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Summary.

The flow of air past an infinite shell is considered. In its undisturbed state the shell is a circular
cylinder. A portion of the shell between two normal cross-sections is flexible, the rest of the shell being
rigid and fixed. The flexible portion is closed by planes normal to the axis of the cylinder.

In the absence of any oscillations of the flexible portion there is a uniform flow outside the cylinder,
which has the direction of the axis of the cylinder. When the flexible portion oscillates, the uniform
flow is perturbed and there is also an acoustic field generated in the space within the flexible portion
with the result that there are oscillating perturbation pressures on both sides of the shell surface. A
method of determining these perturbation pressures is given when the flexible portion oscillates
harmonically with given frequency in a given mode. Expressions for these perturbation pressures are
then used to obtain formulae for the associated generalised airforces.
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1. Introduction.

When structures are immersed in fluid flow they may vibrate as a result of some excitation such as
random pressure fluctuations in a boundary layer, or there may be self-maintained vibration. The
vibration in turn induces additional fluctuating pressures which have to be taken into account in any
analysis of the nature of the vibration. It has been common practice to obtain the pressure on an
oscillating cylindrical shell in supersonic flow by means of piston theory, or modified piston theory, for
panel flutter studies. At low supersonic speed the accuracy of piston theory is not good and a more
accurate theory should be used. For studies of turbulent boundary-layer excitation, where aerodynamic
damping is of particular importance, accurate aerodynamic theory is required.

Randall® has considered the supersonic flow past quasi-cylindrical bodies of almost circular cross-
section, and the method he used may be extended to obtain the pressure on a cylinder oscillating
harmonically in a given uniform flow. Strack and Holt® suggest this extension and in fact carry out
part of the analysis. The present Report considers an oscillating flexible portion between two cross-
sections of a circular cylinder and gives a complete linearised analysis of the determination of generalised
airforces acting on the outside surface of this portion.

There is also a discussion of the generalised airforces acting on the inside wall of the flexible portion
of the cylinder when this is closed by planes normal to the axis of the cylinder.

2. Derivation of Generalised Airforces Acting on the Qutside Surface of the Cylinder.

Constder an infinite cylinder as shown in Fig. 1 with its axis along the axis of z. Outside the cylinder
there is a fluid flow which is a combination of a uniform flow of Mach number M in the positive direction
of z and a superposed perturbation caused by the vibration of a portion of length ! of the cylinder surface,
intercepted by two planes normal to its axis. Apart from this portion of length /, the cylinder is assumed
rigid and fixed.

The origin of co-ordinates is taken at an end of the portion of length ! so that the whole of this portion
has positive z co-ordinate. Cylindrical polar co-ordinates r, 8, z are used to define the position of a point
in space.

The normal displacement at time ¢ of a point (g, 6, z) on the surface of the cylinder in a mode j of

vibration will be denoted by w (6. z/I, t). If we consider harmonic oscillations of circular frequency w,
then we shall write

w6, ; £) = a w0, §) exp (ioot) (1)

where ‘a’ is the radius of the outside surface of the cylinder. As is usual, only the real part or the imaginary
part of a complex quantity has physical significance.
Because of the assumption that only a portion of length ! vibrates, while the rest of the cylinder remains

fixed, we must have
. @ z) _0 zz=1 )
wj ,l - z < 0' ( )

Let
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?) = jvbl (6;) x exp (—inf) do 3)
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and

Then

and also

z 1 _ . ikz :
W; (6,7)= EZ—Z f win, k) x exp <m0+7) dk . (6)

n=—ow —w

The perturbation velocity potential ¢; at a point (r, 8, z) of the perturbed flow outside the cylinder
when it is oscillating according to equation (1) can be written in the form

z

[T l )
¢j_ Va¢j(559:75v’M:E) exp(lwt) (7)

and the corresponding perturbation pressure p; in the form

=ov2p.(C 02 ! ;
pi=pV ﬁ,(a,ﬂ,l,v,M,a )CXP(lwt) @)
where
wd
V—7 ©)

is a frequency parameter, V' is the main stream speed and M = V/a, is the Mach number, where a, is
the speed of sound.
The perturbation velocity potential ¢; satisfies the boundary condition

09, o @ z
[ﬁ] ("mi)“’f (9’7”)

a (V %+iw) W, (9% ) exp (iwt) (10)



on the outside surface of the cylinder.
If we substitute for W (6, z/I) from equation (6) into equation (10) we get

0; v ka >_ ke
[W] r=a_4_”ZZ f (l +v ) w;(n k)exp | inf+ it dk (11)

Let us consider the velocity potential ¢ of the perturbed flow outside the infinite cylinder, which
satisfies the boundary condition

(?f_f’) — Ve (ine+mf+iwt> (12)
or /), -q a

on the surface of the cylinder. The coefficient of z in the exponential term on the right of formula (12)
is x/a, rather than k/I which was used in formula (11), for this is the more natural coefficient to take in
considering a boundary condition of the form (12) over an infinite cylinder. The minus sign in formula
(12) is used so that certain functions derived in Appendix B should collapse to ones obtained by Randall’
when the frequency of oscillation tends to zero.

The velocity potential ¢ will be of the form

o ="Vad, <K,£,v, M) exp (in9+ikg+iwl). (13)

Expressions for the function $,,(K,£,v, M) are obtained in Appendix A for positive v, all integral
a

values of n and all «. If v is negative, then we use the relation

5, (»c,f,v,M> iy (x,i, —v,M> (14)
a m

where the asterisk denotes the complex conjugate of a function. The relation (14) is easily obtained
from (12) and (13) on taking real or imaginary parts, changing the sign of w, and again forming a complex
function from its real or imaginary part.

The perturbation pressure p corresponding to the perturbation velocity potential ¢ of equation (13)
will be of the form

p=pV?p, <x,£,v,M> X exp (in6+ixg+icut> (15)

where, according to the linearised Bernoulli equation

g 0
p=p <V52+6_t>¢ (16)
we have
_ r r
pn(x,a,v,M) = i(c+v) B, ("’a’”’M>- (17)



By comparing the boundary conditions (11) and (12) and applying the principle of superposition to
the solutions we get

p; = Zl— Z J‘ ( )xw (n, k)xpn(—lfl—q,t,v,M> X exp (in6+—l£;z+iwt) x dk
a

e ¢}

o0 2 s
J (EIE‘FV) XWJ("’k)X5"(£{[E’£’V’M> X exp (in0+£l¥+iwt) xdk. (18)
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Let us write
4, (u,—,v, M) - J 3, (K,g, v,M) x exp (i) d (19

where

B=IM>=1]. (20)

We may then use the convolution theorem to replace (18) by

@

Y (X O PIC

BR=—0 —w

% exp (ind + iwt) (21)

The function W; (n, zo/l) is continuous but its first derivative 6/0z, W, (n, zo/]) may have discontinuities
at zo = 0 and z, = I. These will give rise to Dirac delta functions in the expression (a 8/0z,+iv)?
W; (n, zo/1), which must be taken into account in evaluating formula (21).

The generalised airforce coefficient Q;; given by

2r 1

, 1 N z
Q,y exp (iwt) = mj J [ij r=awj‘ (0,7>d9 dz
0

0

2Zn o
1 ' z
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is of interest in studying the dynamics of the cylinder,



If we substitute from (21) into (22) and use the expansion (5) for w (6, z/1) we get

Q= — 7B a] ﬂal Z Z fexp(m@)x exp(m’@)d@j ( )dzx

nE-w n=-own

X Wi (—n,u+v)dp

sl )Zo[o (7 ”M)di [G ) w0 |

X [ (—% %+iv>wj,(—n,u+v)] dv
fe's} 0
= _%BGI-)Z j(ﬁn(%,l,v,M> du x J [(57- ;%+iv) Wj(n,v)]

1—u

x j [ (l ;-i—zv)w (n, v)] [(-——(lf -(—;z+zv) Wj,(——n,u-f—v)] va (23)
0

and in this final form no Dirac delta functions occur.



In order to evaluate the generalised airforce coefficient Q;; using formula (23) we need the values of
{ . . . .
&, (u, 1, v, M) in the range —BE <u< EIE . The formula (19) as it stands is not suitable for the evaluation

of &, (u, 1, v, M) for a range of values of u since the infinite integral is only slowly convergent. In Appendix
B formula (19) is replaced by another which is of more practical value.

We write

o r iM?v > r

¢n U,—, v, M = exp Xu )X l//n U=,V M (24)
a B a

for M < 1and &

- ¥ —iM?v ~ ¥

¢n U,—, v, M| = exXp uj x l//" U~ 7, M (25)
a p a

for M > 1. Formulae from which ¥, (u, #/a, v, M) can be easily evaluated numerically are given in
formula (132)for M < 1and in formulae (194)and (207) for M > 1.The W, (u,r/a, v, M)arereal for M > 1.
If r = a these formulae simplify to those given by (133), (195) and (207).

The generalised airforce coefficient Q;; may then be determined from (23) by evaluating the integrals
with respect to u numerically.

3. Derivation of Generalised Airforces Acting on the Inside Surfaces of the Cylinder.

We now consider the inside of a section of length I of the cylinder. The ends of the section are assumed
to be closed with rigid flat surfaces. The normal displacement of a point (6, z) on the surface of the
cylinder in a mode j of vibration is again given by w;(0, 2/, t) and ina harmonic oscillation formula (1)
applies.

The radius of the inside surface will, of course, be smaller than that of the outside surface, but we
shall assume the thickness of the cylinder to be so small that, for our purposes, the inside and outside
radii can be taken to be the same. It would be an easy matter to take different radii if this were thought

necessary.
By equation (3)
2n
~ Zz A, z .
w; (n,i) = ij(G, 7) x exp (—ind)do (26)
/ 0 ‘
and let
]
— 1
W, (n, k) = 7_[~j (n,?)x cos (n—ll{z)dz. (27)
)
Then by equation (5)
. z 1 N z ,
W; (6,7) = EEZ W; (n, 7) x exp (inf) (28)
and also



i K”Z) = %Z Zak W, (n, k) exp (inf) x cos (n—l;—z) (29)

n=—w k=0

where

1} k=0
5= 2f kso (30)

The perturbation velocity potential ® jatapoint (r, 6, z) of the perturbed flow inside the cylinder when
it is oscillating according to equation (1) can be written in the form

< [tz )
@, = Vad, (5, 0,50 a>exp (jwt) (1)
and the perturbation pressure P ; at the point (r, 6, z) corresponding to the oscillation can be written in
the form

~(r _z { .
P, =paiP, (—5,0,7,%,5) exp (icot) (32)
where
wa
Vo = N (33)

is a frequency parameter and a, is the speed of sound.

The perturbation velocity potential ® ; satisfies the boundary conditions

acpj} 9 z
[_57 ,za*awf(f”rt)

= Vo dg W; (0,

-~ N

) exp (iwt) (34)

on the inside surface of the cylinder and

o, _ [o®; B
[*é?} =0 [E] =0 (35)

at the ends of the section of cylinder.
If we substitute for W; (0, z/l) from equation (29) into equation (34) we get

oD; T, - ) nkz
[-87] T —27[11)0 aoz Zﬁk W; (n, k) xexp (inf) cos (—l—> (36)

n= - k=0



Let us consider the velocity potential ® of the perturbed flow inside the cylinder, which satisfies the
boundary conditions

[%%:I . = —a, exp (inf) cos (E?) exp (iwt) (37)

o0 oD
[73?} o [a} =0 (38)

on the inside surface and the ends of the section of cylinder. The velocity potential will be of the form

® = ag, 0, (K,g,vo) x exp (inf) x cos (%) x exp (iwt). (39)

An expression for @, (x, r/a, v,) is obtained in Appendix C and is given in formula (231).
The function ®, (x, r/a, v,) is a real function and the relations

e r — r s r — r

o, 5 "y =(Dn s Ty T =‘1)" A R =(D—n > 40
,,(x p v0> (K p v0> ( K p v0> (;c - vo) (40)
are true.

The perturbation pressure P corresponding to the perturbation velocity potential @ of equation (39)
will be of the form

P=palP, (rc,g, v0> x exp (inf) x cos (%KZ) X exp (iwt) (41)

where, according to the linearised Bernoulli equation

8@
P=p (42)

we have

= 12 L= r
P, (K,;,vo) = vy, @, (K,a,v()) . 43)

By comparing the boundary conditions (36) and (35) with (37) and (38) and applying the principle of
superposition to the solutions, we get

1 e —
P;= —%pag ivozZskx Wj(n,k)xP,,<kl—a,£,vo) x exp (inf) x cos (nTkz> x exp (iowt)

n=—w k=0

o0

1 - — (k
= Ep a? vi Z Zek X W;(n, k) x @, (Ta, 2 , vo) x exp (infl) x cos (zr_l;_z_) x exp (iwt). (44)

n=-ow k=0



We are interested in the airforce coefficient ;7 given by

!

J[P,-]m,z X, (o,fl>d9 dz. 45)

0

pail

27
~ i 1
Q;; exp (iwt) = f
0

If we substitute for [P;], ., from (44) into (45) and use the expansion (29) for W (0, z/1) we get

~ 1 — — — [k
QJ'J" = ﬂv%E ZVVJ (n’ k)X W;"(_ns k)xq)n(”lg’ l’vo) (46)

n=-0 k=0

which is the final expression.

It is possible to express ij. in terms of the W;(n, z/l) instead of the W, (n, k) but the result is still a
doubly infinite series.

4. Discussion.

The generalised forces on a flexible portion of an infinite cylinder oscillating in a uniform flow are
expressed in terms of the surface velocity potentials outside and inside the flexible portion. Explicit
expressions for these velocity potentials are derived. Some care is required in the numerical evaluation
of these expressions since they involve integrals with integrands that are singular at the limits of integra-
tion. Apart from this the numerical evaluation is straightforward.

No numerical results for ¥, (u, r/a, v, M) are given for they would serve little purpose unless very
extensive tables of them were given. A programme for a high speed digital computer has been written
to determine numerical values of 1/7,, (u, 1, v, M) for any given values of u, v and M > 1 and for low
values of n.
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LIST OF SYMBOLS

Radius of cylinder

Speed of sound

Length of flexible portion of cylinder

Mach number of the flow outside the cylinder

Perturbation pressure corresponding to the perturbation velocity potential ¢
Perturbation pressure corresponding to the perturbation velocity potential ¢;
Defined in equation (8)

Defined in equation (15)

Perturbation pressure corresponding to the perturbation velocity potential ®;
Defined in equation (32)

Defined in equation (41)

Generalised airforce coefficient defined in equation (22)

Generalised airforce coefficient defined in equation (45)

Cylindrical polar co-ordinates

Time

Speed of undisturbed flow outside the cylinder

Normal displacement in mode j of vibration

Defined in equation (1)

Defined in equation (3)

Defined in equation (4)

Defined in equation (27)

Function defined in equation (189)

Function defined in equation (189)

Co-ordinate in direction of cylinder axis

Defined in equation (20)
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LIST OF SYMBOLS-—continued

Defined in equation (30)

A frequency parameter

A frequency parameter

Density of fluid

Velocity potential of the perturbed flow outside the cylinder which satisfies boundary
condition (12)

Perturbation velocity potential outside the cylinder when it is oscillating in the
J'th mode

Defined in equation (7)
Defined in equation (13)
Defined in equation (19)

Velocity potential inside the cylinder which satisfies the boundary conditions (37)
and (38)

Velocity potential inside cylinder when it is oscillating in the j’th mode
Defined in equation (31)

Defined in equation (39)

Defined in equation (24) for M < 1 and in equation (25) for M > 1

Circular frequency
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APPENDIX A
Derivation of Expressions for ¢, (rc, 2, v, M)

We consider an infinite cylinder with its axis along the axis of z. Qutside the cylinder there is a fluid
flow which is a combination of a uniform flow of Mach number M in the positive direction of z and a
superposed perturbation caused by the vibration of the cylinder surface. The velocity potential ¢ of
the perturbed flow is assumed to satisfy the boundary condition

<§?> = —V exp (in6+ix£+iwt> (47)
or /.-, a

on the surface of the cylinder. In equation (47), V is the velocity of the uniform flow relative to the axes
of co-ordinates. The circular frequency w is assumed to be a non-negative number in the development
below. Results for @ negative are easily obtained from those for w positive by use of formulae (13)
and (14). ‘ ,

The velocity potential ¢ of the perturbed flow satisfies the linear partial differential equation

o 1 9\
2 _ 2f 7 -
\% ¢_M(62+V 6t) ¢ (48)
and behaves like an outgoing wave at infinity.
The function
¥ . .2
¢=g(a)x exp(m6+ma+zwt> (49)

13



is a solution of the partial differential equation (48) provided that the function g(s) satisfies the ordinary
differential equation

2 2
dﬁ@+é%§%—{[MQO+£7—1}ﬁ—%}mgzo (50)
where
v=%? (51)

The differential equation (50) is a Bessel equation. The form in which it is best to write the solution
of this equation for our purposes depends on whether [ M? (1 + v/x)?>— 1] is greater than or less than zero.

The boundary condition (47) is appropriate to the case of waves travelling with speed —v/k x V in
the direction of positive z on the surface of the cylinder. The speed of the mainstream relative to these
waves is supersonic if [M? (1+v/x)? — 1] is greater than zero whereas it is subsonic if [M? (1 + v/x)? —1]
is less than zero. -

We have that
y 2
M? 1+; -1 >0 (52)
wlhien
My My
Ml or K< M1 (53)
if M > 1 and when
My My
————~1+M<K<———-—1_M (54)
ifM < 1.
In these cases the function ¢ given by (49) will be written in the form
r v\2 F v \?
¢ = [AH;”{-\/ [MZ (1+—> —1} xz} +BH§}’{~\/ {M2(1+—> —1] KZ} X
a K a K
. .z,
X exp <1n0+nczl—+twt) (55)

where 4 and B are constants of integration appearing in the general solution of the differential equation
(50). The values of 4 and B are determined from the boundary conditions.

To consider the radiation condition we consider the solution (55) in a frame of reference moving
with the main stream flow. The point with co-ordinates (, 6, z) with respect to the original frame is at
time ¢ the point with co-ordinates (r, 6, Z) with respect to the frame moving with the mainstream flow,
where

z=Z+Vt. (56)

14



The solution (55) then becomes

o= e 5 T T o [T ]

. . Z .V
X exp m9+m—5+z;(x+v)t

(57)

and this will be the complete velocity potential with respect to the frame moving with the mainstream

since the unperturbed velocity potential is now identically zero.

For large values of r/a we can use the asymptotic expansion of Hankel functions to obtain

X {1-{—0(6—1)} exp {in0+izc£+iz(rc+v)t} X
r a a

6= 2a
nr\/ [M2(1+£>2-—1] x?
X [Aexpi{g\/ [M2 (14._"2)2_1 ;c2-;};1z—%mr} +
+Bexp —i {2\/ [M2<1+£)2—1J k2 —in—inm } ] .

Now when
> — My
M+1
we have v
AR v
>0

so that in this case we can have an outgoing wave at infinity only if 4 = 0.

When
‘< — My
M-1
and
M>1
we have
Kty < S
M-1
<0

15

(60)

(61)

(62)

(63)



so that in this case we can have an outgoing wave at infinity only if B = 0.
The remaining constant is determined by substituting the form (55) for ¢ into the boundary condition

(47). This then leads to the following expressions for ¢ :
(i) if

X

My
M > 1and -
> land ik > M
or
M M
M<1and-——1~§M<x<I~:—vM
we have
@ )7 i 2 vt 2
H, - M1+~ ~1]| x
Va a K
o= — X = = X
2 v)? 2 @y I 2 v \? 2
M“{1+—}) —1| «¥* H M1+ —1| &
K | K ]
. .z
X exp (zn9+u< a+1wt).
(i1) if
My
M > 1and -
>landx < M1
we have
r y\?
HLI’{~\/[M2(1+—) ~1J KZ}
Va a K
¢=- o\ 2 X 2
\/ [M2(1+~> —1] K2 H;"’{\/[MZ(H—) —1] KZ}
K K
. .z,
X exp m6+m5+zwt .
We have that
v )2
M2{1+-) —1| <O
K
when
< My
M-—1 M+1
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(66)

(67)

(68)

(69)
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if M > 1 and when

— 1
K> 7 orK < M1 (71)
ifM <1,
In these cases the function ¢ given by (49) is better written in the form
r 5 w2l o, r oy vV,
o= |AK,< - 1-M~{1+4+— k“r +BI, - /| 1-M*{ 14— K X
a ‘ <) 1, a K

X exp (in6+ ircg+iwt) (72)

where A and B are constants of integration appearing in the general solution of equation (50). The values
of 4 and B are again determined from the boundary conditions.

2
We must have B = 0 since I, {2 \/ [I—M2 (1+£ xz} tends to infinity when 2 tends to

infinity. The constant A is determined from the boundary condition (47). This then leads to the following
expression for ¢:

(iii) if
My My
—_— — 7
M > 1and M_1<1c< Ml (73)
or if
i My
74
M<1andrc>1_Morrc<1+M (74)
we have
r [ ) W23,
Va K, Zx 1-M 1+; K

v \2 X T\ 2
ST (e [ (o) ] <]
K K
Collecting results, and writing all the Hankel functions in terms of modified Bessel functions of the

second kind, we have that the perturbation velocity potential ¢ in the flow of mainstream Mach number
M, which satisfies the boundary condition (47) is given by

¢ = Vaq'ﬁ(x,—g,v,M) X exp (in0+ix§+iwt> (76)
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where

My

DIEM>1Kk> —
W) M > 10> =

r 1
)
M T (MI=1)?

$<K’£’V’M> =7 212 3 5
\/(M2~1){ M_vl)z- <x+ M= )}

(M2 M?*—1

r M?v? M?2v\ %) ]
>(K,, I:Ex\/(Mz—J) {(MZ 0 (K+M2_l> }—
, MZ 2 sz 2

K, [\/( —1) {( 1)2—(K+~——M2__1> H

(78)

My
M-1

B IM>1,k< —

(55 K,

1

V,M) = ) 2 M2v 2 M2V2 x
l\/(M -1 { <K+M2—l> _(M2-1)2}

Q|

2.2 2 2 .
K [gx \/(Mz_l){(A%_vnz_(KJrAj/\[{_vJ } eXp (_gﬂ
X
) M2 2 MZ 2 . :
K, [\/(MZ_I) {(Mz—vl)z— (’H’szl) } X exp <—l§>]
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My My
(5) IfM <1, _1+—M<‘K<1———M—

r 1
$<K’E’V’M) =—_ Z M2 2 M2y )\ 2 X
’\/“‘M){(l—MZ)Z_<’°_1——MZ) }
M2 2 M2 2 ]
K [E\/“”Mz){(l T ("‘(1—1\;2)) } xP (’275)]

M? 2 M?y 2 in
[ Ja=w {u T ("‘(1—M2>) } P <7>]

APPENDIX B
Derivation of Expressions for ¢, <u, 2, v, M)

In this Appendix we obtain a numerical means of evaluating

@, (u,g,v,M) = %j{ﬁn(&g,v,M) x exp (ikfu) dk .

(80)

@1)

(82)

Expressions for &, (k, r/a, v, M) have been obtained in Appendix A, but insertion of these into the
integrand of the integral on the right of equation (82) and straightforward evaluation of the integral is
not practical since the convergence of the integral is very slow. The integral expression on the right of
equation (82) will, in what follows, be transformed into other expressions by means of complex contour
integration and we do this separately for M < 1 and M > 1 since the processes are different for these
two cases. The resulting expressions are much more amenable to numerical evaluation than is the original

expression on the right of equation (82).
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1. We consider first the case M < 1.
If in the integrand on the right of equation (82) we make the change of variable

K M?v
K=—+ (83)
B B
and write
_ r r
@(K,*,v, M) =, (K’,—,v, M> (84)
a a
then we get
2] = £ T (et) o o7
n u’aava —27'5 n K,a,V, Xp (A ﬁ u K
M? o
=exp(i vxu>an(u7£:vaM> (85)
B a
where

- 1
v, (y,f,v, M) =_—x J v, (K’,r,v, M> X €xp (ik’u) x di’ . (86)
a 2n . a

-0

The function ¥, («', r/a, v, M), when continued analytically from the real axis into the complex «'-plane,
has branch points at

K'=——" and ¥ =— (87)

and these are symmetrically placed with respect to the origin in the complex «’-plane.
We observe from formulae (80) and (81) that

xZn(x',Z:,v,M) =, (—x’,i,v,M) (88)
7 (u,i,v,M) =, (—u,g,v,M) . (89)

In order to continue ¥, (', r/a, v, M) analytically from the real axis into the complex «'-plane we
write

and hence from (86) we have

;c’+A%‘Z = ry x exp(if,) (90)
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K'—MX = 1, X exp (if,) (91)

B
-take
[K’Z——M;zvz] : = Jrirax exp {w} (92)
and define
e [
Fx') = X . (93)

[K,Z—Mﬁzzvz] 4 K { [K:’Z—Ml;vzjl %}

In this Report we use the square root sign ./ to denote only the positive square root of a positive
number. A quantity raised to the power £ will be the more general complex function which is two-valued
and which may be complex.

In order to be able to distinguish between the different branches of F(x') which are defined by equations
(90) to (93) we make the further definitions

<0, <
F,() = F() for (3)7: busm (94)
~T <0< -n
0<0, <3
F,(x') = F(x') for 0<0, < 95)

Now, consider only u > 0.
From Cauchy’s theorem of residues we get (see Fig. 2)

J‘+,§.+j + J + j' Fy(x)exp (ixu)x dx’ = 27r§:R1 (96)

AP; T P;B  BC CA

J +,J;+ j + j + j Fo(k') % exp (ik'u) x dx’ = 2n2R2 97)

DP3 I P4E EF FD

where ZR, is the sum of the residues of F,(x’) x exp (ix'u) at its poles in the upper left quadrant of the
complex «’-plane, and ZR, is the sum of the residues of F,(x’) x exp (ix'u) at its poles in the upper right
quadrant of the complex «'-plane.

It is an easy matter to show that

EILIPO/EQFl(K)X exp (iKu)yxdx' =0 (98)

T
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and

lim /J;FZ(K’) x exp (iK'u) x dic’ = 0 (99)

r#

§—0

where ¢ is the radius of the circular arcs T’y and I3
When the radius R of the circular arcs CA and EF (Fig. 2) becomes indefinitely large, then we have

on CA
, 1 Ja Ar
F(x') ~ = ;exp K 5—1 (100)

and on EF

F,(i') ~ % \/%exp {K(£—1)} (101)

as is easily shown using asymptotic expansions of the modified Bessel functions. Thus, for u > 0, we
have

lim ., ,
Ro o j Fx)x exp(iK’u)xdi’ =0 (102)
ca
and
hm ’ L) r_
R J‘Fz(x)x exp (iKu)yxd = 0. (103)
EF

Neither CA nor EF in formulae (102) and (103) could be replaced by the whole semi-circle of radius R
and centre origin in the upper half-plane since the behaviours of F,(x’) and F,(x’) are still given by
formulae (100) and (101) over the whole semi-circle and there would be divergence of the limits.

If we proceed to the limits ¢ = 0 and R = o in formulae (96) and (97) we therefore getforu >0

oo

+JF (&) % exp (iK'u) x dx’ = 2niZ{ ' (104)

o}

+

5

8

uig;}o

and

5

ico

+J+J-F2(K')>< exp (ix'u) x di’ = 2mi ERZ. (105)
My
A

0o

[~} S

The function F(x’) has been defined so that

Fy(') = t/Z.(x’,g, v, M) (106)
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on the part of the real axis
My
K < ——
and the function F,(x') has been defined so that

F,(k) =1, (x’,r,v,M)
a

on the part of the real axis

in the x'-plane. It so happens that the formula (108) is true also on the part of the real axis

My
O0<k < —.
' B
From formula {86) we then get
My
7 r 1 r . 1 ’
Yy U,E,V,M =5a Fi(x") % exp (ix'u) x dx +

o0

0
1 -
+5= J' l//n (K,a 2 > Vs M) X €xp (iKlu) dx’ +
My
B

1 i K ’
+57E sz(x)x exp (ix'u) x dx
i

and, using (104) and (105) this reduces for u > 0 to

(]

w(ugv M) -5 f ~ { 7, (x',g,v, M) —Fl(x')} exp (ix's) dic +

_My
B

+§1;j {Fz(;c’)— F({x) } x exp (ik'u) X dk'+
0

{3k}

23
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(108)

(109)

(110)

(111)

(112)



On BC we may write

K'+-A%V- = [s?+ (%)2 x exp [iy(s)]

2
'B - SZ+(%Y) X exp [—i(n+?(5))]

where s is real positive and y(s) is the acute angle

y(s) = tan~! % .
Hence, using (90) to (93), we get on BC

2 .
) K, [Kx s*+ (M/}X) X exp (— l;) ]
Fyfx) = ——x—C -
: i

On DF we may write

, My
K+— =

5 s24+ (—A%E)Z x exp [iy(s)]

x’-—%= Wx exP Li(m—(s))]

where s is real positive and y(s) is the acute angle given by formula (115).
Hence, using (90) to (93), we get on DF

Therefore

5 | {F20)=F (i) } exp (i) di’

24

(113)

(114)

(115)

(116)

(117)

(118)

(119)



o exp{(—us)ds

o _CXP (—us)ds (120)
s24+ (Mv)
V B

On P,B we may write

+—~“ﬁ” =5 Y (145) exp (i0) (121)
Mv My
e = 1—-—- —7
K ; ; (1—s)exp (—in) (122)

where s is a real number in the range
-1<s5<0. (123)

Henbce, using (90) to (93), we get on P,B

r My 5 in
1 K, [Exjg—‘x«/l—s X exp (—5>]

Fi(x) = x . (124)
i&x 1—s? K;,[M—vx,/l—szx exp (»—Zz)]
B B 2
Also on P,B, according to (81) and (84) we have

, i K,,[;xﬂ—zzx,/l—s xexp(—2—>]

l;n (K’,"‘,V,M )= (125)
; T (2)]
z———x —s K, —s X exp
[
where
K = &s (126)
B

and s is a real number in the range (123).
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Therefore

X : (127)

It now remains to determine the residues R, and R, at the poles of F,(x’) exp (ix'u) and F,(x’) exp (ix'u)
respectively in the upper left and right quadrants.
According to formulae (90) to (93) we have

| K, l:g,/rlrzexp{@—li—e—g}}
; X -
mexp { 1(91:“92)} K;[\/ﬁexp { 1(91+92)} ]

2

Flk)= —

(128)

Therefore, according to formulae (94) and (128) the poles of F,(x’) exp (ix'u) in the upper left quadrant
must occur at the values of ry, r,, 8, and 8, with

< 9“2“02 <0 (129)

LSRR

i 0
for which K, [ /¥y ryeXp { I—W} :I is zero.

Also, according to formulae (95) and (128) the poles of F,(x") exp (ix'u) in the upper right quadrant
must occur at the values of r, r,, 6, and 8, with

6,+0,

<
0 2

< (130)

N R
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for which K;, |:« /¥y 7y €XP { 1(91;—02) } ] is zero.

i(@,+0,)
2

But (see Randall') K, ’:\/ ¥4 ¥y XD { } :I has no zeroes when (01—;-9—2> lies in either of

the ranges (129) or (130).
Hence

YR,+YR, =0. (131)

Substituting the results (120), (127) and (131) into formula (112) we then get for 4 > 0

i ()
bl G eV () o) 1 (5) )

X
" falyoe () {2 (5) ]
exp (—us) ds
52+ My
(%)
g [TM gy (M _z]_ [cM_v/—_z] My _z]
_ijjnliaﬁ IS:IY,,I:ﬁ 1—s Y"aﬁ I—s J"_b’ 1-s 5
" pr =] e[V |
exp (—iwus)ds
X B . (132)

If r = a, then expression (132) simplifies to

o)

- 2 1
‘pn(u: lv \ M) = FJ‘ o2 2 o2 2 X
O{J;[ s2+(—l;)]} +{Y[ 52+<_ﬂ_v>]}
Xe:cp(——;/;sv)dj
S +<T)
i
2i 1
- X
v



(=5)
exp _lTuS ds
X =5 . (133)

An expression for , (u, r/a, v, M) for u < 0 can be obtained in an analogous manner, but it is quite
unnecessary to follow the procedure through since the expression is easily obtained from (132) by use
of formula (89).

2. Secondly we consider the case M > 1.
If in the integrand of the integral on the right of equation (82) we make the change of variable

¥ M3
=5 (134)
and write
r r
{5,,<x,a,v,M) - lﬁ,,(lc,a,v,M) (135)
then we get
. 1 2
é., (u,g,v,M) = j W,,(K’,z,v, M) exp {i(x’——]—\lﬁX)u} dr’
M? -
— exp (_i—ﬁlu> ¥, <u2- v, M) (136)
where
~ ¥ 1 LT ., ,
tﬁ,,(u,;,v,M) =§;Jw,, (K,E,V,M) exp (ixc'u) dic . (137)

The function i, (', r/a, v, M), when continued analytically from the real axis into the complex x’-plane,
has branch points at

My My
K'=——and k' = — 138
B B (13%)

and these are symmetrically placed with respect to the origin in the complex x’-plane.

In order to continue ¥, (x, r/a, v, M) analytically from the real axis into the complex x'-plane we
write ‘

M
‘ x'+7v = r, exp (i6,) (139)
K'——I%‘i = r, exp (if,) (140)
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take

M*yv: | i(m+60,+0,)
17w {10

and define

1
Flk)y= —

(141)

r|M2VE ]t
K"{E[ﬁz ""}}

5] ]

(142)

In‘ order to be able to distinguish between the different branches of F(x") which are defined by equations

(139) to (142) we make the further definitions

Fy(x) = F(x)
Fy(i') = F(x')
Fyr') = F(x')

—ZESGI < — T

y/

(143)
_..3_n<9 < —7
2\ 2
0<6, <7

144
0, (144)
“'RS61<0

145
—n<8,<0 (145)

(i) Consider contours in the upper half x’-plane as in Fig. 3. From Cauchy’s theorem of residues we

get (see Fig. 3)

APy ri P2B

J"f' J + J+ J+ JFI(K’)exp(iK’u)dx’= 2ni§ R,
BC CA

J"‘ + J+ f + sz(K’)exp(irc'u)dx' = 2ni ERZ
EF FD

DP3 T2 P E

(146)

(147)

where ) R, is the sum of the residues of F,(x’) exp (ix'u) at its poles in the upper left quadrant of the
complex x'-plane, and ) R, is the sum of the residues of F,(x') exp (ix'u) at its poles in the upper right

quadrant of the complex x’-plane.
It is an easy matter to show that

SIT(;‘:\F Wx)exp (iku)yde' =0 (148)
ri
and
eh_rf'o L) exp (ic'u) dic’ = 0 (149)
Iz
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where ¢ is the radius of the circular arcs I'{ and I'; .
When the radius R of the circular arcs CA and EF (Fig. 2) becomes indefinitely large, then we have

on CA
, 1 e
Fix) ~ ——exp {—m(——l) } (150)
iK a

Fy(ic') ~ —;i—,exp {—ix’(2~—1> } (151)

as is easily shown using asymptotic expansions of the modified Bessel functions.
Thus, for

and on EF

r
Z-1
u>- (152)
we have
lim , L, .
R__*OOJ‘Fl(K)exp(mu)dx =0 (153)
CA
and
lim jFZ(K/) exp (ix'u) dic’ = 0. (154)
R—-> w

EF

If we proceed to the limits ¢ = 0 and R = oo in forntulae (146) and (147) we therefore get for u > L
aq

i

M

& 0

J + J + fFI(K’) exp (ik'u) dx’' = 2“521 (155)
M
[

My 0

Mo
J + J - jFZ(K') exp (ix'u) dic’ = 2m“2<2 . (156)
0 My O

. B

The function F,(x’) has been defined so that

Fix) =14, (x;: v, M) (157)



on the part of the real axis

Mv

K < —— (158
B )
and the function F,(x’) has been defined so that
Fy) = &, (K', 2 v, M) (159)
on the part of the real axis
Mv
K >—. (160
; )
From formula (137) we then get
_My »
. L f )
l[?_,,@ﬁ', 2 » Y, M) =5 J F,(x') exp (ix'u) dx’ +§- !ﬁ,, K\, — —o ¥ M exp (ix'u) dr’ +
Yo e
1 K 5 !
+%JF2(K’) exp (ix'u) dx (161)
My

and, using (155) and (156) this reduces for u > 2——1 to

Vn (u,g,v, M) = 51.75 {lf,, (K',g, v, M) —F(x) } exp (ix'u) dic’ +
My

+2_1n ! { v, (K’, 2 Y, M) - Fz(;c’)} exp (ix'u) di’ +

+%J {Fz(x’)—Fl(x’)} exp (ix'u) dx’+i{ ZR1+ZR2 } (162)
)

.uigt__.ﬁ =

On BC we may write
2
Kr+_ﬁ_ = [524 (%3) exp { —i(2m—y(s)) } (163)
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K'—% = [+ (%)2 exp { —i(n+(s))}

where s is real positive and y(s) is the acute angle

—tan-1( P8
y(s) = tan l(m)

Hence, using (139) to (142), we get on BC

) [ s%+ (&) exp(— m)J
Fy(K) = [ p .

52+(%‘—)> exp (— m)]

On DF we may write

where s is real positive and y(s) is the acute angle given by forlhula (165).
Hence, using (139) to (142), we get on DF

s2+ (Mv) exp (m):l

A
T ] e e

Therefore

ico

2_175_ j {F +(x)—F (&) } exp (ix'u) dx’

My

r Mv\? ’
. [c_l s2+( ﬁv> exp(l”)] K, l:g 32+<7) eXp(—in)] exp (—us) ds

iw
4 | )
7ro K;,!: 24+ %) exp(in)] K;,[ /s2+ iyﬂ—vrexp(-in)] /s? +(A2v>

32
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(165)

(166)

(167)

(168)

(169)



= (.___ l)n

o8
—Pm
=

k-]
Ql\l
< __-
»
LN
=[5
\__/N
I
~
1
%N.
+
ey
SE
<
;/N
|
~
1
Qi
%N
+
TN
=[5
~—

o XD (—us)ds
S2 + (MX)Z ..
) B

On P,B we may write

Mv M
x’+—v = ——z(1+s)exp(——2i7z)
BB
Mv My
K ~—— = ——(1—s)exp (—in)
B B
where s is a real number in the range
—1<s5s<0

Hence, using (139) to (143), we get on P,B

Fyx) = 2

. ‘K,, |:—’: %«/l-szexp(—in):l

—MBX 1-s* K, [A—dﬁi/l—szexp(—in)]

On DP, we may write

rc’+]\—/1—1i = A—@(l +s) exp (i0)
BB
Mv My
K ———= —(1=s)exp (in)
BB
where s is a real number in the range
0<sg1

Hence, using (139) to (142), we get on DP,

1 K, [2 %./l—szexp(inil

Fyi) =

% 1-s2 K;,[ %x/l—szexp(in)]

(170)

(171)

(172)

(173)

(174)

(175)

(176)

177

(178)



Also on P,B and DP3, according to (78) and (135) we have

‘In K’E,V,M = —M l-sz < l:_]\/;{_v : sz (179)
B "L B
where
‘ My
K =—3s 180
5 (180)
and s is a real number in the range (173) over P,B and in the range (177) over DP,.
Therefore
0
1 T
57; J‘ {';n (Ksa’vyM) I(K)} eXp(lKu)dK
_My
Mv r My My
° 1K, |:f__ l—sz:l K,,[ J1-s7ex —m €x (z—su d
1 j 2B Ll 5 p( ) plig
2z , v 3 , Mv
Y | K 7./1-—5 K, | — 1-—s exp(—m) V1
g K"[I—AQ 1—52] I;[& 1—s2]—1,,[55/1—” 1—s2]><1<;,[M 1——32}
__5j a_p B a p B 5
2 My My My
K, |—./1-s IyK,| — 1—s2]+ml;, — 1-—52]}
° g J {‘ ) [ﬁ B
exp (—i—ﬂzsu)ds
X e (181)

and

) LK, ,:Z _Mﬂ_v 1—s2] K, [C %lj«/l—-szexp(in)] exp(i%su) ds
- _2_f aM * aM
T K;,l:—l—; l—sz] K [-ﬂ—v,/l—szexp(in)J 1—s?
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(5
exp | i—su)ds
4 . (182)

If we add the results (181) and (182) we get

0
51; {‘pn(K’agava M) ~F 1(’6’)} exp (ix'u) di’ +
My
B
My
B
1 , P } )
+§;J {\T/n<1€, ,V,M)— J(k) ¢ exp(ix'u)dx
o
r Mv .| My r My . | My
_ —1 {Kn [ET 1'—32][” [—B“ 1—'52:| _In Ii"a"—ﬁ— 1_32]Kn [—g— 1—52]} .
3
BT RRE
"Mv
| 2 s
. ([ My "[ B ] My ds
—1)'sin | —— ' — : 183
x < (=1) sm( 3 su>+7zK:l [% — cos( ; su) —= (183)

It now remains to determine the residues R, and R, at the poles of F,(x") exp (ix'u) and F(x") exp (ix'u)
respectively in the upper left and right quadrants.
According to formulae (139) to (142) we have

i(m+0,+6
o 1 K [Lvmmon { 2020
= i(m+0,+0,) , i(n+81+6,) '
~/ 7173 €Xp {————~2———} K, [\/h 7y €Xp {—“——2 }]

(184)

Therefore, according to formulae (143) and (184) the poles of F, (k') exp (ix'u) in the upper left quadrant
must occur at the values of r, ry, 8, and 6, with

N G e
2 2

for which K, [ /Ty Ty €XP { w } ] is zero.

(185)
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Also, according to formulae (144) and (184) the poles of F,(x’) exp (ix'u) in the upper right quadrant
must occur at the values of ry, r,, 8, and 8, with

ng(n—h’_%.ﬂgn (186)

(S

] 0
for which K, [« /1, T, eXp {l(n—+%+—2)} ] is zero.

(0, +6 1 .
Now (see Randall’) K, [ /¥, 7, exp { I(LI_EI—_F—Z)}] has Iil—n—l%:l simple zeroes in each of

the ranges (185) and (186), where the square brackets [ ] are to be interpreted as denoting the integral

|n]+1

part of the number *~— appearing within them.

i(m+6
Let the zeros of K, I; /ry 1, exp { l(n——f-—i’—ﬂ } :| in the range (185) be at

"
V1T = Xg

_ In| +1
q-1,2,...,[—2- (187)

+0,+0
B - v

i(n+6,+6
where the ¢, are positive acute angles. Then the zeros of K/, [« /1y FyexXp {I(R—Jr—zl—ii)} :I in the

range (186) are at

I
Vit = X

B ]n|+1]

0,+0
Zr_t:;;z_zn_(b;

Note that there are no zeros at all if n = 0, and the zeros for positive n are the same as those for negative
nsince K,(z) = K _,(z). The values of the moduli ¥ and of the phases ¢y can be determined as functions
of nand g only. In fact z = —yj cos @2 + i Xq Sin @ are zeros of K;(z).

We can now determine x;, the value of k" corresponding to a zero (187), by use of equations (139) and

(140), and write
o [ )3

M M . . M - .
where X7} (7;) and Y; (%) are positive functions for 7‘) positive. Then corresponding to a zero

o ))]

(183) the value &} of «’ will be



We note that when v = 0 we get

X3 0)+i Y/ (0) = xzexp (i ¢p) . (191)

The residue of F,(x") exp (ix') at the pole g in the upper left quadrant is then found to be

gl s [ {(-a)}]
i) (F)} s Laoe ()

o [ () ()]

2

1 {X;(O)-I—il’;"(O)} 1
= — X
: {X;’ (A—Z—”-) +i Y;(—A%—v) } [n2+ {X; O)+i 17 (0)} ZJ
K[ oo {i(s-)}]
K [mer (=) f]
X exp [—u {X;(A%)+11§"(Mﬁz)}:, (192)
The residue of F,(x') exp (ix'u) at the pole g in the upper right quadrant is found to be

ot 1 e (=)}

by X
x®)-w)) sies -

oo [~ {x(F) - (7)} |
_1 {X;0)—i 17 (0)} 1
i {X; (A%) —i Y (A—Z,‘f) } [n*+{X:(0)—i ¥7 (0)}*]

xKn[gx;exp {ia-0)}] com [+

K, [xgexp {in— 3} ]

x

X

o (MVY oMy
X,,(B) zxz(ﬂ)}] (193)



Substituting the results (170), (183), (192) and (193) into formula (162) we get for u > 2—1

' MX 2
x ¢ (—1)sin (wus> +n - l: B : SJ cos (———-us) ds
B K,| Mv B 1—s2
g J1-5
[=5]
+ Z {X;(0)+i Y/ (0)}2 1 .

My My

{x;<_ﬂ_) i Yq"(?)} [+ {(X3(0)+i ¥} O]

XK"[E"Z“" L) o e {2 e ()] +

K, [xgexp {—i(n—¢p)i] B !
[
{X2(0)—i Y7 (0)}? 1 :
+Z { ,,(Mv My [+ (X2 (0)—i ¥ (0))2]
= 77)“1’?"(7}

K [rew {i(=-#) | - [_{X(y_)_,,(&)ﬂ 194

K, [xzexp {i (x—¢p}]
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Since K, (xe ") is the complex conjugate of K, (xe'), the expression (194) for i, (u, 2 LV, M) is wholly

real.
If r = a, then expression (194) simplifies to

¥(u, 1,v, M)

=(—1)”j - : )
0 {K;[ s2+(%!) ]} +n? {I;[ 32+(%1> ]}
exp (—us)
xsz+ _A’{X)st

x 4 (—1)"sin (%‘—)us) +7

B
[£5] y
r2 > () wxor-mron e or-orope

X O O] +2n? y(%‘_’) X207 0) ) o [u ” (1\2) ] .

+ ( 2n? X (A%) X3(0) ¥ (0)= ¥ (%3) ({7 (00}~ {77 (O)}2) x

><(n2+{XZ (0)}2—{1’;7'(0)}2)+4{X;' (0)}2{Yq" 0)}?] ) sin [u Y;"(MB)} X
exp [—uXZ(—A—Z—Y)]

x( {X("Ag)} E {Y(%!)}) {0+ (01~ (5 O+ 4501 OF

: (195)
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It may be noted that
f) (196)
a

where the V, (u, E) are the functions obtained by Randall®.
a B

(ii) Consider a contour in the lower half-plane as in Fig. 3.
From Cauchy’s theorem of residues we get (see Fig. 3)

J‘+Vj;+J‘ {’ J JF3 (k'Y exp (ix'u) d' = -2ni223 (197)

GQ1 1~ Q2Q3 r" Q41 IHG
1

where ) Rj is the sum of the residues of F4(ic') exp (ik'u) at its poles in the lower half-plane.
It is an easy matter to show that

;
m ‘j;-f-‘j}.’&(;c’) exp (ix'u)di’ = 0 (198)
e§—>0
T rs

where ¢ is the radius of the circular arcsI'y and I'5 .
When the radius R of the circular arc IHG becomes 1ndef1n1tely large, then we have on THG

Fy(i) ~ i—llc—,exp {—-ik’(;l— 1) } (199)

as is easily shown using asymptotic expansions of the modified Bessel functions.
Thus, for

r
-1
U< p (200)
we have

lim

R_*OOJ‘F3(K)exp(mu)dx =0, (201)

IHG

If we proceed to the limits ¢ = 0 and R = oo in formula (197) we therefore get for u < U
a

«0

J Fi(x) exp (iK'uydx’ = — 27u'2{3 . (202)

—
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The function F5(x’') has been defined so that
Fy() = ¥, (rc’, 2 M ) (203)

on the whole of the real axis. From formulae (137) and (502) we therefore get for u < 2— 1

e (u—g v, M) = —27ziZRs. (204)

It now remains to determine the residues R; at the poles of F,(x’) exp (ix'u) in the lower half-plane.

According to formulae (145) and (184) the poles of F4(x’) exp (ix'u) in the lower half-plane must occur at
the values of r, r,, 8, and 8, with

<(7E+01+62) <E

T
e =R = 2
2 2 2 (205)
for which K, l:‘ /1 ¥y eXp {E(Ei—-g—zl—t@ }] is zero.
- 1 , i(TE + 01 -+ 62) .
But (see Randall®) K, | /7 7, exp — has no zeros in the range (205).
Hence
YRy=0 (206)
and consequently for u < 2— 1
7, (u£ v, M) =0 (207)

sy . . r . .
which is to be expected since disturbances are confined to z > 8 ( ——1 ) in supersonic flow.
a

: . . . > r C .
We can obtain a power series solution for ¥, (u,a, v M ) which is valid for small ¥ by means of

the following procedure.
If we take the Fourier inverse of formula (137) we get

[os]

7. (x’,g,v,M) - f 7. (u,g,v,M) exp (— ix'u) du. (208)

-

The formula (208) is in the first place valid for real %', but because of formula (207) the integral on the
right hand side remains convergent when the quantity k' becomes a complex number with negative
imaginary part. By analytic continuation we can then say that formula (208) is valid in the lower half-plane.

The analytic continuation of i, { «, 2 ,%, M ] into the lower half-plane is given by
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‘pn (K’a 2 » V, M) = F3 (K’) (209)

where F; (x') is given by formulae (139) to (142) and (145).

On JH (see Fig. 2) we may write

= (F) e {oef
K+ﬁ—— S+<ﬁ) exp iy (s) (210)

/__]_\@__ 2 _Ml 72 {_ . }
K e 57+ < ﬁ) exp i(m—y(s)) (211)

where s is real .posi;ive and y (s) is the acute angle given be formula (165).
Hence, using (141), we get on JH

[ A (%) @12

and, from (142) and (145)

(213)

My

p

1 4n?—1 4n*+3) 1 M 271
rr~en {=(i-1)s [ e {0500 () (5F) e

+{ (16n*—40n*+9) a* (16n*+8n*—3) c_z+(16n4—8n2+33) N
12 r2 64 r 128

If 5 is very large compared with unity and with we can expand (213) in the asymptotic expansion

. ((4n2——1) E_(4n2+5)+(4n2+3) 5) (Mv )2 .

16 r 8 16 a B

+ 1 (f 1 : MV * i +
8 \a B 53
( (64n° — 560n* + 1036n% — 225) ﬁ (64n® —112n* —84n2 + 27) a-2
* 3072 P 1024 2

(64n° — 48n* 4 140n* — 33) a_ (64n° —368n* — 1364n2 + 747)+
1024 r 3072
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, (=40 +9) o> (@8n+104n-29) a
~ 256 r? 256 ¥

\

N

48n4+136n2+123):(16n4—8n4+33)i) My 2
256 256 a

+ (@n*—1) g_(12n2+25)+(12n2+25) r.
64 r 64 64 a

@n?+3) r? Mv\* 1 /r 3 /My 8) /1
64 ( B 3 ( a 1) B &)+ @4
Now, from (208) we get on using (207) that on JH (Fig. 2)

Fy() = i, (K',E,V,M) = Jt/;,, (u,é,v,M) exp (—su) du

= exp { - (g— ) s} jlﬁ,, <u+£-l,£,v,M> exp (—su) du. (215)
‘ 0

" r ¥ , .
If, foru>0,v, (u +——1,-,v, M ) has the power series expansion
a a

v, (u+£— l,g,v, M) =Zan u" (216)

then, according to Watson’s lemma, we have the asymptotic expansion

" !
j . (u+£-1,£—,v,M )exp(——su)du~2%. 217)
0

e}

If we substitute for j ¥, <u+£——1,2, vwM ) exp (—su) du from (217) into (215) and compare the

result term by term with (214) we get expressions for the a,. We then have the power series expansion
xﬁ,,(u,z,v,M) =1
a
@n*—1) a (@4n?+3) l(r Mv) 2 r )
* { s 8 2\a Y \F u=gtl
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+1 {(161’!4—-40112—!-9) a* (16n*+8n%—3) g+(16n4—8n2+33)
2 128 r? 64 r 128

+<(4n2—1)a (4n2+5)+(4n2+3) r) (Mv)2+1 r 1)2(Mv 4} r+1)2
16 r 8 16 o/ \ g g\ a 3 T

! (64n° — 560n* + 1036n° —225) a* (64n°— 112n* ~84n?+27) a®

6 3072 3 1024 72

(64n° —48n* + 140n° — 33) a (64n° —368n* — 1364n2 +747)
1024 r 3072

. ((16n4—40n2+9) @ (48n*+104n°—29) a
256 2 256 r

+(48n4+136n2+123) (16n* — 8n2 +33) f) <Mv> 2

256 256 a B
N ((4n2—1) g_(12n2+25)+(12n2+25) r (@4n’+3) 1 My\*
64 r 64 64 a 64 a* B

1 /r 3/ Mv\® r 3
. (5_1) (7) } (u—5+1> (218)
foru>1—1.
a

If r = a the expression (218) reduces to

. L 1 [@n?=3) 1 My 2 1[@n*-3) 1 Mv)2 .
!p,,(u,l,v,M)—l——Eu——E[ g +§ (—"B-> :I U2+6|: g +'i (7 :Iu + ... (219)

for u> 0.

In particular, we have

- 1 1 5
Wy, 1,0, M) = I—Eu—1—6u2+2§u3+... (220)

The first three terms of formula (220) should agree with the three terms of formula (54) given in Ward>.

11

. . . 1. .
In fact the coefficients of the third term are different, being I in formula (220) of this paper and —~——

32
in formula (54) of Ward?.
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APPENDIX C
Derivation of the Expression for ®, (rc, 2 , v0>

The velocity potential @ inside the cylinder is assumed to satisfy the boundary conditions,

(%?) = —qg, exp (inf) cos (%:—Z—) exp (iwt) (221

and

oo ob
(az)z= - (az) 0 22

on the surface and ends of the cylinder. The internal radius of the cylinder has been taken to be the same

as the external diameter on the assumption that the thickness of the cylinder wall is very small compared

with the radius. It is quite easy to take different values for the internal and external radius if this is desired.
The velocity potential © satisfies the linear partial differential equation

1 %
2 = — —1-. 22
V2O 2 (223)
The function
b=g ( 2— ) exp (inf) cos ( Zt—g—z) exp (iwt) (224)

is a solution of the partial dlfferentlal equation (223) provided that the function g(s) satisfies the ordinary
differential equation

d*gs) 1 d { ) n2
752 +§E— gis)+ yvei—mt kP —= ¢ gl(s) = (225)
where
wa
Vo = _6;; (226)

The differential equation (225) is a Bessel equation. The form in which it is best to write the solution
of this equation for our purposes depends on whether (v2 —n? x?) is greater than or less than zero.

The boundary condition (221) is appropriate to the case of standing waves on the surface of the cylinder.
These standing waves are equivalent to a super-position of waves travelling in the direction of positive

if (v3—n? k?) is gréater than zero, whereas

it is subsonic if (v — n2 x?) is less than zero.
If v3—n? x? is greater than zero we write the solution of (226) in the form

gs) = AJ, [s\/vVd—n*k*]+B Y, [s/vi—=*x?] (227)
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and if v3 —n? k? is less than zero we write the solution of (226) in the form

g(s) = AL [s /72 K> —v3]+BK, [s /n* k* = V3]

(228)

Since the velocity potential must be finite on the axis of the cylinder, we must have B = 0 in both (227)

and (228).

The function (224) satisfies the boundary conditions (222) automatically, if k = s and k is an integer.

The constants A in formulae (227) and (228) are determined by making the function (224) satisfy the

boundary conditions (221). We then get

~

,
J, | = /véE—n?«?
aa, a

aag

I, [%/nz rcz-—v%]

If we write

®=aa,®, (K,g,vo) exp (inf) cos (_7_51;_2_) exp (iwt)

then

~

We may note that
J [vi—n*x*] =0
when
SR = o

46

nKZ
- exp (inf) cos (M) exp (iwt)
Vvi—rtx?r  J, [ /vE—n? k?] a P

for vi—n?x?2>0

BN - exp (inf) cos (Tmz) exp (iwt)
Jrrer=vE I [Jr?k*—vE] a

for v3i—n? k2 <0

(229)

(230)

(231)

(232)

(233)




or

Vo = o/ Uam)? +7° K2 (234)
where
Jom  m=12... (235)

are the zeros of J(z).

The velocity potential (230) becomes indefinitely large for the value (234) of v, so that in physical
reality no oscillation satisfying (221) and (222) is possible. This corresponds to a resonant condition within
the cylinder. :
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MAIN STREAM
FLOW

Fic. 1. Diagram of flexible part of the infinite
cylinder.
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K —-PLANE

F1G6. 2. Contours of integration in K’ - plane for
subsonic flow.

K'-PLANE

Fic. 3. Contours of integration in K’ - plane for
supersonic flow.,
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