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Summary

Details of a method which enables the calculation of converged pressure distributions on a wing with
distorted control surfaces oscillating harmonically in linearised, compressible subsonic flow, are presented.
The local loading solutions, which have been developed from the original work of Landahl are used to extract
the discontinuous part of the boundary conditions associated with oscillating control surfaces. The resulting
regularised problem is then solved using a Lifting Surface Collocation procedure, giving together with the
local solutions, the required pressure distribution. Results using the current theory for a rectangular wing and
two swept tapered wings, are compared with experiment and other theoretical methods, including the long
established ‘equivalent modes’ technique.

* Replaces A.R.C. 35 831.
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1. Introduction

The work of Landahl (Ref. 1), in which the basic singular behaviour of the pressure distribution in the
neighbourhood of the control-surface hinge-line corner was determined, has enabled direct solutions of the
control-surface problem to be formulated. The present work extends that presented in References (2 and 9), to
include the unsteady case with distorted control-surface vibration modes.

PartII of this report gives details of the suite of computer programs, which enable the calculation of pressure
distributions and integrated effects for wing, control-surface configurations. Results from this new method
have been compared with theoretical and experimental results from N.L.R. (Ref. 3), and with results using a
program written by D. E. Davies (Ref. 4) which uses ‘equivalent modes’ to represent the control-surface
mode.

2. Problem Formulation

Consider a very thin three-dimensional aerofoil and a system of cartesian coordinates X, ¥, z with the origin
at the aerofoil apex. Fig. 1 shows such an aerofoil and indicates the position of the coordinate system relative to
the wing.

The aerofoil is immersed in a compressible stream of undisturbed velocity U in the direction of the x-axis,
and is assumed to deform harmonically with angular frequency o about a mean position in the plane z =0.

Suppose that the vertical displacement of a point (x, y) on the aerofoil at time ¢ be givenby z(x, y) . ™, and
the corresponding pressure difference coefficient on the aerofoil surface be given by AG,(x, y) . e™".

For small disturbances linearised theory applies, and the downwash at the aerofoil is given by,

3z | w
w(x, y)=—a;+z.v.z, (1)

and it may be shown (Ref. 5) that the pressure difference coefficient satisfies the integral equation,

1
w(x, y,) = _g%—J'J‘ AG,(x, y). K(X, Y; M, v) . dy dx, 2)

s

where

K(X, Y; M, v) is the Kernel Function,
X=x—x,

Y= Ys—y,

M is the free stream Mach Number,

v is the reduced frequency based on semi-span,

§ is the projected wing planform in the plane z = 0. 3)

In general S is symmetric about y =0, and may be defined as follows

—ssy=ss,

X (Y)=<x=<x(y), 4)

where s is the semi-span and x = x,(y), x = x,(y) are the equations of the leading and trailing edge respectively.
Before proceeding to define AC, and K in more detail, the cartesian coordinates X, y, Z are non-
dimensionalised by the semi-span s, and the basic problem re-formulated in terms of an x, ¥, z coordinate
system based on s (see Fig. 1).
Thus from equation (1) the downwash at the aerofoil is given by

w(x,y)=aa—;+i.v.z, (5)



where
v=—, (6)

and the integral equation becomes

1

x,(y) 1
_a-r, I :‘t ACP(X’ y)- $%. K(X)Y ; M, v) dy dx. (7)
-1

X (y)

w(x, ys) =

2.1. The Kernel Function

Following Ref. (6) the Kernel function may be defined as follows,

s KX, Y; M, v)=

For T >0

%—2(1 +%() Acos (w¢)—i sin (v{)}—f—(lg:—l}\—g—) {sin (w)+i cos (v} — v’[{G(¥| Y], v|7i]) . cos (v0)—

—H@|Y|, v|r]) . sin (v} = {G(|Y

,vlm) . sin (w0)+ H(»| Y], v|7|) . cos (vO)}]

Form, <0
%—2[{2 cos (vX)— (1 —)E() .cos (v0)}—i{2 sin (vX) — (1 —)E() sin (v{)}] —v—g—:kt%)—{sin &) +i cos (w0} —
- v [{2G(v| Y|, 0) cos (vX) - G(v|Y|, v|7)) cos (v¢)— H(»| Y|, v|7,|) sin (v{)} —
—i{2G(»|Y], 0) sin (»X) — G(v|Y|, v|7]) sin (») + H(v|Y], v|71]) cos (v{)}] (8)
where
R=VX*+p*Y?
B=VI-M,
. =MR—X
1 BZ
and
{(=X+T1. 9)

The functions G and H are defined in Ref. (6), and are evaluated using a technique introduced by Dat (Ref. 7)
and developed by Kellaway (Ref. 6).

2.2. The Pressure Difference Coefficient AC,

The pressure difference coefficient is defined by the equation,

Pr — Pu
AC, = 1
G LU (10)
4



where

p: = lower-surface pressure on the aerofoil,
p. = upper-surface pressure on the aerofoil,

p =free-stream density,
and may be written in the form,
AG,(x, y)=AC,(x, y) +iACy(x, y), (11)

where AC(x, y) denotes the real part of AG,(x, y), and ACy(x, y) denotes the imaginary part of AG,(x, y).

Following the work presented in Ref. 2, the AC, distribution is assumed to be the sum of two distinct
sub-distributions:

(i) 1AG,, a loading which only accounts for smooth variations of downwash over the aerofoil,
and

(ii) ,AG,, loading which accounts for the main downwash discontinuity effects associated with an oscillating,
distorted control surface.

From the report, Ref. 5, a suitable representation for ;AC, may be defined as follows,

=
1AG, = ——Hz.\/l-nz-R*(&,n), (12)
where
n="Y (13)
2 1
1= s (=3 lulm +x (i), (14
c(m)=x(n)~x(n), (15)

and where R*(¢;, n) is some regular but unknown function.

Before defining ,AG, it is necessary to point out, that in order to calculate the downwash associated with this
pressure distribution, it is most convenient to choose a generalised ¢ coordinate in such a way that the
planform’s leading and trailing edges, and the hinge line are all constant £ lines. In general then, such a
coordinate system is defined through:

y=m (16)
and
_ a-¢ _
x=Xi(n, +—5 . {xn(n)— Xi(n, &)}, (a7)
(1-¢n
where
X, =) 5y 158 (18)

x,(n) is the.equation of the hinge line and &, is the coordinate of the hinge line in the (£, ) coordinate system.



2.3. The Assumed Definition of ,AC,

The analysis used to define the ,AC, distribution was performed assuming, for the sake of generality, that
the control-surface configuration is of the type shown in Fig. 2. That is, the control surface extends to the wing
tip; clearly the principle of superposition may be used to define a ,AC, distribution for control surfaces not
extending to the wing tip.

The deformation mode in which the control surface is oscillating, is assumed to be of the form

z(x,y)=0 for points (x, y) off the control surface

and
z(x,y)=X.F (X, Y) forpoints(x, y)onthe control surface, (19)
where
X =x-x4(y), (20)
Y=n-n.,
=Y 7 Ve 2n

y. =7, is the side edge of the control surface, and F(X, Y) is some regular function.

From equation (19) it is clear that finite discontinuities in z(x, y) at the hinge line are not allowed.

Using the control-surface deformation defined by equation (19), it was shown in Ref. 8 that a suitable form
for ,AC, could be defined as follows:

ZACp(xs .Y) = Z[P(x, )’) + p(x’ “)’)], (22)

with the plus sign corresponding to symmetric control-surface modes, and the minus sign corresponding to
anti-symmetric control-surface modes,

p(x, y)=pi(x, y) + pa(x, y)+pax, y). (23)

The definition of p1(x, y)

~ _ _ JvR +x,~x—«/2(x,—x) \/E+(x,—xh)—\/xt—x

, ) =Plx,y). F(y). A(x, y). Y. 4l L -1 £ , (24

pi(x ) () - Fiy) - Alx.y) {og [fop+x,—x+\/§(x,—x)] © [x/Re+(x,—xh)+~/x,——x]} @4
where

R, =V(x,—x)’+B*Y?, (25)

B =B +xi, (26)

Ktzx:()’e): 27

R, =VX*+B*Y?, : (28)

B=vB*+x3, (29)

Ko = X1(Ye)s (30)

Alx, y)=A'(x, y) +iA"(x, y), (31)

A'(x, y)= —% [2Fg()?, 0)+ Y’{ny()_(, 0) +%K0Fgg()?, 0) —% v F(X, 0)} + X{Fzz(X, 0)— v’ F(X, 0)}], (32)

A"(x, y) = —%[2F()_(, 0)+ Y{F, (X, 0)+2koFx(X, 0} +2. X . Fx(X, 0)], (33)



5 1+§[ 1(§-£) 3(§~§1)2]
P(x,y)= 1-= + <&,
EANTH 2 av e Tsara] 650
=1 £E=&.
with
-1+
(- 25,.),
giving the required V' zero at the leading edge, and
_ l—y( Y 3 172)
F(y)= 1+ += >y,
VIS s ts a7
3 (1+y(1_ Y 23 y? ) _
Ty \ 214y 8 A4y V7"

givinga v zero at both the starboard and port wing tips.
Definition of p.(x, y)

VR, +B(1-y)—2B(1-y)
VR +B(1-y)+v2B(1-y)

_ 5 X [ 2B0-y)
om0 5. A

ol V)= Hi(») . B(x, ). {€(x) 10|

where

R, =VX*+p*(1-y)*,

:«/Re +BY +S*(x, y)—Js*(x, y)
VR, +BY +5*(x, y)+VS*(x, y)’

AG(x, y)

(X —x)  (x—x)(1—y)
ci.cz.(1-y.)

S*(x, y)=

C1= X~ Xp,
Cr=Xp— Xy,

B(x, y)=B'(x, y)+iB"(x, y),

B'(x,y)= —ﬂig[p(o, )+ X{2. Fx0, 7)+53. K0, 7))+
+;22{§ng(0, 7)+ 58, 0, Y’)—%Z(1+% %2(5”-1;—22))1?(0, )+
T !
B'(x, y)= —%[(z+%—;) (O DX B0, )+ %43 (14

] —log[AG(x, y)]} +

—BM——) E0, 7],

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)
(42)
(43)

(44)

(45)



G= —:—“[1 = 312 (’;30) ] . F(0, 0), (46)

~ 1 3
Con =2 (1 Ragg &) e
1
xX— x,( 1 3 2)
=\, 1l-——X+—.X =
o 2C2X 82" X< Xy, a7n

givinga v zero at both the leading and trailing edges of the wing,

H(y)=1 y=-—y

=VI+y. ——— 16(1 )2[ 5y°+3(2—Ty)y*—(35y5—28y,+8)y +
+(—35y3+70y5—56y,+16)] y<—y3 (48)

where y, =0-6, giving a V7 zero at the port tip.
The definition of ps(x, y)

_ - X Y’
pa(x 1) = Fly) . Clx, )| €O, ) 2 FE@ ). R +D§—g] (49)
where
Clx, y)=C'(x, y)+iC"(x, y), (50)
with
C'(x, y)=7_:é[§10g (g+KO>F(O 0)+— 53 F,(0,0)+
Btro) Ko _Y.8 AR
+Y{21 g(B_KO) B}.FY(O,O) Y.B.log (1 <ﬁ) ).FX(O,O)], (51)
2
C'(x, y)=£F(O, 0)[ Ylog( (%) )+Y - ("(‘;/0%) Mz Ko 5 'MZ] (52)
and
E(x,y)=E'(x, y)+iE"(x, y), (53)
with
F,(0,0 Ka
E'(x,y)= E[—%——)m—ﬁ— Fx(0,0)+525 53 F,(0,0)+
E‘*‘ 1 Ko
+log (E KO) (FX(O 0)+> 15 F,(0, 0))] (54)
e AV B+xo 1M k(M
E (x,y)—ng(O, 0)[I0g (B—_KO).(1+2 % ) B_ (2+E2)+
Mf KO/B_)
tEI- (Ko/B)] 53)
also
__ 1= _Ko
D=->—§ 1og(1 §2>' (56)



2.4. Introduction of the Term ‘Regularised Downwash’

From equation (7), and using the breakdown of the pressure difference coefficient into ;AC, and ,AC, as
described in Section 2.2, it is possible to write

w(x,, ¥s) = wilx,, y5) +wa(x,, ys), (57)
where
1 x,(y) 1
Wil = o= | [ Gy . KX YiM,») dydx, (58)
xi(y) -1
and
x(y) p1
Wil ) =~ | . [ G ) KX, Y3 M, ) dy d (59)
Xy -

The function w(x,, y,) introduced above is known as the regularised downwash. The reason for this is that
provided ,AC,(x, y) has been well defined, the downwash function w,(x,, ys) will contain the main discon-
tinuity effects associated with the prescribed boundary conditions, thus ensuring the regularity of

wl(xn YS) = W(xn ys) - W2(xr, ys)

The regularised downwash, once it has been calculated, defines a smooth-lifting-surface problem which may
be solved using existing techniques to give ;AC,(x, y).

Clearly then, the main problem is to evaluate w(x,, y,) accurately, which immediately facilitates the
evaluation of w;(x,, y;), the regularised downwash.

3. Preliminary Analytic Work on the Evaluation of w,(x,, ¥s)

The Kernel function K(X, Y; M, v) defined by equation (8) is clearly veryirregular near Y =0, X =0, and is
singular for Y = 0. It is this behaviour attributed to K(X, Y M, v), which can cause severe numerical problems
in the evaluation of w,(x,, y,), unless great care is taken. So that detailed knowledge of K(X, Y; M, v), and of
the effect that this function has on the subsequent integrations, is required.

3.1. The Transformation of the Integral Equation for w,(x,, y,) to the (£, n) Coordinate System

Consider the transformation of the integral equation (59) to the (£, M) coordinate system defined by
equations (16), (17) and (18), then

dy.dx=1JI(&n).d¢. dn, (60)
where
2
.= P2t - Xy, 00 (61)

The Kernel function has arguments Y, X which transform to give:

Y= Ys =,
=MNs M,
=7 say, (62)
where 7, = y,.
X=x~x,
1-¢2 1-¢°
= Xi(ns, &) — Xu(n, §)+§1 _;3 Axn(me) = Xy (s, gh)}_gl _gfj{xh("]) —Xi(n, &)},
1__ 2
= X0 §)=Xilm, )+ ({58  Lm) = 5~ [Xs(m, )~ X, )~
_z E+E) _
£. (1 _fi) Axn(n) = Xi(ns, &)}, (63)



where ; j

E-t—¢
Now from equation (18),
X, 5= (1843, )
giving
Xi(my &)~ Xa(n, £ = H[Bx: ()+ B, ()]~ £[Bx, () ~ Bx, ==
—gem. 7+ E
where

Bxy(m) =xl(m);x1(n)’

with a similar expression for Ax,(n), and

g(& n) =H[Bx, (n) +Ax,(n)]— £[Ax; () — Ax.(m)]}.

The expression for X now may be written in the form:

X=gi(&n) . 1+8(& . &

where

2
816 ) = 8l W)+ (o B )~ (6 )

and

c(n,) (€+¢&)
2 (1-£)

g2(§)= . {xh(ns)—Xl(nss gh)}

The integral equation (59) becomes,

1 ¢ gt o
wnli )= —o- | MGG T RE ;M v dn e

87w

where K(& 7; M, v) is the transformed Kernel function.
Introduce the function L(§) where,

Lo=f 8GG 6w RE M) dn

then

1
Wil )= 5| L@ de

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74)

Clearly a detailed knowledge of the functional behaviour of L(&)isrequired, in order to evaluate accurately

Wz(x,, Vs ) .

10



3.2. A Detailed Analysis of L(£)

The Kernel function may be re-written in the form,

R(E M, )= =20 (B) - (cos () +vr, sin ()~ iin (v) -

—vTy COS (vé’))}—%(sin W) +icos (v))—

— v [{Gldl, v|ri|) cos (v0) — H(w|l, v|7]) sin (w0)} —
—i{G|7l, v|ri|) sin (v0) + H(|], v|71]) cos (w}+K(E 71; M, v)

(75)
where
For £¢<0
with 1 =0
K& 7; M, v)=0, (76)
and with 71 >0
RE7; M, v) =%[{cos vX —(cos v¢ + vty sin v{)}—i{sin ¥X — (sin »{ — v7, cos )}~
=2 . V[{GW}7l, 0) cos vX ~ G(v|7], v|74]) cos v} —
—i{G(v|n/, 0) sin vX — G(v|7|, v|71]) sin v{}]. (77)
For£=0
with T > 0
R(€ 7; M, v) =%[{COS v{ +vry sin v} —i{sin »¢ — v7, cos v{}], (78)
and with ;<0

K(Eq; M, v) =?[COS vX—isinvX]-2. Vz[{G(Vlﬁl, 0) cos vX — G(vq|, v|r|) cos vi}—

~H{G(v|ql, 0) sin vX — G(v|7], v|r|) sin »{}]. (79)

From previous work on the static-control-surface problem (Ref. 2), it is clear that the dominant singularities
in the L(£) function will arise through the term N(¢, 7j; M, v) in the Kernel function, where

- 1 X
N(& 7, M, v) =? E{(cos v¢ + vt sin v{)—i(sin v — v7 cos v{)}—ig(sin v¢+icos v{) (80)
Consider then the integral

n,+B _
LO=]" MG ) JEm . NE# M ») dn @)

where A, B are positive parameters sufficiently small to allow a Taylor Series expansion of ,AC,(x, y) . J(£, )
about n, for n, # 0., £ # £, Using the work in Ref. 6, and writing U*(£, n) = 2AC,(x, y). J(£ n), it may be
shown that

—2U%&, ns) 0o 1 2 B ra
— .V ( re s) .=+ — (g: ) . U*(gn s)+
o) e F e ns){a(«fr, ns)[an gile ] K

+gu(é, ) - [5% U*(¢, n)]

L&)=

[l

Ns
=4

+i vUXE, n) . (1+ g2, ns‘))}log €]+

nN="ns
=4
+0(£ log |€]) +regular terms as £ > 0 with & # &,

(82)

11



with
alg, n,) =B+ gi(&, my). (83)

Thus the exact analytic behaviour of L (&) near & has been determined. Clearly this information is absolutely
necessary in order to formulate successfully the numerical integration of L(£).

4. The Evaluation of wy(x,, y,)
Asindicated in Section 3, and following Ref. 5 the double integral defining w,(x,, y) is evaluated in the first
instance with respect to 7, then with respect to &
4.1. The Integration with Respect to n
The highly singular nature of the Kernel function in the neighbourhood of 7, indicates a natural division of
the integral defining L(£). The range of integration is sub-divided into three regions,
Region 1 —-1sqn=<n,-A,
Region2 7q,+B<n=<]l,
Region 3 n—A<n<n,+B. (84)

In Ref. 2 suitable values of the parameters A, B were found to be

A=0.1,
E_{O.l for m,<0.9,
1-m, for 7,>0.9.

(85)

The regional breakdown of the spanwise integral is shown in Fig. 2. For the integrations over Regions 1 and
2 the Kernel function defined by equation (75) may be used, since this is the simpler form, and all singularities
and irregularities in the Kernel function are confined to Region 3. However, for the integration over Region 3
a form must be used which identifies more explicitly the singularities of the Kernel function as functions of &
and 7.

4.1.1. The rearrangement of the Kernel function for the integration over Region 3. The function X/ R may be
written in the form

R O e (50
so that using equation (75) it is possible to rewrite the Kernel function in the form
K(& 7; M, v) = K\(& 71 M, v) + Ko(&, 71; M, v) + K3(€ 71, M, v), (87)
where
K(&n M, v)= R[;B:)S(g:gfzg)]{(cos v{ +vry sin v{)—i(sin v{ — vy cos v{)}, (88)
and for £<0
Ky(& 715 M, ) =0, (89)
for £>0
Ky(& i M, v) = (;2# v’ log lﬁl) - (cos vX —i sin vX), (90)

12



Ki(& 7 ;M v)= ——%(sin v +i cos v) — v’ [{G(¥|d, v|r1|) cos v{—H(v|q|, v|7]) sin v} —
—i{G (w7, vm]) sin v¢ + H(v|7), vlr]) cos w3+ Ks(E 713 M, v), (91)
with K;(£ 17; M, v) defined as follows:

For£<0
with T = 0
K3(¢ 7; M, v) =0, (92)

and with 7, <0

Ks(& 7, M, v) =%[{cos vX —(cos v{ + vty sin »¢)} — i{sin vX —(sin ¥{ — v, cos v{)}]—
—2v°[{G(v|q], 0) cos X — G(vlil, v|r1]) cos v}

~i{G(v|i, 0) sin ¥X ~ G|, v|r:]) sin v¢}], (93)

For£=0
with T =0

== 2
Ki(g 7, M, v) =—1_;—2-[{cos v{ + vy sin v{ —cos vX}—i{sin v{ —v1; cos v{ —sin vX}]~
—v?log 7| . [cos vX —i sin vX], (94)
and with < 0

K3 713 M, v) = = 20°[{G*(v|4j], 0) cos vX — G(v|7|, v|7.]) cos v} —

— H{G* (|, 0) sin vX — G(v|5], v|r]) sin w2}, (93)
where
G*(v|7l, 0)= G(v|7], 0)+3 log |]. (96)
It was shown in Ref. 6 that |
G(v|7l, 0) = —3 log |7j| + regular terms as || 0, 97)

so that the function G*(v|7|, 0) is regular as ||~ 0. The singular term extracted from G(|#|, 0) has been
incorporated in the K, term, this proves convenient for the numerical n-integration.

The Kernel function then, has been separated into three basic terms. K| is a highly irregular function for
(9, £)> (0, 0), K, is singular and gives a finite part integral, K; includes the complicated humerical functions
G(v|q|, v|7i|) and H(»|7], »|7:]), and it is for this reason that K; is considered separately.

It was shown in Ref. 6 that the part of the Kernel function designated K, above, gives the total 1/£
contribution to the function L(&). Clearly then, to allow accurate extraction of the 1/& singularity, the
spanwise integral involving K; must be evaluated accurately. In fact this integral is evaluated in double
precision using an inverse hyperbolic ‘stretching’ transformation

7 = A*sinh (t)— B* (98)

of the type introduced in Section 3.1 of Ref. 5. The coefficients A*, B*, together with more detailed
information on the spanwise integration, is given in Appendix A.

4.2. The Integration with Respect to &

From equation (74) the expression for w,(x,, y,) is,

Wt 5) = ———[ L(9) dg, (99)

13



and from equation (82) it is known that L(£) takes the form

L(&) =%+b1 log |€| +0(£ log |]) +regular terms (100)
for £ & with & # &,
where
bo= —2U*(&, )2 e ) (101)
gz(fr)
and
2 B? 481 9
- =, LU*E, n)+ &1, ) | —U*(E
e m [an(ﬁ 'n)]g:m (&, ms)+81( n)[an (& n)]gzgf
U6 m) - (1+ 836, m) . (102)
Then the expression for w,(x,, ;) may be written in the form,
1((" b _
wilin ==l | (L@~ by logIdl) dé+ bola bk, (103
where
_
12—{1 ?, (104)
and
1 —_—
B= togléldg (105)

The problem of evaluating the integrand L (&) — (bo/€) — b, log || accurately for small |£], is resolved by the
evaluation of the integral giving the 1/ £ singularity in double precision (see Section 4.1.1), and evaluating the
resulting difference over a difference in double precision to preserve accuracy. This procedure, together with
the other techniques used to evaluate w,(x,, y,), are presented in more detail in Appendix B.

5. Use of the Method and a Discussion of the Results
The method described in the preceding sections has been programmed in Fortran IV for use with an
1.B.M. 360/65 computer.
5.1. The Control Surface Program

Using the described method, the downwash w,(x,, y) is evaluated at a specified set of points distributed over
the starboard wing. These points are chosen to be collocation points for the Lifting-Surface calculation using
the regularised downwash w,(x,, y,). The results reported in this section were obtained using a standard
Multhopp distribution of collocation points, i.e.

fl,=—cos(2irfl), =1,...,n, (106)
where £, is the coordinate defined by equation (14) and
s m+1
ns=cos(m+1>, s=1, ..,—2—modd,
%m even. (107)
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The order of collocation solution is determined by the parameters m, n. Thus given an m and n, the
regularised downwash w(x,, y,) is calculated at the collocation points and used as the boundary condition in an
oscillating lifting-surface calculation. This gives a ;AC, pressure-difference distribution, which together with
the defined ,AC, distribution enables the calculation of the total pressure-difference distribution AC, through
the relation

AG, =1AC, +,AG,. (108)

From the AC, distribution various integrated effects have been calculated and presented. Details of the
techniques used in evaluating these integrated effects are given in Part II of this report.

5.2. Numerical Results

The following planform configurations were investigated using the procedure described in the preceding
text:
(i) Wing E with an outboard distorted control surface, Fig. (3) gives details of this planform.
(ii) The N.L.R. Rectangular wing with full-span flat-plate control-surface, Fig. (8) gives details of this
planform.
(iii) The N.L.R. Swept Tapered wing with an inboard control surface;
(a) Deflected like a flat plate.
(b) With a control surface camber mode.
Fig. (18) gives details of this planform.
(iv) The B.A.C. Swept Tapered wing with inboard control surface deflected like a flat plate. Fig. (41) gives
details of this planform.
For all but the first case the results consist of
(a) Values of the pressure difference coefficient AC,,.
(b) Values of the local chordwise integrals designated P, i =1, 2, 3 where

P, = ’1+qu=[ AC, dx, (109)
P,=P}+i g—-—f (x—x, —c/4) . AC, . dx (110)

and
P3=P'3+iP§'=J— (x—x,).AG,. dx. (111)

Xh

(c) Values of the Generalised Airforces designated Q,, i =1, 2, 3 where

1 X, *
Q,=Q}+i '1'=j j AC, dx dn, (112)
~1 Yx;
1 X,
Qz=Q’2+iQ£=J J x.AC, dx dn (113)
—1 Yx;
and
’7.:2 Xy
Q3=Q§+iQZ=2I J. (x—x3).AG,. dx. dn, (114)
Ne, Yxn

where the spanwise extent of the starboard control surface is defined by 5, <n<mn,,.

5.2.1. The results for Wing E. The planform of this swept tapered wing is illustrated in Fig. (3), together
with relevant geometrical information. The distortion on the symmetrically deflected control surfaces was
defined by the equation

z=X.te%e" (115)



where X =x—x,, and Y= 1 —1,,. The Mach number and reduced frequency for this case were M =0-7,
v =1-6. This case was designed to show that the assumed loading form ,AC, does in fact remove the main
singularities in w(x,, y,), producing a smooth regularised downwash.

Figs. 4 and 5 show plots of w,(x,, y,) against 7 along lines of constant £,, and Figs. 6 and 7 show plots of
wi(x,, y;) against &, along lines of constant 7. The coordinate ¢, defined by equation (14), is effectively a
constant percentage chord coordinate. The lines of constant ¢; and 7 are drawn on the planform of Wing E in
Fig. 3. Itis to be noted that the singularity in w,(x,, y;), at the hinge-line side-edge corner, reported in Ref. 2, is
no longer apparent. The removal of this singular effect is discussed in Ref. 9. The figures show that the new
loading function gives a much lower order effect at the hinge-line, side-edge corner. Overall the curves are
fairly smooth, and show that the main singularities in w(x,, y,) due to the twisted and cambered control surface,
have been successfully removed.

5.2.2. The results for the N.L.R. Rectangular Wing. Fig. 8 illustrates this planform, and gives relevant
geometrical information. The Mach number and reduced frequency for this case were M =0-0, v =1-115.

Using the current method two solutions were obtained using collocation orders m =14, n =6 and m = 16,
n = 8. The aerodynamic convergence of the pressure-difference distribution, using the two solutions, is shown
in Table 1. This table contains tabulated values of AC, at a set of points on the planform.

The pressure results for the m =16, n =8 solution were then plotted against the experimental results of
Hertrich (Ref. 10), and the theoretical results of N.L.R. (Ref. 3), for the spanwise stations 7 =0-138,
1 =0-627, n =0-983, these results are shown in Figs. 9 to 14. The comparison between the theories was good,
with the experimental results showing the same trends, but at different levels. The true control-surface
theories were then compared with the theoretical pressures obtained using an equivalent mode program of
Davies (Ref. 4). The comparison is fairly good, with the pressures from the equivalent modes oscillating about
the true control-surface-theory results, and rounding out the logarithmic peak, as one would expect.

Figs. 15 to 17 show the spanwise variation of the locally integrated effects P,, P,, Ps, comparing the B.A.C.
and N.L.R. theories. The graphs show very good comparisons, as one would expect from the pressure
comparisons.

Table 2 shows values of Q,, Q, Q; from the current method and from the Davies Equivalent modes. The
comparison is clearly very good.

5.2.3. The results for the N.L.R. Swept Tapered Wing. Fig. 18 illustrates this planform, and gives relevant
geometrical information. The Mach number and reduced frequency for this case were M =0-8, v =0-672.
Two control-surface modes were considered, a flat-plate mode at unit incidence, and a camber mode.

(A) Results for the flat-plate control-surface mode at unit incidence

As in the previous case two solutions were obtained using the current method, with m =14, n =6 and
m =16, n=8. Table 3 shows the aerodynamic convergence of the pressures from the two solutions. The
comparison is good, except near the trailing edge were certain discrepancies appear.

The pressure results for the m =16, n =8 solution were then plotted against the experimental and
theoretical results of N.L.R. (Ref. 3), for the spanwise stations = 0-45,  =0-55, = 0-64 and ) = 0-8, these
results are shown in Figs. 19 to 26.

The comparison between the theories and the experiment is seen to be fairly good. The pressure
distributions from a Davies equivalent-mode calculation are also presented, and show quite good agreement
with the true control-surface theories, considering the fairly low order of chordwise collocation distribution.

Figs. 27 to 29 show the spanwise variation of P;, P,, P;, comparing B.A.C. theory with N.L.R. theory and
experiment.

Table 4 shows values of Q,, Q;, Q; from the current method and using Davies’ Equivalent modes. The real
parts of the Q; show good comparison characteristics; the imaginary parts of Q; and Q, show certain
differences which itis felt are caused by cancellation effects from the chordwise integrals of AC; (see Figs. 20,
22,24 and 26). This is supported by the excellent agreement for Qf, where only the AC, on the control surface
is used.

(B) Results for the control-surface-camber mode
A control-surface-camber mode was defined by

z=(x—xh)[l+(x—xh)+2(x—xh)2], (116)

and solutions were obtained for this configuration in two ways.
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A direct solution of this problem was obtained using the defined camber surface, the second solution was
obtained by writing

z=z1+2s, (117)
where
zi=x—x and zy=(x—x,)[1+2(x —x)], (118)

and then treating the mode z; as a control-surface problem and z, as a regular lifting-surface problem.

Figs. 30 to 37 show that AC, comparisons for the stations n = 0-45, n =0-55, =064 and n =0-8. The
comparisons are very good, except for AC} near the leading edge, where reasonable differences may be seen.
These differences are most probably due to the basic convergence of the B.A.C. control-surface theory, as
applied to distorted control surfaces.

Figs. 38 to 40 show the spanwise variation of P, P,, P; for the two methods of solution, the results show
good agreement.

Table 5 shows values of Q;, Q,, Qs from the two methods, the Q. i=1,2,3, and Q3 again show good
agreement. The Q} and Qj show poor agreement, which may be accounted for by the cancellation effects on
the chordwise integral of AC}, accentuating the differences in AC}, near the leading edge of the wing.

5.2.4. The results for the B.A.C. Swept Tapered Wing. Fig. 41 illustrates this planform, and gives relevant
geometrical information. The Mach number and reduced frequency for this case were M =0-5,» =0-9551.

Figs. 42 to 49 show comparisons of theoretical and experimental pressures, the comparison is very good for
the stations over the control surface, with rather larger discrepancies for the real pressures outboard of the
control surface.

Figs. 50 to 52 show the spanwise variation of P;, P,, P for the B.A.C. theory and the N.L.R. experiment.
The comparisons are good for P;, P,, but not so good for P;. This may be attributed to the differences in the
theoretical and experimental pressure at the trailing edge of the control surface. This difference will mainly be
due to boundary-layer effects.

Table 6 compares values of Q,, i =1, 2, 3, from the current method and from the Davies’ Equivalent modes
technique. Good agreement is obtained between the two methods. Itis to be noted that the cancellation effects
involved in integrating AC} are very small, due to the fact that the point at which the ACjy distribution crosses
the axis has moved closer to the leading edge.

6. Conclusions

This report describes a numerical method of calculating the pressure distribution over a wing with
harmonically oscillating, distorted control surfaces in subsonic flow. The applicability of the method has been
assessed by treating particular planform, control-surface configurations at various Mach numbers and reduced
frequencies. The results have been compared with experiment, with theoretical results from N.L.R., and with
an equivalent modes technique programmed by Davies.

The aerodynamic convergence capability of the B.A.C. solution has been demonstrated, and good
comparisons have been obtained with the theory and with experiment of N.L.R.

The equivalent-modes technique gives reasonable pressure comparisons with the current method, the
agreement apparently improving with increasing n. The generalised forces obtained using equivalent modes
compare favourably with those obtained using the B.A.C. control-surface theory.

For distorted control surfaces, accurate control-surface treatment of twist effects combined with lifting-
surface calculations on the residual camber, have been shown to give good agreement with complete
control-surface solutions.
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LIST OF SYMBOLS

Alx,y) See equations (31), (32), (33)
A Part width of integration region 3 (see Fig. 2)
A* See equation (A-36)
a See equation (83)
AG(x, y) See equation (39)
B(x, y) See equations (43), (44), (45)
B Part width of integration region 3 (see Fig. 2)
B* See equation (A-37)
by See equation (101)
b, See equation (102)
C(x, y) See equations (50), (51), (52)
C(x, y) See equation (47)
c Local chord of the wing
Cy Local chord of the control surface
Cy C—C
D See equation (56)
E(x,y) See equations (53), (54), (55)
FX, Y) Defines the control surface distortion mode. See equation (19)
F(x, y) See equation (36)
G Numeric function used in the definition of the Kernel function. See equation (75)
G See equation (46)
G* See equation (96)
g&mn) See equation (68)
g1(&n) See equation (70)
8(£) See equation (71)
H Numeric function used in the definition of the Kernel function. See equation (75)
Hi(y) See equation (48)
J&m) Jacobean of the transformation to the (£ n) coordinate system. See equation (60)
K(X Y; M, v) The Kernel function. See equation (8)
K(& 7; M, v) The transformed Kernel function. See equation (75)
K(£ 7; M, v) See equations (76), (77), (78), (79)
Ki(& 7; M, v) See equation (88)
K& 7 M, v) See equations (89), (90)
Ki(& 7 M, v) See equation (91)
Ki(& 7 ; M, v) See equations (92), (93), (94), (95)
L(§) The spanwise integral, see equation (73)
L) See equation (81)
M Mach number
m Spanwise collocation order
N( 7; M, v) See equation (80)
n Chordwise collocation order
P(x,y) See equation (34)
P, See equation (109)
P, See equation (110)
P See equation (111)
p(x, y) Used to define ,AC,. See equation (22)
pi(x, y) See equation (24)
pa(x, y) See equation (37)
pa(x, y) See equation (49)
2] Lower-surface pressure on the aerofoil
Pu Upper-surface pressure on the aerofoil
Q: See equation (112)
Q, See equation (113)
Q; See equation (114)
R See equation (9)
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See equation (12)

See equation (28)

See equation (25)

See equation (38)

The projected wing planform in the plane z =0
See equation (40)

Semi-span

Time variable

Free-stream velocity

ZACp(x, Y) . J(f, "1)

Downwash on the aerofoil. See equation (1)
The regularised downwash. See equation (57)
See equation (57)

X, —X

X —Xn

See equation (18)

Cartesian coordinate in the free-stream direction
Equation of the hinge line

Equation of leading edge of the wing
Streamwise coordinate of collocation station
Equation of trailing edge of the wing

Y=Y

Y=Y =N"MNe

Cartesian coordinate in spanwise direction

Side edge of the control surface

Spanwise coordinate of collocation station

See equation (48)

Cartesian coordinate measured positive downwards

Ji-M?

Seeequation (29)

See equation (26)

Loading distribution over wing and control surface
Regular contribution to AG,(x, y)

Singular contribution to AC,(x,y)

See equation (9)

y/s

Coordinate of side edge of the control surface
Coordinates of side edges of the control surface
Spanwise coordinate of collocation station

Ns— M

xil(ye)
xi(ye)
Reduced frequency, based on semi-span 9?5

See equation (17)

See equation (14)

Hinge line coordinate in the (& m) coordinate system
¢-wise coordinate of collocation station

See equation (35)

gr - f

Free-stream density

See equation (9)

Frequency of oscillation
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APPENDIX A

An Evaluation of the Spanwise Integral L(§)
From equation (73)
1 —_— —
Le=f Uten KEM ) (A-1)
-1
where

U*(& 1) =28G,(x, y) . J(§ m). (A-2)

Using the subdivision into three regions, introduced in Section 4.1, L(¢) may be written in the form

L(&) = Ly(&) + Lo+ L(£), (A-3)
where
n~A o
L@=-[" ven. RE 3 M dn (A4
1
L) = _Ue ). RE M) dn (A-5)
and
1}3+§ o
ro-f vten . REaM ) an (A-6)

A.1. The Numerical Evaluation of Ly(£), L:(£)

The Kernel function is regular over regions (1) and (2), that is the range of integration of L,(£) and L,(§)
respectively, However, the loading function U*(£, n) exhibits the following behaviour,

U¥E n)~vV1—7 for m—>1,
~J1+m  for n->-—1,

and using equation (24) it may be shown that for the case of either non-zero frequency, or of camber
on the control surface

U*(&n)~(n—n)logln—m| for m->mn.
~(n+mn)logln+m| for n>-m. (A-7)
Clearly some account must be taken of these singularities in order to obtain quadrature convergence. The

relative positions of 7, 1, — 7, will obviously effect the quadrature technique used. Consider the most general
case where —1< —7q,<n,—A, and n, + B<n, <1, then

Li(&)=L,(§)+L2(8), (A-8)

where
Lu(®)= L Ut m). Rdn, (A-9)
Lo@=|  U*Ew.Ran, (A-10)

Ne
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and K represents the Kernel function K(¢, 7; M, v).

Also
Ly(&)= Ly (£)+ Lyy(8), (A-11)
where
Ly, (&)= ZE U*(& ). K dn, (A-12)
and
1 —_—
La@)=| Uem.Ran (A-13)

e

This “split range’ technique proved adequate for the relatively weak singular form (n —7,) log | — 1|
The integrals L;,(£), L,,(£) may be evaluated using Gauss-Legendre quadratures after making a normalis-
ing transformation of the form

n=3(n.—m) . v+3(n, +n), (A-14)

where 7, and 7, are the upper and lower limits of the integrals concerned.
Consider next the evaluation of L,,(£). After application of a normalising transformation of the form

n=(n—n)v+mn (A-15)
the integral becomes
"URE M)
L&) =(1- e)j —.K.V1-vdy, (A-16
2(é n A \/lTv )

where use has been made of the fact that U*(¢, 5) ~v1—nas 51 thus U*¢ n)~V1l-vasv->1.

In this form L,,(¢) may be evaluated using Gauss-Root quadratures. Now Gauss—Root quadratures take
the form

1

NQ
[ VT o= 3 2. 0fsnon WV - o) (A-17)
0 k=1

where NQ is the Gauss—-Root quadrature order, Uk, 2.v0+1 Wy are the kth positive root and weight of a
(2. NQ +1)th Gauss-Legendre quadrature.
Application of this to equation (A-16) gives

NQ
Ly (€)= kgl 2. 2nov1 Wi V(11— Ui): (A-18)

where

Vv)=(1-n.). U*¢&n). K (A-19)

Note that functions of the form U*(&, 5)/v1—uv do not require evaluation.

The evaluation of L,,(£¢) proceeds in a similar fashion.

The valuation technique described above for the case —1< —mn,<n,—A and 7, +B < 7. <1, may be
applied to the other cases that arise.

A.2. The Numerical Evaluation of L,({)
From equation (A-6)

B

L@={" vtem Kan (A-20)
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and using equation (87) this may be re-written as

L5(&) = L31(8) + L32(8) + L33(é), (A-21)
where
n,+B
Lu@=[" Utem.Kidn (A-22)
n.+B
La@-{  Utem. Ko dn (A-23)
0+
L= Uem.Kedn (A-24)
and
K=K(§a:Myv) =123 (A-25)

The evaluation of L1i(§) and Li3(£)

(A) For || not small

For || not too small the functions K, and K are regular, so that L;,(¢) and L3(£) may be evaluated by using
the Gauss quadrature technique described in the previous section on the evaluation of L,(£€) and L,(£¢). The
exact methods used depend upon whether

7, +B=1 or m,+B#1,

and whether

ns_A<ne<ns+§ or nesns~A,ne2ns+B'

(B) For |€] small
For |£| small the functions K, and K are very irregular, this irregularity is ‘stretched’ out using the inverse
hyperbolic transformation introduced in Ref. 5.

Formulation of the inverse hyperbolic stretching transformation
From equation (69)

X=gi&n) . 7+g(&.§ (A-26)
introduce u through
i=~é.u, (A-27)
then
X=Z. X* (A-28)
where
X*=g&-g(&m)sgn(§) . u. (A-29)
Now

=|§|R*, (A-30)
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where

R*=vVX*+g%*. (A-31)
It may be shown that
1 - "
R*= m[{a(& nu—g,(&) . g1(& n) sgn (OF +B g2 (OF, (A-32)
where
a(g, ) =B°+gi(&g ). (A-33)

This expression for R* defines the required stretching transformation to be

_ g2(&)

= m{ﬁ sinh (1) + g1(& m,) sgn (£)). (A-34)

Using equation (A-27) the total transformation may be written in the form

7 = A*sinh (£)+ B¥, (A-35)
where
«_ 18l 5(8).8
AT e (A-36)
and
B* — _ggl(f’ 71;) . 82(5)‘ (A—37)

a(& m)

Consider limits of integration in the n plane, n; and n, where ;< #, <, then under the transformation
(A-35)

n gives ¢ say,

and
n, gives t, where,
= oo (L o (2 ]
ty= —log (Bla), t,=log (BIEI)’ (A-38)
L=0L+Vir+p2E,  i=1,2, (A-39)
3 iS’(;—)"(m N AN (A-40)
and
< a(§7 ns) =
=—"—(n,— M) — 3 -4
12 gz(f) (nu ns) g1(§’ ns) § (A l)
The evaluation of L13(€)

L33(¢) is evaluated using Gaussian quadratures after splitting the range at 7, if n,—A <7, <=, +B, and
applying the stretching defined above. If n, + B = 1, then the root zero behaviour is taken into account after
the stretching transformation, in the manner described in the first section of this Appendix.
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The evaluation of L31(£)

Since this integral gives the total 1/ £ contribution to L(£), it is evaluated in double precision. This then
allows the accurate extraction of the 1/£ term for very small |£].

The inverse hyperbolic stretching is applied to the integral L;:(£), which s then splitinto N intervals. In each
of these intervals a 16th order double precision Gauss-Legendre quadrature is used, if 1, + B =1 then the

transformation
V1—t=v (A-42)

is used to remove the infinite slope of the integrand in the interval with end point corresponding to 7, + B=1.
This technique has been shown to work very well for values of |£]> 107°.

The evaluation of L33(&) B
L= vten.Kidn (A-43)
where from equations (89) and (90),
K,=0 for £=<0, (A-44)
K,= (%+ v’ log |ﬁ|)(cos vX —isinvX) for £>0. (A-45)

Consider the non-trivial case of £>0, then

**B (g m)
-2

Lyx(é) = s .(2+v*7° log | 7)) dn, (A-46)
- where
U(& n) = U*(& ) . (cos vX —i sin vX) (A-47)
An expansion of U(£ 1) about 7, gives
L33(€) = L3p1(€) + L322(€) + L323(6), (A-48)
where
n,+B 773 77 ~F 7
L= DEMTERTITEN 1,25 tog 7 dn (A-49)
_‘ n+B 1
Lan@=06m)] . @+ logli dn (A-50)
r ns+B 2.2 _n dn
Las@=-06n) ¢ @+va loglih T, (A-51)
Ns—A n
and
_ 3 8__ )
U (ga ns) - [(a;])'ﬁ]n=ns (A 52)

L1sx(£), L3p3(€) may be evaluated analytically to give

L&) =U(¢, m)[—z(%Jr—%—) +v*(BlogB+AlogA-B —A)], (A-53)
and
~ B\ (- _ 1, -
Lyos(®)=0'(& ns)[z tog (5 + 2| B*10g B—A"log A +3(A*~ B} (A-54)
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The integral L,,(£) may be evaluated using the Gaussian quadrature techniques described earlier in this
section, if the integrand can be accurately evaluated. The function (O n)— U, ns) +U(E )]/ 7° is
evaluated in double precision to ensure accuracy as 7 - 0. By splitting the range of integration at 7 = 0, that is
n =1, the difference over difference is never evaluated for 71 =0, since Gaussian quadrature points do not
coincide with the end points of the range.
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APPENDIX B

The Integration with Respect to £
From equation (103)

walx,, y5) = —§1;{11+b012+b113}, (B-1)
where
n=[ (Lo-%-08) 8-2)
d¢
=¢ = B-
n-§ % £ (B-3)
and
1 —_
b= logldz (B-4)
1
I, and I; may be evaluated analytically to give
_ 1-¢
= ~log (1 +§,) (B-3)
L=(1-§)log(1-&)+(1+&)log(1+&)—2 (B-6)
The evaluation of I,
1
n=[ sw@a (8-7
where
()= L(§)~ 2~ b log . (8-8)

The term in L(£) g{ving the 1/& content is L3;(£), as defined in Appendix A, and this is evaluated in double
precision so that by/ & may be accurately extracted. The function S(£) has the following form

S(§)~v1-¢ for £-1,

~v1+¢ for &€->-—1,
~Elogé for &-0,
~logl|é—&| for &4, (B-9)

In order to evaluate I, parameters 8;, 8,, 83 are introduced, and I, written as

Li=I+Ip+Is+1+ 15+, (B-10)

where

~1+8,
n=[ s@ds (B-11)
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§h—82
=" s (B-12)

—1+8;
[

L= L | s@a (B-13)
§h+62

L= L S(8) de, (B-14)
1-5,

Ls= L Cs@d (B-15)

and

1

L= f S(@) dt (B-16)

—83

Iy and I ;4 may be evaluated using Gauss—Root quadrature after using the appropriate normalising
transformation. I, and I,5 may be evaluated using Gauss-Legendre quadratures after normalising the range
of integration.

Consider the evaluation of I3,

&,
I5 =L S(¢) d¢, (B-17)

h—02

where

S(E)~loglé—&| for ¢-¢,

Assume a transformation of the form

UZ:§h~§7
2vdv = —d¢, (B-18)
then
0
II3=—2J S(¢) vdv. (B-19)
\/82

Now the log |£ - &,| variation in S(£) is transformed into 2 log |v] so that
S(€).v~vloglv| as v-0,

and since v = 0 is an end point of the range this integral may be evaluated using Gauss-Legendre quadratures.
Clearly the integral I;, may be evaluated similarly.

The values of the parameters 8, §,, 85 are determined through numerical experimentation. For swept wings
with 7, stations close to the centre line, a very irregular behaviour of L(¢) across ¢ =& was noticed. By
appropriate choice of one of the parameters §,, §,, §; a split in the integration range at £ was achieved, this
improved the convergence properties of I.
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TABLE 1

The Aerodynamic Convergence of the AC, Distribution obtained for the N.L.R. Rectangular Wing M=0-0,

v=1-115
Real Pressures
AC,atn=0-138 ACpat n=0-627 AC,at n=0-983
(x—x,)/c Im=14 n=6m=16 n=8m=14 n=6m=16 n=8m=14 n=6m=16 n=8
0-02 2847 2-857 2-118 2-131 0-483 0-519
0-1 1-560 1-539 1-164 1-136 0-232 0-192
0-24 1-397 1-432 1-043 1-091 0-199 0-215
0:34 1-567 1-570 1-225 1-226 0-250 0-269
0-44 1-861 1-832 1-521 1-475 0-320 0-309
0-54 2317 2:318 1-970 1-970 0-427 0-424
0-64 3:370 3-425 3-023 3-104 0-820 0-859
0-68 4700 4-761 4:362 4-449 1-683 1-728
0-72 4-651 4-701 4-329 4:397 1-681 1-717
0-76 3-215 3-236 2:918 2:942 0-812 0-824
0-84 2:015 1-963 1-797 1-716 0-428 0-378
0:94 0-944 0-931 0-792 0-816 0-166 0-178
0-98 0-443 0-499 0-226 0:365 —0-032 0-053

Imaginary Pressures

AC,at n=0-138 ACpat n=0-627 ACyat n=0-983
(x—x)/c m=14 n=6m=16 n=8m=14 n=6m=16 n=8m =14 n=6m=16 n=8
0-02 -0-778 —0-763 —0-554 —0-538 -0-133 -0-126
0-1 —0-194 -0-200 ~0-123 —0-153 —0-029 —0-028
0-24 0-072 0-084 0-051 0-082 0-015 0-030
0-34 0-212 0-215 0-181 0-185 0-039 0:028
0-44 0-358 0-346 0-316 0-286 0-062 0-038
0-54 0-528 0-525 0-462 0-454 0-102 0-103
0-64 0-769 0-790 0-678 0-716 0-181 0:213
0-68 0-934 0-959 0-838 0-883 0-240 0-271
0-72 1-238 1-260 1-144 1-181 0:395 0-416
0-76 1-380 1-392 1-293 1-308 0-458 0:459
0-84 1-433 1-414 1:376 1-336 0-530 0-489
0-94 1-039 1-039 0-992 1-012 0-414 0-432
0-98 0-598 0-628 0-491 0:571 0-188 0-255
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Real Part

Imaginary Part

TABLE 2

Comparison of the Generalised Airforces Q;,i =1,2,3
for the N.L.R. Rectangular Wing M =0-0,v=1-115

1

01=Oi+iQ’{=f
~1

1

J' " AC, dx dn,

02=Q£+i05=_"

-1

I ' x.AC, dx dn,

J "(x=x1) . AC, dx dn.

Xh

7‘(2
03:og+iog’=2[
Te

1

B.A.C. Davies Davies
Q! m=14n=6m=12n=100m=8 n=15
i 2-964 2-964 2:95
; 1-269 1:268 1:263
4 0-0694 0-0708 0-0698
B.A.C. Davies Davies
Q) m=14 n=6lm=12n=10m=8 n=15
Q5 0-724 0-734 0-715
5 0-485 0-488 0-477
Q5 0-0589 0-0591 0-0571
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TABLE 3

The Aerodynamic Convergence of the AC, Distribution obtained for the
N.L.R. Swept Tapered Wing with a Flat-Plate Flap at Unit Incidence M = 0-8,v = 0672

Real Pressures

AC,at n=0-45 AC,atn=0-55 AC,at n=0-64 AC,atn=0-8
(x—x;)/c| m=14 m=16 m=14 m=16 m=14 m=16 m=14 m=16
n==6 n=8 n=6 n=8 n==6 = n==6 n=28
0-02 —0-345 —0-345 -0-232 —0-244 —0-065 —0-072 0-394 0-429
0-06 -0-075 —0-082 0-042 0-040 0-186 0-194 0-510 0-532
0-14 0-181 0-209 0-347 0-382 0-513 0-542 0:750 0-737
0-26 0-616 0-613 0-821 0-800 0-967 0-934 0-997 0-958
0-34 0-998 0-985 1-177 1-157 1-257 1:234 1-094 1-079
0-48 1-804 1-787 1-835 1-817 1-533 1-529 1-154 1-157
06 2:643 2-581 2:443 2:331 2:097 1:970 1-116 1-040
07 3-941 3-852 3-371 3-217 2:301 2:138 0-812 0-732
0-74 5-979 5-893 5-149 5-016 1-863 1-732 0-635 0-583
0:76 5-794 5714 4-650 4-535 1-473 1:366 0-549 0-516
0-8 3-101 3-036 1-968 1-900 1-034 0-987 0-400 0-407
0-84 1-957 1-908 1-199 1:176 0-717 0-738 0-284 0-321
0:9 0-970 0-919 0-604 0-585 0-399 0-400 0-178 0-194
0-94 0-586 0-507 0-405 0-319 0-312 0-221 0-185 0-124
0-98 0-444 0-342 0-407 0-248 0-395 0-206 0-345 0:208
Imaginary Pressures
ACpat n=0-45 ACpat n=0-55 ACpatn=0-64 ACpatn=0-8
(x—x)/c| m=14 m=16 m=14 m=16 m=14 m=16 m=14 m=16
n==6 n=8 n=6 n=_8 n==6 n=3§ n==6 n=8
0:02 —0-859 —(0-857 —1-107 —1-134 —1-353 —1-357 —1:744 —1-675
0-06 -0-721 —0-657 —0-859 —0-772 —0-989 —0-906 —1-122 -1-012
0-14 —0-660 —0-603 -0-733 —0-655 —0-759 ~(0:698 —0-645 —0-624
0-26 —~0-719 —-0-714 —-(0-668 —0-686 -0-571 —0-600 -0-271 -0-272
0-34 —0-700 —0-666 —-560 —0-555 —0-404 ~0-403 —0-080 —0-065
0-48 —-0-394 —-0-331 —0-169 —0-117 —(-183 -0-142 0-098 0-107
0:6 0:150 0-123 0-339 0-274 0-453 0:363 0-430 0-387
0-7 0-786 0-714 0-885 0-747 0-846 0:701 0-488 0-473
0-74 1-135 1-081 1-181 1-062 0-963 0-844 0-463 0-470
0-76 1-421 1-383 1:402 1-304 0:966 0-872 0-439 0-459
0-8 1-626 1-629 1-436 1-394 0-879 0-845 0:376 0-414
0-84 1-617 1-656 1-321 1-336 0-746 0-770 0-300 0-343
09 1-403 1-433 1-075 1-102 0-539 0-571 0-200 0-209
0-94 1:182 1-135 0-900 0-844 0-438 0-385 0-178 0-137
0-98 0-878 0-746 0-704 0-543 0-412 0:253 0-244 0-165
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TABLE 4

Comparison of the Generalised Airforces @, i = 1, 2, 3 for the N.L.R. Swept Tapered Wing
with a Flate Plate Control Surface at Unit Incidence M = 0-8,v=0-672

1 X,
01=Oi+iQ'(=J J AC, dx dn,
-1 X1

1 X,
Qz:Q'z“'ng:J I x.AC,dx dn,
-1 X1

T'ez x‘
03=O§+i0’3’=2j J (x = x) . AC, dx dn.

Ney vX

Real Part

Equivalent Mode Calculation

B.A.C. B.A.C. Davies Davies Davies
Q; m=14 n=6m=16 n=8m=14 n=6m=14 n=8m=12 n=10
i 3:427 3.355 3-407 3-372 3-414
A 4-716 4-594 4-617 4:564 4-598
4 0-125 0-117 0-124 0-116 0-115

Imaginary Part

Equivalent Mode Calculation

B.A.C. B.A.C. Davies Davies Davies

Q' m=14 n=6m=16 n=8m=14 n=6m=14 n=8m=12 n=10
Q5 0-058 0-078 0-182 0-193 0-217
4 0-722 0-714 0-831 0-842 0-880
3 0-109 0-107 0-106 0-108 0-109
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TABLE 5

Comparison of the Generalised Airforces @, i=1,2,3
for the N.L.R. Swept Tapered Wing with a Control Surface Camber
Defined by z = (x —x, )1+ (x —x3) +2 . (x —x;,) | M=0-8,v =0-672

1
01=0i+i0t=
-1
1

I "AC, dx dn,

szle‘*‘iQ'z/:J

J”x.Adexdn
—1 vx

e, [ %
03=Q§+iQ§=ZI J (x—x,) . AC, dx dn.

Mey Xh

KEY: A. B.A.C. results for the cambered control surface.
B. B.A.C. results for the flat-plate control z = x — x;, +a lifting-surface calculation on the control-
surface mode z = (x —x,)[1+2(x — x)).

Real Part
A B
Q; m=14 n=6m=14 n=6
1 6:625 6-688
5 9-578 9-598
Q3 0-430 0-422
Imaginary Part
A B
Q1 m=14 n=6m=14 n=6
Q1 —-0-349 —-0-472
Q3 0-503 0-443
Qs 0-169 0-170
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Real Part

Imaginary Part

TABLE 6

Comparison on the Generalised Airforces Q;, i=1,2,3
for the B.A.C. Swept Tapered Wing M=0-5,v =0-9551

QI=Q'1+iQ"=I

Qz=Q’z+iQ'2'=j

1

-1
1

-1

j 'AC, dx dn,

J ‘x.Adexdn,

T'ez Xy
Q;=0%5+iQ5=2 J J (x—x4) . AC, dx dn.

Me, Xk

Equiv.
modes
B.A.C. Davies

Q; m=14 n=6m=16 n=8
" 2:466 2:422
Q; 2-784 2:716
Q3 0-074 0-071
Equiv.
modes
B.A.C. Davies

Q' m=14 n=6m=16 n=8
Q1 0-490 0-544
5 0-748 0-780
3 0-068 0-068
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PLANFORM GEOMETRY
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FiG. 10. Pressure comparisons for the N.L.R. rectangular wing.. M=0-0, v=1-115. Real and imaginary
pressures for the station eta (n) = 0-138.
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FiG. 12.  Pressure comparisons for the N.L.R. rectangular wing. M =0-0, » =1-115. Real and imaginary
pressures for the station eta (n) = 0-627.
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F1G. 14.  Pressure comparisons for the N.L.R. rectangular wing. M =0-0, »=1-115. Real and imaginary
pressures for the station eta () = 0-983.
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FiG. 15. Comparison of the local lift (P;) on the N.L.R. rectangular wing. M = 0-0,v=1-115.
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FiG. 16. Comparison of the local pitching moment about ; chord (P,) on the N.L.R. rectangular wing.

M=00,v=1-115.
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FiG.17. Comparison of the local hinge moment (P5) on the N.L.R. rectangular wing. M =0-0, » = 1-115.
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FiG. 20. Pressure comparisons for the N.L.R. swept tapered wing with a flat plate control surface at unit
incidence. M = 0-8, v = 0-672. Real and imaginary pressures for the station eta (n) = 0-45.
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F1G. 22.  Pressure comparisons for the N.L.R. swept tapered wing with a flat plate control surface at unit
incidence. M = 0-8, » = 0-672. Real and imaginary pressures for the station eta (n)=0-55.
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FiG. 24. Pressure comparisons for the N.L.R. swept tapered wing with a flat plate control surface at unit
incidence. M = 0-8, » = 0.672. Real and imaginary pressures for the station eta (n) = 0-64.
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FiG. 26. Pressure comparisons for the N.L.R. swept tapered wing with a flat plate control surface at unit
incidence. M = 0-8, v = 0-672. Real and imaginary pressures for the station eta (n) = 0-8.
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Fi1G. 27. Comparlson of the local lift (P;) on the N.L.R. swept tapered wing with flat plate control surface at
unit incidence. M =0-8, v =0-672.
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FiGg. 28. Comparison of local pitching moment about 3 chord (P,) on the N.L.R. swept tapered wing with flat
plate flap at unitincidence. M = 0-8, » = 0-672.
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FiG.29. Comparison of the local hinge moment (P;) on the N.L.R. swept tapered wing with a flat plate flap at
unitincidence. M =0-8, v =0-672.
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F1G. 30. Pressure comparisons for the N.L.R. swept tapered wing with a control surface camber defined by
z=(x—x)[1+(x—x)+2(x~x,)°]. M=0-8, v = 0-672. Real pressures for eta () = 0-45.
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B.AC. THEORY FOR THE CAMBERED CONTROL SURFACE m=-14 n=é6

A B.A.CC THEORY FOR THE FLAT PLATE CONTROL Z=X~-xXh, + A

LIFTING SURFACE CALCULATION ON THE CONTROL SURFACE MODE.
Z=(x-xM*[1+2(x-Xh)] m=14,n=6.
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F1G. 31. Pressure comparisons for the N.L.R. swept tapered wing with a control surface camber defined by
z=(x—x)[1+(x—x)+2(x —x,)’]. M=0-8, v =0-672. Imaginary pressures for eta () = 0-45.
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FiG. 32. Pressure comparisons for the N.L.R. swept tapered wing with a control surface camber defined by
z=(x=xu)[1+(x—xp) +2(x — x,)°]. M = 0-8, v = 0-672. Real pressures for eta (1) = 0-55.
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Z=2(X-xn)2 [ 1+2 (X-%xh)] m=14, n=6 2
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B.A.C. THEORY FOR THE CAMBERED CONTROL SURFACE m=14 ,n=é

B.AC THEORY FOR THE FLAT PLATE CONTROL Z= xX-Xh, + A

A
LIFTING SURFACE CALCULATION ON THE CONTROL SURFACE MODE
z=(x-xn)*[1+2(x->n)] Mm=14, n=6. ﬂ
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F1G. 33. Pressure comparisons for the N.L.R. swept tapered wing with a control surface camber defined by
z=x—x,)[1+(x—x,)+2(x— x,)*]. M = 0-8, v = 0-672. Imaginary pressures for eta () = 0-55.
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B.A.C. THEORY FOR THE CAMBERED CONTROL SURFACE M=14 h=6

A B.A.C. THEORY FOR THE FLAT PLATE CONTROL Z=(3-Xxh), +A
LIFTING SURFACE CALCULAT|{ON ON THE CONTROL SURFACE MODE.
z=(x-2xh)2T1+2(2-xh)] m=14,n=6
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F1G. 34. Pressure comparisons for the N.L.R. swept tapered wing with a control surface camber defined by
z=(x=x)[1+(x—x,)+2(x —x,)°]. M =0-8, v = 0-672. Real pressures for eta (1) = 0-64.
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B.AC. THEQORY FOR CAMBERED CONTROL SURFACE m=14,n=6

A BAC THEGRY FOR THE FLAT PLATE CONTROL Z=(x-Xh) +A
LIFTING SURFACE CALCULATION ON THE CONTROL SURFACE MODE.
Z=(x-3h)2 [1+2(X-xXh)] m=14,nh=6
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F1G. 35. Pressure comparisons for the N.2L.R. swept tapered wing with a control surface camber defined by
z=(x—x)[1+(x — %) +2(x —x,)"]. M = 0-8, v = 0-672. Imaginary pressures for eta (n) = 0-64.
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B.A.C. THEORY FOR THE CAMBERED CONTROL SURFACE m= 14 n=b

A B.AC. THEORY FOR THE FLAT PLATE CONTROL Z=X~Xh, + A
LIFTING SURFACE CALCULATION ON THE CONTROL SURFACE MODE
Z=(x-xn)2[1+2 (X-xXh)] m=14, n=6.
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F1G. 36. Pressure comparisons for the N.L.R. swept tapered wing with a control surface camber defined by
z=(x—x )1+ (x—x,)+2(x —x,)*]. M =0-8, »=0-672. Real pressures for eta (n) = 0-8.
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B.A.C. THEORY FOR THE CAMBERED CONTRQOL SURFACE m=14 Nn=6

A B.A.C. THEORY FOR THE FLAT PLATE CONTROL Z=X-Xh, + A
LIFTING SURFACE CALCULATION ON THE CONTROL SURFACE MODE .
={(x-xh}2 [1+2 (x-xh}] M=14, n=-6.

Fi1G. 37. Pressure comparisons for the N.L.R. swept tapered wing with a control surface camber defined by
z=(x—x)[1+(x—x,)+2(x —x,)’]. M=0-8, » =0-672. Imaginary pressures foreta () = 0-8.
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B.ACc. THEORY FOR THE CAMBERED CONTROL SURFACE M=14, =6

A B.A.C. THEORY FOR THE FLAT PLATE CONTROL Z=X-Xh, + A
LIFTING SURFACE CALCULATION ON THE CONTROL SURFACE
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FiG. 38. Comparison of the local lift (P;) on the N.L.R. swept tapered wing with a control surface camber
defined by z = (x —x;,)[1+ (x —x,) + 2(x — x,)°]. M = 0-8,» = 0-672.
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B.A.C. THEORY FOR THE CAMBERED CONTROL SURFACE M=14.Nn=6

A B.A C THEORY FOR THE FLAT PLATE CONTROL Z= (X-Xh), + A
LIFTING SURFACE CALCULATION ON THE CONTROL SURFACE
MODE Z=(X-Xn)* [1+2(X~Xh})] M=14, n=6.
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FiG.39. Comparison of local pitching moment about  chord (P,) on the N.L.R. swept tapered wing with a
control surface camber defined by z = (x —x;,)[1+(x —x,) +2(x — x,)°]. M= 0-8, » = 0-672.
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B.A.C. THEORY FOR THE CAMBERED CONTROL SURFACE m=14 n=6.

A B.A.C. THEORY FOR THE FLAT PLATE CONTROL Z= X-XxXh + A
LIFTING SURFACE CALCULATION ON THE CO

NTROL SURFACE MODE
2=(X-Xp)? 1+ 2(xX-%Xh)] M= 14,n=6.
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F1G.40. Comparison of the local hinge moment (P;) on the N.L.R. swept tapered wing with a control surface
camber defined by z = (x — x;,)[1 + (x — x,,) + 2¢x — x,)’]. M =0-8, » = 0-672.
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Fic.41. B.A.C.swepttapered wing.
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FiG.43. Pressure comparisons for the B.A.C. swept tapered wing. M = 0-5, » =0-9551. Real and imaginary
pressuresateta(n)=0-2512.
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FiG.45.  Pressure comparisons for the B.A.C. swept tapered wing. M = 0-5, » = 0-9551. Real and imaginary
pressures at eta(n) =0-5454.
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F1G.47. Pressure comparisons for the B.A.C. swept tapered wing. M = 0-5, » = 0-9551. Real and imaginary
pressures ateta (n) = 0-6281.
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F1G.49. Pressure comparisons for the B.A.C. swept tapered wing. M =0-5, » =0-9551. Real and imaginary
pressures ateta () = 0-7438.
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FiG.50. Comparison of the local lift (P;) on the B.A.C. swept tapered wing. M = 0-5, v = 0-9551.
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Fic. 51. Comparison of the local pitching moment (P) about % chord on the B.A.C. swept tapered wing.

M=0-5,v=0-9551.
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Fig. 52. Comparison of the local hinge moment (P;) on the B.A.C. swept tapered wing. M =0-5,
v =0-9551.
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