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Summary.—(a) Purpose of Note—To develop the theory of instability in both Euler and wrinkling modes under
combined thrust and bending actions of sandwich struts or beams having an aeolotropic core material.

(b) Range of Note~—It is shown that the condition for instability under uniform end compression ¢ and bending
strain y (so that the compressive strains in the two skins are ¢ 4 o) is ‘

y2= (e, —¢) (2 — o),

where ¢, and e, are critical strains in out-of-phase and in-phase modes of deformation respectively. Formulae for ¢,
and ¢, are established, and the formula for e, agrees with the form previously derived by Williams, Leggett and Hopkins
in R. & M. 19871, of which form it is a slight generalization. The variation of ¢, and ¢, with wave length of buckle and
with the elastic properties of the core material is discussed.

(¢) Conclusions.—For the great majority of practical core materials, true wrinkling of the skins over a short wavelength
is a possible mode of failure and provided that the thickness of the core is at least 50 times the thickness of the skins,
the critical strain e, and the half-wave length /o are expressible by the approximate formulae

¢y = 06 (E, EB/EAYS

and wfoe = 2-12s (EAEy E2)Y12 or 1-64 s/+/e,,
where E; = modulus of core material longitudinally,

E; = modulus of core material transversely
and ‘ E, = modulus of skin material.

Under uniform compression this instability occurs in the in-phase mode, the critical strain for the out-of-phase mode
being slightly higher. In bending, or under combined loading, both in-phase and out-of-phase modes contribute to
instability ; but for all practical purposes the limiting condition is that the strain in-the more heavily compressed
skin shall be e,.

The condition for modified Euler instability takes the usual form 1/P, = 1/P, + r, where P, is the critical load,
P, is the true Euler load and 7 is a shear constant, and this instability occurs, of course, over as long a wavelength as -
p0551b1e Corresponding to the Euler in-phase mode there is an analogous out-of-phase mode, and in bending thc two
together represent a possible instability of Brazier type. Apart from this participation in instability over long wave-
lengths in bending, it is doubtful whether the long-wave out-of-phase mode would ever occur in a practical structure ;
but further examination is required to establish this conclusion.

(@) Further Developments.—Further examination is required of cases with aeolotropic cores and ratios of thicknesses ’
of core to skin below 50.

* A.R.C. Report 9529 (April, 1946).
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1. Introduction.—The purpose of the core in a sandwich structure is to stabilize the skins
against local failure and to enable them to work together as a single beam, having a moment of
section relatively much greater than that of the two skins separately. To fulfil these functions
the core must restrain the skins from relative lateral movement and also limit relative shear
movement between them ; a core which resisted shear only would permit out-of-phase buckling
at a load determined purely by instability of the skins as struts ; whereas a core which resisted
only lateral separation of the skins would permit in-phase buckling at the same load.

In Ref. 2 the incidence of these two types of instability was examined in respect of an artificial
structure, in which in effect the core had an infinite stiffness longitudinally. This analysis
indicated that the in-phase type of instability was of the modified Euler type over a long wave-
length, the true Euler load being reduced by shear deformation of the core ; and that the out-
of-phase mode should occur over a short wavelength and should depend principally on the
modulus of the core material in the transverse direction. The formula derived for the critical
strain in this out-of-phase mode included also an additive term proportional to the shear stiffness
of the core; owing to the inherent assumption that the core material was infinitely stiff
longitudinally this effect was known to be overestimated.

In R. & M. 1987 the general problem of instability of a sandwich was examined in respect
of a continuous core material having normal properties. The analysis-in-chief was carried
through for an isotropic core, but the solution for an aeolotropic material was outlined in an
Appendix. This analysis also identified the in-phase mode of instability over a long wave-
length with the modified Euler mode ; but it indicated that the short wave-length mode should
also occur in-phase, a conclusion previously drawn in Ref. 3 on the basis of a much less complete
analysis. \

If a sandwich is subjected not merely to uniform compression but to a compression ¢ combined
with a bending strain y, so that the skins are subjected to strains e + v, it is to be expected
that the condition for instability should involve only %* and that it should reduce to » =0
for any case in which e = e, where ¢, is a critical strain under pure compression. When it is
recognized that the imposition of a bending strain can introduce no characteristics of the structural
properties which are not operative also under pure compression, it seems then inevitable that the
condition for instability under combined loading should take the form y* = 4 (¢, — ¢) (e, — ¢),
where A is a constant and e, and ¢, are two critical strains under pure compression. Moreover
from the symmetric and antisymmetric nature of e and y respectively it is obvious that e, must
refer to an out-of-phase mode and ¢, to an in-phase one. In fact it is proved later in this paper
that all these presumptions are correct. -On the other hand, for interaction between the modes
of deformation represented by e, and e, the wavelengths of the buckles in the two modes must
be the same, and to eac value of ¢, for an assigned wavelength there corresponds a value of ¢, for
the same wavelength. With a given ratio 2 of ¢ to e there is then one pair of values of ¢,
and e, with a common wavelength, which corresponds to the least possible value of e from the
equation #%* = A(e, — ¢) (¢, — ¢) ; buckling would then occur over this wavelength and would
include elements of both in-phase and out-of-phase deformation.

At the same time, if bending is entirely absent, % is zero and the least value of e reduces to
e, or to e, simply, so that buckling under pure compression must occur, esther in-phase or out-of-
phase. It was shown in R. & M. 1987 that for true wrinkling of an isotropic core e, (in-phase)
is slightly less than e, (out-of-phase) and that over longer wavelengths e, (modified Euler) should
be considerably less than e, over the same wavelength. These conclusions for an isotropic core
are confirmed below for an anisotropic core, except that a slight possibility remains that an
extremely anisotropic core with relatively thick skins might wrinkle in the out-of-phase mode.

Although in this way in practically all cases of pure compression, the out-of-phase mode e, is
secondary to e,, in all cases of combined bending and direct load both e, and e, play essential
parts. Over long wavelengths the combination of modified Euler with the associated mode of
out-of-phase instability affords a type of Brazier instability in bending ; whilst the two values
e, and e, for wrinkling are normally so close together that in practice instability may be said to
occur when the more heavily loaded skin is stressed to a single critical value e,
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In respect of the relative importance of the longitudinal and transverse moduli of the core
material, the present analysis dealing throughout with an aeolotropic core shows that the value
of e, depends primarily on the value of the transverse modulus of the core. This analysis is
developed in §2, 3 and 4 below.

9. A Method of Representing a State of Stress and Strain in an Aeolotropic Core.—The elastic
properties of the core material are assumed to be described by the relations :—
€ == S ¥+ 5V, )
€y, == S;,XX | S, VY r (1)
and €, = S5 XY, J
and, provided that the deformation is small, ¢,, = u,, ¢, = v, aud ¢, = u, + v,, where » and v
are the displacements parallel to Ox and Oy respectively, and «», stands for (2u/0x) etc.
Assuming a stress function
¢ = (A4, cosh L,y + A, cosh A,y 4+ B, sinh A,ay + B, sinh 1,0y) sin ax ,
it is sufficient to write only the first term and to expand where necessary by replacing
A, cosh Aoy by B, sinh 2oy, A, sinh 4,0y by B, cosh 4,ay and A, or B, with 4, by 4, or B,
with 1,.

Then the stresses, strains and displacements are

XX = ¢, = A4, cosh Aoy sin ax ,
yy = ¢, = — o’A, cosh Aoy sin ax , > (2)
Xy = — ¢, = — Aoa’A, sinh 2,ay cos ax , J
u, = o (s, — s,,) A, cosh 1,ay sin ax , ) -
U, = — & (S5 — Sp4,%) A, cosh A,y sin ax \ (3).
and u, + v, = — o’Sh, A, sinh Ay cos ax | 3
and, by integration of the first two equations of (3)*,
U= — o (s,;4,° — s) 4, cosh Aoy cos ox h
and .. .. .. .. (4)
v = — (a/A;) (S — S124,7) A, sinh 4,0y sin o,
provided that to satisfy the third equation of (8)
c’«zﬂl (Sn 12 _ Sm) "l_ (062/21) <Szz - 312]’12> - 0(23662‘1 > e < i c (5)
or
2t — {(Ses + 281) /51t A2 F (SwfSy) = 0. .. .. .. .. (5a)
Clearly 2, and 1, must be the roots of (5a), so that
Ady = (322/311)1/2 v
~and .. . .. .. (6)
(212 + )22>/2’112 - <366 + 2312)/(311822)1/2 ;
and we may assume that 4, > 4, It is convenient to write E = 1/(s;;s.,)"/*; and
0 = — S,,/(S1:8:0)""* ; then formulae (4) may be rewritten in the forms
Eu= — o (o 4 4,/2,) A, cosh A ay cos ax
and .. (7)
Ev= — o (A, + od,) A, sinh A, &y sin ax , J

* Omitting constants of integration, which are unnecessary.
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and from the second of (6)

' A2+ A2 Ay — Ay)?
EfG, = sl(onsa)* = T4 L og — o1 4oy =R g
Ay ik,
To summarize : the elastic constants of the core material are represented by the three ratios
i, 4, and o, and ,

(@) the ratio of the longitudinal modulus £, to the transverse modulus E, is E/E, = s,,/s,, =
22,0 the “standard ” E is the geometrical mean (EE)Y*:

(b) o/E is the transverse contraction due to unit tensile stress longitudinally or vice versa ;
the two Poisson’s ratios are ¢, = ¢ E,/E and o,, = o E,/E, so that ¢ = (0,,0,,)"*:

(¢) the excess of E/G, over 2(1 + o) is (4, — 4,)*/4,4, and defines the ratio 2,/4, (but see
note below on the practical aspect of this relation).

3. Values of the Coefficients A, and i,—If E/G,=2(1+ o), 2, =4, and the form
A, cosh Aay -+ A, cosh A,y reduces to one term only. However, writing 4, = 4 + 64
and 4, = A4 — 64, where 04 is small, the form may be written (4, + 4,) cosh ZAay 4+
(4, — 4 o) 0 Aoy sinh Ay ; and, by assuming that 4, — 4, tends to 1nﬁn1ty as 64 decreases to
zero, the form P cosh Aoy + Qﬂocy sinh Aoy is derived. This form could be discussed separately
(asin R. & M. 1987%), but in fact the limiting process may be performed at any stage so that
independent investigation is not strictly necessary.

If E/G, < 2(1 + o), 4, and 4, are complex. Since 4,4, is real, 4, and 4, must be conjugate,
so that 4, = 2 + 9 and 4, = 2 — su. Then E/E, = A2, = (A* 4+ u?)*and E/G, — 2(1 + o) =
(A, — A )2/1 Ay = — 4p®[(2? —l— ©*). Thus only in exceptional cases can ¢ > 4. If x—0, 1, and

tend to equahty this is a convenient approach to the special case when E = 2G,(1 + o).

However, unless E/G, is known to be identical with 2(1 - o), experimental data can establish
the equality 1, = 4, only to a limited accuracy ; for instance, if £/G, = 2(1 + o) with a possible
error of 4+ 0-01, then 4,/4, < 1-1. Thus 1 per cent. error in the value of E or G, or about 2 per
cent. error in the value of ¢, permits 10 per cent. variation of the ratio 4,/4,; thus in practice
no real restriction of applicability results from exclusion of the case 1, = 1,.

4. Conditions for Equilibrium of the Skins.—The values at the surfaces of the core at y = 4 d/2
Fr2F 6 of ¥y will be denoted by p and p’, of ¥y by ¢
dx and ¢’, of u by Uand U’, and of v by V and V".
The direct thrusts in the skins of thickness s
will be denoted by P and P’, the shear forces
by F and F’, and the bending moments by
M ard M’. The half wavelength of the defor-
mation along the length of the sandwich is of
course /o

Then, with the sign conventions indicated in
Fig. 1, the equations of equilibrium of the skin

i at y = d/2 are, by resolving forces normal to
i == 2= the skin, ;

i Centre line of Core A ]

- Wy — = _ar P 9
—— 2 A5 T
by resolving forces along the skin

- dP F
— g = 5 (10)



and by taking moments

M | gs ' »
4L =F. .. .. .. .. .. .. .. 11
o T 5 (11)
Moreover, provided that V is small, 1/R = — @V /dx* and M = — 5 E/s’. d*V/dx*, where

E' = EJ(1 — ¢?), E, is the Young’s modulus of the skin material and o its Poisson’s ratio*.
Initially, when V' = 0, P = P,(const) and F = 0 ; therefore I'//R and the variable part of P/R
are of order V? and may be neglected Then by elimination of F, formulae (9) and (11) give

@V sdg av 12
p+ & E, T 2dx+ °dx2—0 .. . .. - (12)
(which corresponds to equation (6) of R. & M. 19874).

Moreover
al_ P s _sa'V_ P
ix Es 2R 2ar¥ Es’
or
3 3
dg _sa’V _ 1 aP _ dV+ q (13)
dx 2dx* Es dx  24dx® Es’

by using (10). (Equation (13) corresponds to equation (9), and the first part of equatlon (10)
of R. & M. 1987%) At the opposite face (y = — d/2), p is replaced by ', ¢ by — ¢', U by U,
V' by — V'and P, by P,’, so that the formulae analogous to (12) and (13) are

gV sdg p &V

%1 S = .. .. .. .. (14
d4+2dx O dx? 0 (14)
and
CU__saVe_g 5
dax? 2 dx* Es

S

By adding and subtracting (12) and (14) and (13) and (15), the four relations become

P i B L v =3 g— g+ Bt B L vy
i (_&__;_L%') 5%(1/ LYY =0, (16)
b=+ B L) - S L g+ BT B L
4 (Pu_é&') (%2 V—V)=0, (17)
PO+ =5 L -7+ a—0) (18)
and
Sw—ny =2t v+l gt (19

* The value 0-3 is assumed for ¢,, where necessary to save complication later.



Then from (7) :
0d/2) + (o -+ A,/2;) A, cosh (A,0d|2)} cos ax, )

E(U+ U = — 2a{(o + 4,/4,) A, cosh (2
E(U—U") = — 2a{(o + 2,/2,) B, sinh (1,ad/2) + (¢ + 4,/2,) B, sinh (2,ad/2)} cos ax, 20)
EWV —V" = —2a{(%, + o)) 4, sinh (1,0d/2) + (1, + 02;) 4, sinh (1,0d/2)}sin ax
and E(V 4 V') = — 2a{(4, 4 o4,) B, cosh (4,0d/2) + (A, + 02,) B, cosh (2,ad/2)}sin ax ; J
and from (2) :
P+ p' = — 204, cosh (2,04d/2) + A, cosh (A,04/2)} sin ax , }
p— p = — 2B, sinh (1,0d/2) + B, sinh (2,04/2)} sin ax | L @1
g — ¢ = — 20*1,4,sinh (3,ad/2) + 2,4, sinh (1,0d/2)} cos ox i
and g + ¢ = — 20{4,B, cosh (1,0d/2) + 2,B, cosh (2,0d/2)} cos ax . |

Substituting for U + U’ etc. from (20) and (21) in (18) and for brevity writing C, for
cosh (1,ad/2), S, for sinh (1,ad/2), C, for cosh (1,xd/2) and S, for sinh (4,ad/2),

0(3{((7 + ’11/22> Ajcl + (G + /12/’11) Azcz} - %O(4S{(22 -+ 0‘21) AIS] -+ (11 + Glz) *4252}

— (E/Es) o (4,45, + 2,4,S,) , .. .. .. o (22)
or {O(s (G + Z1/’1z> CJ - % (O(s)z (22 + O'}'s.) Sl + E/E) z 51}A
' + {as (6 + A,/4) Cy, — % (a5)® (A, + 04,) S, + (EJE) 4,504, =0, - .. (22a)

and (19) leads to an exactly similar relation with B for 4, S for C and C for S.

Substituting for p - p’ etc, from (20) and (21) in (16),
— o (4,C, + A,C,) — 5 (E'S|E)e {(A4, + 04,) A,S, + (A, + 04,)4,5,}
— %a® (4, 4,S, + 2,4,S,) + {(P, + P,)2E}e® {(4, + o4)) A,S, + (A, + oky) 4,S,}
4+ {(Py — P,)2E}o*{(A, + 04)) B,.C, + (4, + o4,) B,C,} = 0 ; . . . (23
and writing (P, + P ’)/2E\s = ¢ and (P, _ P,))/2E s = v, this becomes

“{_ 2 ( ) (’11A151 + ZzAzsz) — (Es/E> (“S) [5{(32 + 021) A151 ‘f" (}'1 + 0-}‘2) A252}
‘ + 1/){(22 + 0y) B.C, A (4, + od,) Bzcz}] ) .- " .. (23a)

and similarly from equation (17) with B for 4, A for B, C for S and S for C.
Multiplying (23a) by the coefficient of A, in (22a) and eliminating 4, gives
(EJE) (A, T, — 3,T,) + (as){(A® — 2,2)/A4,} + ()44, + od,) T, — (4, + o2) T}
+ 0-3* (as)® (4 — 4,%) T\ T, + 75 (E/|E) (as)*{(c + 21/2‘)2 2T, — (0 + 2,/2,)* 2,1}
= ¢ (as) (1" — ) T\T, + (EJE) (as){(o + 2,/4,)° 2,7, — (o + 4,/4)* 4, T]]
A (es) [(47 — A7) (EJE) (a8){(o + 4,4,)2 2, T, — (o + 2,/2,)* A, T, X K, o (24)
where 7T, stands for tanh (4 «0d/2), T, for tanh (1,0d/2) and

(
( )(G_I“Az/l) 2_——§( )(}'"I_OZ) z+( / )2252]r><(§1>.
[( )( +lz/2.> 2_%( ) (,1 ’!“7}“) 2 +( / )]”2(:2I 4,
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Equation (24) is of the form Me 4+ NyK = Me, and the analogous equation with 4 and B
interchanged is Ne + My/K = Ne,, so that the two equations may be combined in the form

p* = (e, —e) (e, — ¢€) , .. .. .. .. .. .. (25)
. _ (as)® P(EIE) + as + Q (a5)* + 14,4, T, T (as)® E
where “TRd—n (0s)(R (o) & 2,0,1,T, (EJE)} “E (26)
s PU(EJE) +as + Q' (a9 + 3 (WATT) (a5 | E
- and “ =TT =0y (as){R Tas) + (4,25 T, T, (EJE)} “E 27)
and
= Ay, (A, T 2T )22 — 47, )
= 2 '1 {( 1 Q/TZ)}/(Z‘lz - ’122) ’
=2 12{(/1 + O'Z ) Mg + 0'11) Tx}/(llz - )'22) ’
L 28

- 31}'2{(’11 + ‘722)/ , — (4, + 0’11)/T1}/(}”12 — 4,7,
R = {(ﬂl + 02,)* 4, T, — (4, + o4)* ﬂle}/(ﬂ,lz — 4,9
and  R'={(4, + o4)* (4,/T3) — (A + 02)* (A/T)}H(A7 — A7) . )

¢, and ¢, are conjugate in the sense that ¢, has 1/7, and 1/7, where ¢, has 7", and 7, respectively.

By writing 4, = 2 4+ ¢ and 1, = 12 — u, formulae (28) may be put in the forms

P, P = (22 — u?){(sinh Aad/21) + (sinh pad/2u)}/(cosh Aad + cosh pod) b

Q, Q" = (2* — u){(1 — o) (sinh 20d/24) F (1 + o) (sinh uod/2p)}/(cosh Aad -I- cosh prod) |L 99

and R, R — [{3 — o) (1 - 0)2* 1 (1 — o)? u®)(sinh Aad/22) | lf %)
F{1 + 0)* 2* 4+ (8 + o) (1 — o) p*}(sinh pod/2u)]/[cosh Aad + cosh pad] |

(the alternative signs in numerators and denominators being paired), and
T,T, = (cosh 2ad — cosh pad)/(cosh Aad -+ cosh pod) .

If £/G, <2 (1 + a) Lo = A (§3) and the forms for P, Q ectc. follow from (29) by
substituting 4u for x ; when u? becomes — u?, (sinh wad/2u) becomes (sin pad/2n) and cosh o
becomes cos uod. '

If u = 0, so that 2, = 4, = 4, the formulae (29) reduce to
P, P =} (sinh ad + Aed)/(cosh Aad 4 1) b
0,0 — 14 {(1 — o) sinh dad F (1 + o) Aad)/(cosh iad - 1) } )
and R, R" = 32 (1 + 0){(8 — o) sinh 2ad F (1 + o) Aod}/(cosh Aod + 1).
When 24 = 1 the formula (27) with the values of P’, Q' and R’ given by (30) corresponds to
formulae (13) and (14) of R. & M. 1987 ,

5. Wrinkling in Compression, Bending or Under Combined Loading—Presuming for the
present that, with the appropriate value of « to give the least critical strain, ad is large in the
sense that T = T, = 1 with negligible error, we may write ¢, = ¢, = ¢,, where ¢,is given by
(26) or (27) with P — P’ =4 12/ (A, + Z) Q=0 =01 —o0) 2122/(2 +4,) and R =R’
= + 2 — (1 —0)® 4,4,/(4, + 4,) or { E|G) + 1 — o*}4,4,/(2,
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Then from (25), 4+ y = ¢, — e expresses the condition for wrinkling, that is that the stress in
the more heavily loaded skin should equal Ee,, where

sTws

o= (P BJE) + {(h + 2)[2idsb a9 + (L —0) (05) + 40+ 2) (w5)* B gy
© 1201 — o) (as) [(E]G) + 1 — o®}(as) + (4, + 2)) (EJE)] ~ E,

S

Clearly, if ¢, is to be a practical limit within the range of elasticity of the skins, as must be small
(*+ 0-25 say) and (as)® and («s)® may be negligible in comparison. In the second term the
coefficients of as in the numerator and of («s)? in the denominator are of the same order, so that
for the same reason E/E as must be small (* 0-01 say). Therefore

o~ (&S) ‘ E/Es) 21 + ‘12)/}'1}'2 »
e, 12(1-~o§)7L{(E/Gd)+1~52}(o<s) L (32)
and the minimum value

~ 1 [68(1— o2 (E/E) (4, + 2)2* - (
“‘w—Qﬂxuwm+«4@} e (3

is given by

as = [6 (1 — o) (E/E) (4, + A)/44{(E/G,) + 1 — o*}"*. .. . o (34)

since (4, — A,)*/Ah, = (EJG) — 2 (1 + o), (A, + 2,)*/A 4, = (E|G,) + 2 (1 — o), and since
Mdy = (EJE), (A + )[04, = {(E|G,) + 2 (1 — o)}'* (E,/E)"* . Substituting in (33),

1

N 6 (1 — o){(E/G) +2 (1 — o) (EJEHTP
R § g [ (EG) +1— o9 TR ] ' (332)
If E/G, = 2 (1 + o), so that 4, = 4,
1 g 121—0 |23 (BB M
T4 V1B — o) (1 + o) < Eo > (33b)
= (0-651 — 0-220) (EII/GE;/Z/ESZ/?’ . .. .. .. .. .. .. (33¢)

When ¢, = 0-3 and 0 < ¢ < 0-3, 10 per cent. increase of E/Gd over 2 (1 4 ¢) causes about
3 per cent. decrease of the numerical factor and vice versa. The accuracy of (32) or even of (31)
is not high enough to justify great precision, so that this first approximation to ¢, may be taken
simply as

e, =0-6 (EEZENT, .. L .. .. .. . . .. (33d)
corresponding to
as = 1-48 (EE}/ENY™ . .. . . .. .. .. .. .. (84d)

By reference to formula (33) it may be shown that variation of the ratio 1,/4, over the range
1 to 2-5 causes less than 10 per cent. variation of the constant given as 0-6 in formula (33d),
increase of 4,/4, causing a decrease of this factor. Over this range of 1,/2, the effect of variation
of o is adequately represented by formula (33c). The value of ¢, defined by (33d), will be a
practical limit only if it be less than 0-006 (say) ; therefore (E,E°/E")"® must be less than 0-01,
and as < 0-15. On the other hand a value of ¢, below (say) 0-003 is unlikely to represent an
efficient structure, so that «s can scarcely be less than 0-10. For values of 2, and 1, not much
less than unity a value of ad about 6 is sufficient to justify the presumption that 7, = 7T, = 1 to
1 per cent. accuracy, so that formulae (33) and (34) are applicable to values of d/s exceeding
(say) 50. Tor lower values of this ratio, the forms (29) or (30) for P, () etc. must be used.

6. Wrinkling of Thin Sandwiches.—The minimum value of about 50 for the ratio of thickness
of core to thickness of skin necessary to justify the conclusions of §5 is unfortunately rather
high, and in many practical cases the assumption that 7, = T, = 1 with negligible error is not
justified. When «d is not large each of the several terms in formulae (26) and (27) influences
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the values of ¢, and ¢,, and the minimum values of e, and ¢, depend upon all the elastic constants
and on the ratio s/d in very complicated ways. However for true wrinkling characterized by
moderately high values of as (say about 0-10), the forms

e, = K,(E,E2EN" and ¢, — K,(E,E2|E}"* L 3

are still justifiable in the sense that K, and K, are functions principally of the ratio s/¢ and
depend only to a small extent on the values of the elastic constants. In these cases e, is normally
less than e,, so that in pure compression wrinkling should occur in the in-phase mode in accordance
with the conclusions of R. & M. 1987'. Although the cases in which the minimum value of ¢,
is less than that of ¢, may be quite abnormal, the difference between the two minima is usually
very small, and, in any case, for discussion of wrinkling under bending or under bending and
compression the values of both e, and e, are required (cf. formula (25)).

For practical application the chief general conclusion which may tentatively be drawn with
respect to wrinkling is that the critical stress is proportional to (E,EjE?)Y¢, the constant of
proportionality being a function of s/d but almost independent of the elastic constants. The
validity of this conclusion needs to be examined further, but the form (E,E2E?)"® is emphasized
here because it indicates the relative importance of the three moduli. It is important to appre-
ciate that deformation in the in-phase mode of wrinkling, which might appear to depend
principally on the longitudinal modulus E),, is in fact no less dependent on the cross modulus £,
than the out-of-phase mode. As o decreases, that is, as the wavelength of buckle grows longer,
the variation of K, in formula (35) with the elastic moduli increases and the form (35) becomes
less appropriate, until, when « is very small, the instability is the modified Euler type, and its
incidence is determined almost entirely by the values of E, and G,, whilst variation of E, per se
has practically no effect. On the other hand for low values of « the value of ¢, is determined
almost entirely by the value ot E, and is practically independent ot the value of E,.

The values of ¢, and e, at long wavelengths of buckle may thus appear virtually independent ;
but in fact G, the shear modulus is normally closely associated with the mean modulus
E = (E,E)"*. When this association is taken into account, it seems that over this range
also ¢, is normally less than e, so that out-of-phase buckling may occur only in exceptional cases.
On the other hand in instability in bending both e, and ¢, are involved and together they define
a limiting condition at low values of «; it will be shown that this limit is in fact instability of
the Brazier type.

7. Euler Instability and the Associated Out-of-Phase Mode.—For values of Aad/2 up to unity,
the expansion T = {iad — 4 (Aad)® + 315 (Aad)® is accurate to about + 5 per cent., whilst
the first two terms afford this accuracy up to about Aad = 1-60. Therefore for low values of
ad, particularly if 1, and 1, are not much different from unity, the expansion T = fiad — 5% (1ad)?

isreasonably accurate. By substitution of this form and its reciprocal 1/7" = (2/10d){1 + ¥ (Acd)*.
— %o (Aad)* + . . .} in (28),

P = 12, (ad){l — 3% (A2 + 2. («d) + 145 (A,* + 2277 + 2,7 (ad)* — . . .},
P = 124, (ad){l — d5 (32 4+ 2, («d)® +. . . }, |
= 227 (ad){1 — 5 (3,2 + 4% (ed)? +. . .} — P,
= (QJad){l + thy 2222 (ed)* +. . .} — P,

R = 34, (ad){l — 135 2222 (ad)* + . . . } + 20Q + o*P
and R = (2fad){(A? + 2D)[AAy + My (0d)® 4 . .} 200" + 2P
also 20, Ty = 32222 (0d){1 — 2522 F 2,%) (ad)® + 745(62," + 5422,% + 64,% (od)* — . . )
and i) Ty Ty = (2/ad)*1 + Tg(.alz + 22 (0d)® — 5(A0 — 52,2,2 + A (ad)* + ... ).
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Then, by substituting in formula (27)

6 _
+ 1+ L (Es/EA) (ad)®{(2,2 4+ 2,%)/4,2, + 20 + terms in (ad)® etc.}

and if (s/d)* is negligible in comparison with unity,
e =} (@)1 + 2 (5/d) + } (EQESY( + § (Es/GA) («d} . .. .. .. (36a)

The term § (Ed/Es) in the numerator of (36a) represents the resistance of the core to bending;
but the tendency of the core to buckle has not been taken into account and to correct for this
omission the value of ¢, given by (36a) has to be divided by 1 + 1K (Ed/Es), where K is very
nearly unity (see R. & M. 1987, Appendix A). (A similar correction will be made later to be
value of ¢, deduced from formula (26), but in this case the appropriate value of K is about %).

§A1 4 (AE[SE) 4+ 1 + (2s/d) + (s/d)® 4~ terms in (ad)? etc. J N L (38)

The corrected value of e, is then
e, == (0d){1 + 2 (s/d) + & (Ed[ES)I {1 + 3 (Es/Gd) (od) {1 + § (Ed[Es)} (37)
and this is of the form 1/P, = 1/P, + 7, .. .. .. .. . .. .. (37a)
where P_is the critical load = (2Es + Ed) e, ,
P, is the Euler load = {Es (1 + 2s/d) + § Ed}{cd)?

and 7 = 1/G {1 + 2 (s/d) + § (Ed|Es)} is the effective shear constant.

The formula analogous to (36) derived from formula (26) is
(05 {(BAJES) — o2hy (5/d) (adf}1 — 1 (7 + 2 () + . . .}

C == 5o 2

- 2=l 42+ (ES/EA) 2+ 35/d) (@)
| (od)* (Es[EA) {1 — § o* (EA[Es) 4 § 242, (od)”}

Assuming that (ad) is small, that Ed/Es is comparable with (ad)® and that (s/d)* is negligible,

and correcting for the tendency of the core to buckle, formula (38) leads to the approximate form

o L5 (Bd[Es) — {§ (4" + 4°) (BEd|Es) + 30,2, (s/d) (ad)®

(38)

O ) (BSEA + § (BB — 1o Ed]ES) .
and for very small values of ad, assuming o¢* to be negligible in comparison with unity
e, =2 (EdIES)[(ad){l + L (E4/Es)} . .. .. .. .. .. .. (38b)
Then using (36a) and neglecting (s/d) in comparison with unity
6,6, = 1 (EAIEs)[{1 + HEs/GA) (0d)’H{1 + HEA/ES)} . .. .. .. . (39)

The factor 1 + 3(E;s/Gd) (ad)?is retained because E s/G 4 may be large, but a first approximation
to the critical value of » when e is zero is A

9, = (EdJ2E.5)" . L (3%)

This is the condition for instability of the Brazier type.

Unfortunately any attempt to apply formula (38) to cases for which («4) is only moderately
small seems to lead to inconsistencies. These applications indicate the possibility of a true
out-of-phase instability in the range of («d) between the high value characteristic of true wrinkling
and the very low value characteristic of true Euler instability ; but they do not suffice to
determine even a crudely approximate value for the minimal value of ¢,. This possibility and
particularly the question whether ¢, may ever have two minima in the whole range of o, has
therefore to be discussed on the basis of the original formula (26) with the complete forms (28)
for P, Q and R and without any approximation.
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As an indication of a possible interpretation of formula (38) we may write

o (as)? 2ES/EA) ’ ’
¢ 201 — o) (as)” . .. . . . .. .. (40)
when the minimum value is {2(E,s/Ed)/3(1 — o)}'/*, .. . . . .. (40a)
when (ad)* = 2{6(1 — o) (E4°/ES%)}*. ‘
This minimum is applicable only if (ad) < 2, so that (d/s)" 2 (EJE,). For example if

E|E, = 12,000, (s/d) must be greater than % and e, > 585 At such large values of «d,
formula (37) reduces to e, = G,d/2E s, so that formula (40a) represents a practical limit mly
if G,/E, >1/6000 ; that is Gd/E must be greater than 2. - This condition is likely to be fulfilled
only by an abnormal material.

8. Conclusions.—Under the combined, action of a uniform compression ¢ and a bending strain
v, so that the compressive strains in the skins are ¢ -+ o, a sandwich will become unstable when
p® = (e, — €) (e, — ¢), where ¢, and ¢, are critical strains under pure compression for out-of-phase
and in-phase buckling over a common wavelength ; the ratio of y to e being given, the wavelength
will be such as to render ¢ or » a minimum.

For true wrinkling instability over a short wavelength, ¢; is only slightly greater than ¢, and
distinction between them is unnecessary. In this case therefore the condition for instability is
¢ + v =e¢,, where ¢, = K(EE//E)* and E, is the longitudinal modulus of the core material,
E, is its transverse “modulus and E, is the modulus of the skin material. The value of the
constant K depends primarily on the ratio of the thickness s of the skins to the thickness d of
the core but also to some extent on the ratios between the elastic constants of the core. If
s/d < 1&5, the value of the constant K varies very little from 0-6.

In cases of instability over longer wavelengths ¢, is likely to be appreciably greater than e,.
In that case, assuming y/e = k (const), the condition for instability may be written

)1 1~—k2_ o

S {6 *_ &, i \/[(61 - 62)2 + ‘4k26162;|}‘ ’

L€

that is

or

Dot Qp ot

== Ze .. —{e, + e, + (e, — ¢, + 2R%,)} assuming ¢, > > ¢, and £ < 1 say.
The least value of ¢ is then given by 1/e = 1/¢, 4+ £*/e,, so that e < ¢,; but the strain in the
more heavily loaded skin = (1 + k)e = (1 + &) e,e,/(e, + F%¢,) and this is greater than e,.

Under pure bending, instability occurs when ¢ = (¢e,)"* and over long Wavelengths this
condition represents a kind of instability of the Brazier type.

9. Further Developmenis.—Some further analysis is required of the types of instability
characterized by moderate wavelengths, which may occur in sandwiches with relatively thick
skins (d/s < 100) In this analysis it may probably be necessary to examine a wide range of
elastic properties of the core material.

Apart from the uncertainty in this field intermediate between true wrinkling and true Euler
instability, present information as to the conditions for instability appear adequate ; but standard
means of measurement of the elastic properties of the core and particularly of its shear modulus
need to be adopted. Then by tests on a carefully chosen series of sandwich struts the values of
the constants in the theoretical formulae should be checked. \

In the theoretical field there is need to extend the theory of sandwich panels both flat and
curved to aeolotropic core materials.
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APPENDIX
Application of Theory of Part 111 to Steel-Formvar Sandwich Struts by J. R. Riddell, B.Eng.

In order to provide an illustration ot the application of the paper, a fairly extensive series
ot computations has been made for one particular range of sandwich struts. These struts consist
of expanded formvar core and steel skins, with the following properties :—

Young’s modulus of skin material E, = 30 x 10°1b./sq. in.
Young’s modulus of core material longitudinally £, = 22,000 Ib/sq. in.
Young’s modulus of core material transversely £, = 1,800 Ib./sq. in.
Shear Modulus of core material G, = 2,800 1b./sq. in.
Thickness of core 4 = 0-492 m.

The Poisson’s ratio of the core material has been taken to be ¢ = 0-124 and four values of the
skin thickness s, namely 0-00100, 0-00288, 0-01016 and 0-02000 in. hgve been considered.

This range of struts includes the set described in R. & M. 21434, and the moduli tabled above
are taken from this paper, as are also the value of ¢ and the values of 0-00288 and 0-01016 in.
of s ; the values of 0-001 and 0-020 in. of s are included here in order to provide a more complete
illustration of the effect of skin thickness. The value of Poisson’s ratio forthe expanded formvar
was not accurately known ; the value of 0-124 has been used because this value gives 1, = 4, so
that the computations were slightly simplified. As a check some cases were computed with -
o = 0, but this change made no material difference to the results.

Fig. 2 shows the values of ¢, and e, plotted against as for the four values of skin thickness.
It is apparent that for this range of sandwich struts at least, ¢, has but one minimum over the
complete range of «s, and that e, is always greater than ¢,. At high values of as, however,
when both 7, and T, are indistinguishable from unity, ¢, and e, are almost exactly equal.
When d/s is greater than about 40, ¢, at first increases with as, reaches a maximum, falls to a
minimum, and finally increases slowly. The minimum value of ¢, (the wrinkling strain) is very
nearly constant at about 0-00150 and occurs when «s is about 0-072; these figures agree well
with the approximate values ¢, == 0-00145 and as = 0-073 obtained from equations (33c) and
(34d). When d/s is less than about 40 both the maximum and minimum values of e, are
suppressed, and the value of ¢, increases continuously with as; moreover ¢, and ¢, do not become
approximately equal until «s is appreciably greater than the value indicated by equation (34d).

The part of the ¢, curve at low values of as represents buckling in-phase over a long wavelength ;
that is, modified Euler instability. Therefore the incidence of this type of instability is most -
conveniently represented in terms of the half-wavelength / = #/«, which may be regarded as the
length of the (pin-ended) strut. If the strut is short, the value of « = =/l may correspond to a
value of ¢, greater than its minimum value e, for wrinkling ; but for long struts the Euler mode
may give the lower value of ¢,. Thus in Fig. 3, as the strut length / is decreased, the critical
strain for struts with d/s > 40 increases until a strain equal to the wrinkling strain e, is reached :
then the critical strain remains constant at ¢, until as (== =s/l) exceeds its value at the minimum
(wrinkling) strain in Fig. 2. For still shorter struts the stress in the skins would increase until
the limiting compressive strength of the skin material might be reached ; but even with thick
skins (0-01 in.) this increase above the wrinkling stress affects only struts shorter than % in.,
so that the effect has no practical significance. When d/s < 40 there is no true wrinkling con-
dition and the critical increases continuously as / is decreased. At the same time, the tendency
to wrinkle is indicated by a partial ““ arrest ” in the curve.

The approximate expression for ¢, with small values of « (long wavelengths) given in equation
(37) has been computed for the four values of d/s examined. These approximate values, when
e, 1s less than e,, are always less than the values obtained from the exact expression, equation
(27), but the percentage differences for values of d/s of 492, 170-8 and 48-4 are not considerable,
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being about 15, 7 and 3 per cent. respectively. When ¢, is less than e,, wrinkling type failure
will occur and equation (37) ceases to have any significance. When s = 0-020 in. (d/s = 24-6)
the percentage error is very small (less than 3 per cent.) until as equals about 0-03 ; then, after
the “ arrest ” indicated in Fig. 3, the exact value.of ¢, begins to increase appreciably, while the
approximate ¢, tends to a limiting value of 0-00124.

It is therefore apparent that, for values of d/s greater than about 40, a sufficiently accurate
approximation to the critical strain in both Euler and wrinkling modes may be obtained from
equations (37) and (33c) respectively.

In Fig. 4, p; the load per unit width carried by the strut, is plotted against the length of strut /
on a log-log basis. For simplicity it has been assumed that the skins carry all the direct com-
pressive load on the strut. Then p = 2sf = 2sE ¢, where fis the compressive stress in the skins ;
correction for the load carried by the core would bhgh‘dy raise the curves, particularly those for
the thinner skins. In Fig. 5 this stress fis shown plotted against the structure loading coefficient
p/l; the wide range of values of p// from 0-01 1b./in./in. to 10,000 1b./in/.in. has been covered
1 order to illustrate the variations in f over a compreheusive range. The majority of practical
design cases are likely to fall in the range 1 to 100 1b./in. in.

In Fig. 6 the results otherwise shown in Fig. 3 have been replotted for struts of various lengths
on the ordinates (s/d) (£ /E,)"® and f/(E2E)Y® used by Gough, Elam, de Bruyne, 19393, Since
computed values were available for only four values of the skin thickness, the curves so plotted,
particulaily for the shorter struts, may be appreciably in error. It is apparent, however, that
the curves are generally similar in "form to those plotted in Ref. 3, Figs. 13 and 14. To obtain a
closer check on the shape of the curves in Fi ig. 6 many more valtes of the skin thickness would
have to be considered. It is worth remark in both Figs. 3 and 6 that Euler instability of long
struts is independent of the ratio s/d.

It must be emphasised that Figs. 2 to 6 deal with only one special set of sandwich struts with
known materials, dimensions and moduli ; these curves afford one illustration but not a complete
picture of the results of the paper. It is probable that the results are typical, but until this
probability has been investigated over a wider range of cases, the possibility that different
materials may exhibit radically different properties must be borne in mind.
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