snail-shell form,
the "tongue" of the off-take pipe from the collector being reasonably remote
from the trailing edges of the diffuser vanes. (It is well known that a
snail-shell collector in too close proximity to diffuser vane trailing edges
can promote a considerable circumferential non-uniformity of static pressure
and cause premature surge.) And all those compressors with calculated
values of PRC at surge below O,k discharged into radial-to-axial bends
followed by one or more rows of axial cascade vanes, the latter serving to
provide further diffusion and subsequent flow straightening. Whether this
difference in the type of delivery system really has a governing influence
on surge of compressor stages remains at present in doubt; the available
data are insufficient to afford any approach to certainty.

Despite the fact that almost constant PRC at surge coincides with
almost constant a4, diffuser vane leading edge incidence is discounted as a
surge-controlling parameter. This is because, among the fourteen compressor
builds examined, wide variation of calculated leading edge incidence at
surge is encountered (amounting to some +5°%), and that variation corresponds
to no order of merit in terms of operating range.

In view of the evidence relating to PRC cited herein, much attention
has been devoted to seeking some analogy between diffusion in the semi-
vaneless space and that in a simple divergent channel such as was tested by

Runstadler!l. Parameters for the semi-vaneless space analogous to those
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which characterise the performance of simple channels vary with compressor
operating condition, because of change in a, and By, but for a given
compressor are approximately constant at surge, due to the approximate
constancy of ag which has already been noted. Some possible forms of these
parameters include the throat blockage factor B), a calculated quantity
which could be open to doubt, but the failure of any universally consistent
pattern to emerge from the data surveyed does not seem attributable to that
cause.

The data for one rotor tested with four different vaned diffusers
(in all cases followed by a bend-plus-axial-vane type of delivery system)
show some correlation between calculated PRC at surge and the geometric

property “weited surface area of the semi-vaneless space/geometric throat

area [Aw/Ag], where Ay can be approximated by the expression

2
ng §{|wyp + D * Nth (D sin 2= c wgp® - Se (2 _ sin £&

The range of AW/AS in this case is from 5.16 to 7.60. The parameter AW/Ag
may be regarded as simply a form of passage 'L/D'; since wetted area =
length x perimeter and Ag = cross-sectional area, it follows that Aw/Ag is
proportional to length/hydraulic mean depth. Supposing there to be a

diffusion pressure gradient for the semi-vaneless space at which some

critical degree of stall exists, then the longer the passage (i.e. the
larger is 'L/D') the greater the overall pressure rise attainable at that
gradient, and so the further flow can be reduced before reaching the
critical situation. Thus a large value of Aw/Ag might be expected to give
wide operating range and vice versa. Such a correlation would serve to
explain the reason for two effects which have been found to lower surge
flow and thus improve compressor stage operating range, namely:-
1) reduction of vane number at constant A, and hyy; this increases
Wi and hence Ay
€3] reduction of Ag by change of hy), at constant ng; Ag is reduced in
proportion to hyy, but A, is reduced less than pro rata with hy,,
so that AW/Ag increases.
The degree of correlation obtained for those four builds of

compressor (with the same rotor) encouraged hope that the same trend would
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apply quantitatively as well as qualitatively to other compressors, and so

provide some general means of surge prediction for compressors with vaned

diffusers and similar delivery systems. DBut data for others of the
compressors examined fail to conform at all adequately.

One is thus left with no firm ground upon which to base a simple
method of predicting surge. The only positive indications emerging from
present evidence are:

(a) It seems notably easier to obtain wide operating range from
compressor stages which discharge into snail-shell collectors than
those with bend-plus-axial-vane delivery systems.

(b) Approximately the same value of (calculated) PRC at surge applies

at all speeds of a given compressor stage.

(c) Mean values of PRC at surge greater than about 0,55 have not been
found.
(d) For some compressors improved operating range may be obtainable by

arranging the semi-vaneless space so as to give a high value of the

quantity Ay/Ag.
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PART II - COMPARISON WITH EXPERIMENT

s Introduction

Part I of this work gives a full statement of the assumptions and
modelling procedures which form the analytical treatment. That treatment is
applied by means of a computer program. Predictions by this method are now
presented for a selection of compressors for which test data are available,
They embrace cases of a rotor alone, rotor plus vaneless space, and a full
stage including vaned diffuser.

As explained at the start of Part I, a general prediction method is
by definition required to ignore details of, for instance, rotor blade
passage shape, so it cannot discriminate between compressors built with the
same overall geometric properties but having different levels of perform-
ance, and hence cannot give an "absolute" answer. Some empirical datum or
standard of performance must be set, and the predictions "tuned" to agree
with it. For this reason, when comparing predictions for a number of
compressors with test results, some latitude in agreement of efficiency level
must be accepted. Those compressors taken for the comparisons shown herein
all correspond to a fairly similar standard of design quality, and the
prediction method has been "tuned" to give the best average agreement with
those test cases.

2o The predictions

Compressor performance maps are presented in Figures 1 to 7 for the
machines listed in Table 1. Compressor number 1 is that described in
Reference 1, the compressors numbered 2 to 6 are described in Reference 2,
and compressor number 7 in Reference 3., In the case of Figures 2 to 7 three
performance quantities are shown, for each of which a good match to test
values is required. Since pressure ratio is derived from work input (AH/U®)
and efficiency, it follows that if both the latter are accurate then so
should be the pressure ratio, but accurate pressure ratio can also be
obtained as a result of opposing errors in work input and efficiency - an
example of this is to be observed in Figure 5. In general no consistent
pattern of errors appears: sometimes ome of the three quantities is
predicted the most accurately and sometimes another.

For these comparisons the rotor blockage growth factor called Z in
Part I has been scheduled as 0.7 x rotor design-point pressure ratio, this

relation being adopted to assist in matching the test results.
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At the choking condition it will be seen that in some cases AH/U®
falls vertically, similarly to efficiency and pressure ratio, while in
others AH/U® remains at a constant value. This difference in behaviour goes
according to whether or not choking takes place in the throat of a vaned
diffuser. If it is the diffuser which chokes first then rotor outlet condi-
tions remain constant as the diffuser goes into supercritical operation
(with supegsonic flow and a high-loss shock system within the diverging
channel); if it is the rotor inducer which chokes first, then the velocity
triangle at rotor outlet changes shape as pressure ratio falls, leading to a
fall in AH/U®. The annotation "inducer choking" or "diffuser choking" on
the Figures relates to the predicted situation.

Some doubt attaches to the test values of AH/U® at the lowest speed
shown in Figure 5; no other vaned diffuser case exhibits such a difference
of level at low speed and the prediction method clearly does not support it.

A matter of some interest is how the locus of peak efficiency with
changing speed behaves. The mean slope of this locus over the range of

speed 50 to 90 per cent of design appears as follows:

Vaned diffuser X??;i::i
Compressor L 5 6 7
Test results steep positive steep positive positive negative
Prediction slightly positive | slightly positive | almost flat flat

Thus in general the prediction tends more nearly towards flatness of the
locus, resulting in quite considerable errors in predicted efficiency at
lowest speed. From this comparison it might be inferred that the sense of
the error changes according as to whether the compressor has or has not a
vaned diffuser, but other evidence refutes such a conclusion. At least one
compressor is known for which the mean slope of locus is negative for builds
both with and without vaned diffuser; predictions for the vaned case show a
locus with slightly negative slope, so matching the direction of the experi-
mental slope but again flatter. Hence, as regards this locus, the test data
shown here are not fully representative. On the sparse evidence at present
available, not too much importance is attached to partial failure of predic-

tion to match the experimental slope of locus.
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B Comment

In order to satisfy the primary objective, that of giving a designer
a "preview" of stage performance, it is necessary to predict with fair
accuracy (i) choking flow, (ii) surge flow, (iii) the shape of mass-flow/
pressure-ratio characteristic between choking and surge, (iv) work input,
and (v) efficiency level. Let us look at these in turn.

Choking of the inducer throat depends in the treatment of Part I
upon an empirical relation for throat blockage; the relation selected gives
satisfactory answers for most of the available test cases (see for example
Figures 2 and 7). It should be noted here that the compressors numbered 2
to 7 all had rotor blade angle distributions up to the throat similar to
one another and to the model used in the treatment of Part I, also that all
had 17 or more inducer blades. In the case of machines with markedly
different blade angle distributions in that region, or much wider inducer
blade pitching at casing diameter (due either to fewer blades or relatively
larger casing diameter), then some adjustment to the theoretical model
would be required in order to obtain a correct prediction of inducer choking
flow.

Vaned diffuser throat blockage depends to some extent upon an
empirical schedule of mainstream total pressure loss between the pitch
circle of vane leading edges and the channel throat, but the assumed loss is
effectively zero at the diffuser choking condition. Diffuser choking is
satisfactorily evaluated in almost all cases (see for example Figures 3, 4,
5 and 6). Were shocks of significant strength to be present ahead of the
diffuser throat, the agreement might not hold.

Generally then, choking flow is well predicted. But there is one
possible defect to note. In both Figures 5 and 6 at 110 per cent speed the
diffuser does not choke and choking flow is not as well predicted as usual,
the error being the same (2 per cent over-prediction) in both cases. These
two compressors both have prewhirl, and in the absence of any test data for
a prewhirl compressor without vaned diffuser the possibility remains that
prediction of inducer choking flow as treated is somewhat in error for any
prewhirl machine. Only further test results can tell.

As regards surge, the situation is decidedly unsatisfactory. Experi-
mental data show that when a given rotor is followed by a vaned diffuser
surge usually occurs at a higher flow than when the same rotor is followed

by only a vaneless space. The vaned diffuser case is that of greatest
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practical importance for aircraft gas turbines, and it is that to which
attention has been primarily directed in seeking a prediction treatment.
Appendix 5 of Part I contains a summary of the evidence obtained from
analysing, by the present method, the performance of 14 such compressor
builds at their experimental surge flows. The most significant parameter
appears to be the pressure rise coefficient of the so-called "semi-vaneless
space" (between diffuser vane leading edge and channel throat), which to a
quite close approximation has the same value at surge for all speeds of any
given compressor. But the mean surge value of that pressure rise coeffi-
cient (PRC) can differ considerably between compressors, and can change
with the build of vaned diffuser which follows a given rotor. Further
complexity is introduced by observing that it is generally easier to obtain
a wide operating range (i.e. lower surge flow as a proportion of choking
flow, and hence higher PRC at surge) when the vaned diffuser discharges
into a "dump'" collector of snail-shell form than when it is followed by a
radial-to-axial bend and one or more rows of axial cascade vanes. No
simple empirical correlations have emerged from this study which can be
regarded as universally applicable, and on present knowledge the onset of
surge cannot reliably be included in this performance prediction method.
That is of course a serious defect.

It is worth noting that even were surge flow predictable, the predic-
ted flow is not the only factor in matching an experimental surge line,
since the predicted line would be that conmecting certain values of flow
lying on the predicted pressure ratio characteristics. Thus errors in
level of the characteristics can either magnify or reduce the effect on
surge line matching of errors in surge flow prediction.

In general the predicted shape of mass-flow/pressure-ratio
characteristic is substantially correct at all speeds. But some errors of
level in either sense are to be found.

Work input is fairly well predicted in normal circumstances. In the
case of compressor number 6 an oblique contraction occurs in axial passage
width immediately after rotor outlet; the effective dimension for the mixed-
out flow is then open to some doubt, and has been adjusted in order to give
the correct work input.

Efficiency level is only approximately right. Here the chief
difficulty is to distinguish errors in rotor loss from errors in diffuser

loss, as reliable test results for hardly any machines are available both
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with and without vaned diffuser. This makes it difficult to decide upon a
value for the factor Z which determines the predicted level of rotor
efficiency. Loss of efficiency in the vaneless space is both small and
able to be estimated quite accurately so that one may regard Figures 1, 2
and 7 as forming one class: to judge from that evidence the prediction of
rotor efficiency is correct within 2 per cent at design speed, although
sometimes more at low speed.

Hence the value of Z used appears fairly satisfactory for '"normal”
amounts of diffusion. Where the relative velocity ratio of a rotor is
extreme, i.e. the diffusion much greater or much less than is conventional,
then it is possible that the value of 2 would require alteration.

Having set the rotor efficiency, stage efficiency then depends mainly
on diffuser channel pressure recovery. The major problem here is catering
for a range of geometric variables far wider than is covered by single-
channel test dataqa By employing a procedure of extensive extrapolation,
on somewhat doubtful basis (but one nevertheless believed to be justified by
the results), a treatment was developed in Part I for most two-dimensional
cases likely to be encountered. Channels with diverging sidewalls, as in
most of the compressors providing available test data (including all those
shown here), are dealt with by defining an "equivalent two-dimensional
channel. The resulting values of channel pressure recovery coefficient may
well not be very accurate, but because 1 per cent of channel pressure
recovery coefficient reflects as only about % to % per cent of stage
efficiency the treatment is thought to be acceptable.

For the examples shown (Figures 3 to 6), the error in predicted stage
~efficiency is consistent neither in sense nor in relation to change of
speed. That error lies within *1 to 2 per cent at the design condition, but
is often considerably greater at low speed. The difference between measured
and predicted trends of waximum efficiency locus with changing speed has
already been commented upon. So Far as design-point conditions are con-
cerned, the error in stage efficiency looks to be no worse than the error in
rotor efficiency. That conclusion lends some confidence to the treatment of
diffuser channel pressure recovery.

It is possible that some loss of stage efficiency should be ascribed
to the quality of the flow entering the diffuser system. The treatment of
Part I assumes that flow conditions both at vane leading edge and at channel

throat are uniform except for the presence of wall boundary layers, and the
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single-channel test data on which estimation of pressure recovery is based
relate to inlet flow in that well-regulated state. The considerable varia-
tion, both axially and circumferentially, of time-average flow properties
existing in a compressor at vane leading edge could conceivably affect not
only the growth of blockage to the throat but, if non-uniformity persists
that far, also the subsequent channel pressure recovery. There is no way of
quantifying such effects, the extent of which may in any case differ between
individual compressors, and one can do no more at present than note the
situation as possibly contributory to an error in predicted stage efficiency.
Should it transpire that effects of this nature are significant, there might
be need to revise the selection of the quantity 2 determining rotor
efficiency, since, as already observed, the division of losses between rotor
and diffuser is somewhat uncertain.

To conclude, it should perhaps be noted that some margin of error in
efficiency does not prevent a prediction method of this sort being used to
assess (for instance) diffuser vane leading edge incidence and channel
throat conditions, so affording information at the design stage of use in
matching a diffuser system to a rotor, or for diagnosis of test performance.
L, Conspectus

In a predominantly amalytical treatment such as the present method,
endless scope for refinement exists. But given the basic requirement for a
"rapid" calculation of overall performance properties, it is felt that
approximately the right balance has been struck in modelling the flow
between the grossly over-simple and the unprofitably sophisticated.

The chief defect in this prediction method is the failure to discover
any satisfactory general treatment for the onset of surge. In other
respects the predictions here presented are considered good enough for the
method to appear useful, bearing in mind the cardinal point that only over-

all geometric properties of a compressor are specified.
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TABLE 1

Compressor details

N?minal_ Sweep~— . Diffuser .
Compressor de:;gzgﬁg:nt Prevhirl | back i?;;th;p 9ut1et g;ﬁi:;ir
ratio angle diameter
1 3 no 0 0.4 0.6760 | VS (long)
2 4 no 40 0.2509 - RO
3 33 no 40 0,2534 0,3279 | VD
4 5 no 30 0.2925 0.5080 | VD
5 5 yes 30 0.2925 0.5080 | VD
6 7 yes 44 0.2463 0.3683 | VD
7 73 no 30 0,2748 0.2921 | VS (short)
*Key: RO = Rotor only
VS = Vaneless space
VD = Vaned diffuser
Dimensions in metres
Note: All compressors with vaned diffusers discharged into radial-to-axial

bends followed by rows of axial cascade vanes.
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