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Varistions in the strength of aluminium alloy sheet
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SUMMARY

In the design of aircraft gtructures allowance is made for variation
in the material strength of sheet but the thickness of the sheeb iz usually
agsumed to be constant at the nominal velue for the gauige used,

Phickness variatlon may appreclahly affect the Tensile strength of
nominally identical picces of sheet, espceeially when the tolerance range
in thickness is wide. 4 method i1s given in this note for calculating the
distribution of strength when the mean and scatter of material svrength
and the mean and seatter of thickness of pieces are known., Expressions are
given for the mean and scatter in strength of pieces and, for those cases
whore the distribubion of the strength can be taken as normal, design
vdlues can readily be deduced from the expressions.
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4 Introduciion

This note is concerned with two sources of voariation in tensile
strength of nominally identical picces of alumindum alloy sheet. The
strength of such picces depends on the strength of the materiel and the
area of the scetion through which load is applied; din plecce of a given
width of section the strength is proporiional to the product of material
strength and thickness. As both the material strength and the thickness of
pieces which have been cut from sheet of a given gauge made of a specified
material vary among themselves there are two scurces of variation in the
strength.

The purpose of the note is to show how the fotal effect of the two
sourccs may be estimabted, Although in design 1t is usual o take accounb
of variations in material strength only, the thickness belng assumed constant
at the nominal veluel, there may be occasions whon the effcet of thickness
variation should be included. TFor instance, if the average thickness is
apprecisbly above nominal value, and there is littlc scatfer in thickness,
structures will be stronger and heavier than calculalions based on the
assumption that the thickness of &ll sheets is at nominal would indicate,
Or if the average thickness is near the nominal but +therc is a wide scatter
in thickness there vill be too many weak structures.

It will be shown tuat when the mean and stendard deviation of both
material strength and thickness are known, the total effect can be easily
calculated if the maverial strength and thickness of pieccs are normally
disvributcd and independent of one another, that is there is no tendency
for the material in thick pieces to be stronger or weaker than in thin
pieces. In these circumstances the mean and standard deviasion of the values
of the product con be found and, as in mostv cases the distribution of the
product velues is found o be normal, design velues* for the picces of
sheet can readily be deduced.

2 Estimation of the foim of a distribution from a2 sanple of moeasurcments

Let us consider, to begin with, the way in which a measured vorizble,
say bthe thickness®® of pieces of shect cut from a bulk supply of shect of
given nominal thickness, are distributed. If the thicknesses of o large
sample of pieces taken at random are mcasured it is found that a consider-
gble number are at and near the mcan value and that the numbers with
thicknesses on ¢ither side of the mean become less o3 the departure from
the mean becomes greater, The mumbers can be prescnbed as a histogrem in
which the height of a column stands for the number of speecincns in the
sample having thicknesses within the range defined by the width of the
colam; -

* These design values are for tensile strength, Variatlons in strength to
resist failure by instebility are not dealt with.

** flere, and throughout this nove, the thickness of a piece of cheev 18
taken vo be the mean thickness of the plece.
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A frequency d&istrabution, such as this, not only gives the proportions
of sample pieces which fall within given ranges of thickuess but also
estimates of the proportions in the bulk supply which fall witkan the given
ranges. The larger the sample the closer is this estimate likely to be. If
the semple is large enough and it is desired to use it to estimate the
proportions of the bulk which fall above or below any proposed value of
tiickness, a continuous curve may be fitted to tue histogram or, alternatively,
the mathematical form of the curve may be found. If the curve turns ous to
be as shown below the proportion of pieces having a thickness less than 14
is given by the ratio of the shaded area to the whole area under the curve.
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The form of curve may be found by caleulating first of all the mean
of the sample values and the second, third and fourth moments sbout the mean.
If x represents the thickness of a member of the sample and there are n
members in the sample the mean is defined as

. IX

in which $£x stonds for the sum of all the volues of x. The moments {(which
ere quanfities omalogous to the moments used in mechanics) are defined as:
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Thus, the second, third and fourth moments ebout the meaa are the means of
the sums of saquares, cubes snd fourth powers respcctively of the deviation
of sample members from the mean of the distribution, The first moment
about the mean, p4 , 18 of course alwsys zero., The second moment sbout the
mean, Mo , is known also as the voriance and its squarc root is the well-
known standard devieiion, a quantity commonly used as a measure of scatter.

Details of the method by which the moments arc uscd to identifly the
form of the curve are given in a standard work by Elderton?, When the
moments have been compubed the next step is to evaluite two parometers
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The values assumned by these identify the curve as one of & wide range of
frequency curves due to Pearson. For example, if B, 1is zero and § > is 3
the curve 1s the normal curve of Gauss, the formula for which is
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where x is the variate, o is the standard deviation of the distribution,
and y 1s vhe frequency ordinave, This curve is symmetrical and
bell-shaped:~




The area under the curve is umity and the proportion of values below
X
-1

x is j ¥e.0x . For prescribed values of X and ¢ the value of this

expression can be found from tzbles of the normal probabiliiy integralj.

The normal curve is one of the Pearson range, If the curve does not
appear to be normal, the gquantities
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provide criteria for selecting the best fitting curve from the other
possible curves in the range. The formulae for curves corresponding to
given values of the criteria are given by Elderton.

3 Derivation of distribution of strength of pieces of sheet

Now suppose that the thickness x' of pieces of sheet of given gange
is normally distributed with mean mq and standerd deviation s4 and the
material strength x" is normally distributed with mean mp and standard
deviation sp, All the pieces ars of the same width of section so that the
strength of each plece is proportional to the product of material strength
and thickness. To find the discribution of strength of pieces we therefore
have to find the distribution of this product.

There is no general expression for the form of the product distribution
but formulae giving its mean and moments in terms of the means and standard
deviations of the contributory dlstributions may be deduced® from a note by
Irwink, The mcan of the product distribution is given by

“1| = Iy My

* Irwin gives, with a slight change of notation, the rth cumulant of Two
normally distributed independent variates as

2 2 27 r=2 =2
ke o= (r - %{(51 mp® 485" m%) + 8s% g 82
(vhere r is even)
and

K. = ri mym, sﬁ'q szr"1 (where r is oad)

The cumulants are closely relafed to moments sbout the mean and the
valucs of the moments glven in the text can be deduced from Irwin's
expressions.

- f -



and the second, third and fourth moments (the moments we need to determine
its form) are

2o 2
p} = 6 m1 m2 51 82
By, = 6 512 522 (2 512 m22 + 2 512 m,|2 + 312 322) + 5“22

The mean strength of pleces is proportional to the product of the
means of thickness and material strength, From the formula for L, we
have that the standard deviation of the product value is

2.2 2.2 252
\/51 m2 -I-Sz m1 + S1 92 .

When the moments have been evaluated the form of the dlstribufion can be
found by calowlating @4 and B, as descrabed in para 2. Although the
strict requirements for normality i.esy By =0 and By, =3 carmot be met
€xcept in unreal cases as for example when sy oOr sp are gero, it will
generally be found that the normal distrabution is a sufficiently close

approximagion for practical purposes, An example showg the method of
calculation.

4 Celculated Form of Distrabutbion

Supwese thalt we have fto celeculate the strength disctribution of
pleces of sheet 36 in. wide when it is known that the material strengih is
normelly distributed with o mesn mq of 30 tons per sq.in. and a stendard -
devietion s4 of 1 ton per sg,in. The meen thickness is known to be
0,086 in. with a stondard deviation of 0,002 in.

We have for the distribution of the product

2458

n

hy = 0,011

by = 0.0000619

By = 3" = 0,000000361
and (51 = 0.00038
82 = 3,00036

As B4 1s very mearly zero end Py, is very nearly 3 the distribution
can be taken to he normal.



The mean scrength of pieces 36 in, wide is 36 x 2,58 tons = 92,88 fons

and the standard devietion of strength is 36 x J0.0H = 3.78 tons., The form
of the disvribution is sketched in Fig.1{a).

Zetimering a design velue

For design purposes it may be required to find the strength below
vwhich a very amall proportion, say one in a thousand, msy be expected to fall.
Tables of the noraal probability integral show that the value of strength
below which the area under the curve is one thousandth of the whole arca is
3¢t times the standard deviation less than the mean. Hence the requircd
value is 92,88 « 3.4 x 3.78 = 81.16 tons.

Comperison with design values estimated for no scatter in thickness

It is ainteresting to compare the sbove design value with the one which
would be obtained on the assumption that there is no scatter in thickness but
that all pieces have the average value of thlckness and that only the
material strength varies, The form of the distribution is shown in Fig.1(b).
It has a mean of 92,88 tons and a standard deviation of 0,086 x 36 = 3.10 tons.
Ihis single variate distribution is clearly not so widely scatvterel as the
product distribution and the design value {corresponding to the reqirement
that only one in a thousand fells below it) is aow

92,88 - 3,41 x 3,10 = 83,27 tons ,

We can also compare the product distribution design value with the one
which would be obtained on the agssumption that there is no scatier in thick-
ness but all pieces have the nomingl value of thickness (the assumption
usuelly made in design), The form of the distribution is shown in Fig.1(c).
It has = mean of 86.k4 ions and a stendard deviation of 0,080 x 36 = 2,88 tons.
The design value (corresponding to the seame requirements as before) is now
7747 tons. Thus, there is a differcnce bebween the design value derived
from the product distribution snd the one derived from a distribuction in
which the thickness is assumed constant at nominal of 5.8 tons (or about
7 per cent).

The examples are given only for illustration and are intended to show
the order of difference that might be obfained in practice. The standard
deviation of thickness influences the difference and the value of 0,002 in,
is probably rather higher than would be obtained in many cases. It is very
much higher of course than would be cbiained in specially made close
tolerance sheet used in the construction of some sircraft.

5 Conclusions

The conbined effect of variations in material strength and thickness
on the tensile strength of pieces of sheet can be caleculated if the material
strength and thickness are both normally distributed and the mean value and
standard deviation of both are known,

The caleulation leads to design values which may differ significantly
from values derived on the assumption that the material strength is
variable but the thickness is constant at the nominal wvalue or the average
velue for the sheet.

The method of calculation deseribed may be used fo find the distribution
of the product of any %wo variaghles which are independent of one another and
are normally distributed.
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