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ERRATA
Page 6 - Equation 19 should read;-
av 2 daM
— - - ooa(19)

v 2+(y-1)M M

Page 7 - Equations 21, 23 and 2 should read:-

aP 2 f1+(y-1) M} an aa
em B e jmeem——e———————— - — voo(21)
P 2+ (y=-1)¥ M A
gvdpP 1 38 201+ (y-1) W] au
mmmm T m ommm e = mmmmmm—emmee————— e e{23)
v yM® A 2+ (y-1) M w
fal.  aA 2 (1 - M%) aM
----------------------------- = 0 eoo(2L)

Fig. 11. In thé upper series of curves, on the extreme left, the space between
M = 0,3 and M = 0.4 (both correctly posationed), has been divided into
eight parts instead of 10.
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SUMMARY

The report presents an analytical study dealing vrith the adiabatic
flow of gases with frictiomal losses through ducts of constant and varying
cross section. The thermodynamic treatment is along lines published by
other workers such as Bailey and Fabri and is essentially one-dimensional
in character in so far that frictional effects are assumed to be uniformly
distributed over the total cross sectional area of flow. With this
simplifying assumption, relationships are deduced counnecting the pressure,
temperature, velocity and flow area of the gas at any one plane with those
at any other plane in a duct.

The moin relationships are unusable for quantitative estimation
except through graphs and the main value of the report lies in the

presontationof these graphs, the use of whach should facilatate the

solution of duct flow problems.
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10 Introduction

The subject of the flow of gases in ducts forms an important appli-
cation for the science of gos dynamics and 1ts analytical treatment is of
obvious importance in those branches of engineering involving flow machinery
such as turbinc engines. The part of the subject of duct flow dealt with
in this report comprises casecs where 1t may be assumed that the flow is
adiabatic 1.€. no heat is transmitted to or from exteornal sourcces. Such
cases have application to flow in diffusers and propelling nozzles of gas
turbine and ram Jet engines.

The treatment given here is for ducts of varying cross sectional
area, includes for the effects of friction, and makes the usunl simplifying
assurption that the flow ip one-dimcnsional i.e. the cffects of friction are
distributed uniformly over the cross-scctiomal arca of flow instead of being
confined to the boundary layers as they arc in practice. Nothing original
is claimed for the analysis; it is considered that the main value of the
work lies in the resulting gencralised curves forming port of the report
which are, as far as is known,presented for the first time to a large enough
secale and in sufficient detail to facilitate the solution of duct flow
problems.

Work by Neil P. Bailey (reference 1) and Jean Fabri (reference 2)
has been freely used by the Author in this treatment and acknowledgement
is made of the help their original work has afforded.

2.0 The basic equations

At any plane in a duct the flow equation is

AP, R Y+l

. Q 1s the fluid mass flow, coustant over the length of the duct. Ty
is the total head temperature which from the principle of the conservation
of energy 1s constant over the length of the duct i.e. the flow is adiabatic.

Py is the total head pressure at the plane considered. This in ‘the
presence of friction, will fall over the duct length. A is the area of cross

section at the plane cousidered and M the Mach numner of the flow at that
plane.

R is the gas constant and vy the ratio of specific heats KP/KV.

Egqn. (1) 1s plotted in Fig. 1, for subsonic flow ouly, in the form

T
of three parametors: o i against M with curves of v.
t

Also at any plane the rclationship between total head and static
pressures is given hy

X
-1

P -
P 2




~5a
This 1s plotted in Fig. 2, for subsonic flow only, in the form of
three parameters: Py/P against M with curves of y.

Finally the relationship between total head and static tempcratures,
in the form for most accurate calculation, 1s gaven by

o7 1
T " - 5 et aarae e r et (3)
(v - 1) M2

Here 8T 1s the differencc between the total head and static
temperatures 1.e. the temperature equivalent of the velocity. This eqn.
is plotted in Fig. 3 up to X = 2.6 1in the form of three parameters: &T/Ty

against M with curves of ve.

3.0 Evaluation of Mach number

In the classical proof of the equations for maximum mass flow under
insentropic expansion in a nozzley the ratios of the throat or critical
values of the static temperaturc and pressure to the total head values
are given by

T 2
L. ..........................................(#)
Tt Y+ 1

X

y-1
Eg: 2 ..-IICI...I.I'.....I...'..-..."...(5)
P't ’Y'+l

while the critical velocity is given by

2
vc - gYRTc -c---on-c----c---oo.uc-oo‘-onn----nlnnalo(6)

It 25 to be noted that in this classical proof v is defined as the
mean value between Ty and T, i.e. over the range of the expansion.

In turn the Mach number of any veloeity of flow V is defaned by

M = V;_ .......-...............................(7)
VevRT

where T is the static temperature corresponding to velocity V aud v is the
mean value between Ty and T.

It will be found (soe Aﬁpyndix VI) that the trcatment here
developed of flow 1n a nozzle with friction yields 31 = 1 in the
throat vwhen the mass flow is a mmxiriun,

4.0  Main-dnalysis
Tay -
The din?rential equation for resrsted flow may be written

2

£V dL '
\VdV+ngP+ 2h 1:0 c'cc----ono-.oo.o--locl.-.lol.(a)
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where v is the specific volume (l/p)

dL is an elemental length of the flow path

' 1s the friction coefficient

and h is the hydraulic mean depth.

This will be combined with the equations

2 .

gYRT
P = PRT
Q = M
Tt = T +

M 27
£ e
P P
ae . 4
P A
dT.g__Y.g'..V_.

to obtain differential equations

independent variable.

0 %L S PEDby ey

LR N N AR

IR EREEEEE RN DN

...... C)

veerensn.(10)

..Il.l.l...-!l.'l'.".Ill"'l'!l"l.ll!'(ll)

ve

m LR R B N R N A I I N B B N S

and with their respective differential equations

cerenenaa{12)

av

a—mnn = O L R R R A I N I R R O A S . L]

> (13)
dr

— - O ..uc‘l!ll.l'.b.-.IIO""IIllil

= (2)
%; = 0 (Q berng constant)ee.eneivass (15) .

L.l Derived differentinl eguations

0 (T4 being constant)

for any change in terms of M as the

In all the above equations consiatent walues of K, and v, i.e.
moan values over the temperature rauge T, to T, ecmable combination of
various egquations to be effecied,

Thus from equations

(9) and (16), &
v
(13and (17), £ -
iy
av _
(13) and (18), el
(14) and (15), £ -

1 aT

. e —— e ——, ——t

(y-1) M ©

_2{y=2) ¥

2+ {vy~1) M2

—— T et T ey

Bty s s N eR TR PEERDS

Creeen (18)

vessesneas(19)

ceevena(20)
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(
8), (19), an , d_P=211+(v—1)M2} a_ a
(18), (19), and (20) 5 PACT i R -2

The basic eqn. (8) can be written

@-}-ﬂ*‘m = 0---ncllu-nlo‘.oo-olu---ucl---n|0000(22)
2h v V2

Now 53_3_13 = 53_213 & ysing (10),
v Ve P

= _1.._ -qE. U.Sing (9);
M2 P

f 2]
1 odd 291+ (y=-1) My d
—— S8 &8 2% el 2
2 A 2+ (y - 1) ue YR (23)

by using (21).
Then combining eqns {22) and (19) and (23)

£AL s 2 (1L-¥)aM
oh M2 2 {2 + (v - 1) M)

J

The required differcntial equations are then (21) for the pressure
change and %24) for the friction-length effect.

O vevinnnnnnncnanaeas{2h)

At this point the further anslysis may convenlently be divided into
two parts - one for constant area, and the other for variable arce ducting.

5.0 The equations for constant aree ducting

Here dA = O and eqn. (21) becomes

- QM{%2++(E’Y-—13)M1‘2'15}M ..... veenas RN ¢-13)

This equation is integrated to give

(13
P

log, P = -l%gb-%hme{2+(Y—1)M2}+cmmmwt..“u(%)

or between planes 1 and 2 1n the flow path

Y [ —_

Po My [ 2.+ (y=1)1°2

ralerd - - '.."‘l-l-..".......'..'..(z?)
Py . Mo “/2 -l-:'(Y’- l) ME2 .

Also, egn. (24) becomes a

Yf@_i;fé i 2 (;L“-fif{z)ﬁde%j .-...-o--.--..---......-...-(28)
2}}“:'??*3{3{2 Tk 1)‘M%}

- 3
=il
e
r LA
= S\ N
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Tpis equation is integrated %o give

YfL M22 - M12 Y+ 1 h@2 2+ (y-1) M12
= - log,

= cenae(29)
2h 7 2PN, 2 be W2 2+ (y-1) 2

where L is the pipe length between the two planes considered. yfL/2h is
conveniently shortened to & and may be called the "pipe functron®.

5.1 The graphs for constant arca ducting

The treatment 1s simplified by ruplacing the second plane referred
to in para. 5.0 above, by that plane, actual or hypothctical, where ¥ = 1.
This critical plane is then referred to under suffixed symbols P,, &4
etc. At the same time the numbering of the prumary planse may be smitted
and that plane referred to by symbols without suffices as P, M, ete.

'Then egns. (27) and (29) become respectively

1 ¥ 1
E- - _../ Y ------ nn--ool.o-onn.lnaoooootcl(BO)
P M N2+ (y=-1) M
vE'L, 1 -3 v+l 1 24+ {y-1)u
Eg = ° = - logg — -"'!0(31)
oh Al L N2 v+ 1

where L. 18 the pipe length between the section under consideration (normally
either entrance or exit) and that plane, actual or hypothetical, where M = 1.

In the plotting here given, only subsonic flow is covered. Three
graphs are included, Pig. 5 coveraing the range M = 1 to 0.1, but, for
the sake of accuracy, being actually used for the lower portion only of
that range viz. from ¥ = 0.16 to 0.1.

Two enlargements of the upper portion are then given viz. Fig. 6
covering the range ¥ = 0.35 to 0.16, and Fig. 7 for the remeining range,
M= 1.0 to 0.35.

In these graphs pressure ratio, p, = P/P s 18 plotted against pipe
function, &, = ¥FL,/2h with lntersecting’ curves ®of ¥ and Yo

To 1llustrate the use »f these graphs an example 18 included in
nppcndix ITI. The usual problem of finding the total head pressure drop
in a length of ducting is set and the method of accurately estimating this
my be followed 1n the example.

6.0 The equations for convergent and divergent ducting

Eqn. (21) is integrated directly to give

logg P = -~% log, {2 + {y = 1) MZ,} - log, M - log, A + constant ..(32)
or between planes 1 and 2 in the flow path ,
Pa 1 2+ (y=1)m2 M1 A1

log, — = — log + log, —— + lo - ereeeeened(33)
ePl 2 624‘('\("‘1) M22 gGMZ geAz
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This simplifics to the cquation

P—-—l{é = -‘ﬁ‘lMl /2+ (Y-l) Iquz LI S A L I O I R BN B RY IR BB AN IR Y N BN ) IC(BJ—I-)

Fquation (24) is revritten

vedL  aa 2 (1 - M%) au

2h sz, M3 {2 + {y = 1) Iv12}

YE 4 an 1) an 2 (1 - ¥2) au
?h_gf:_m_“z/ o Ifi3{2+(Y—l)M2}

Now fx/}l

becomes
vt S dL a2 (1) a

\Z 1—% TdM3{2+(Y—1) M2}

S, the perimester of the cross-section, hence the egn.

LY

N & ).

If the first term within the bracket were constant, integration
would be possible following separation of the variables. As the vf/2
is constant for purposes of the integration, it remains only to examine
the remaining term S dL/dA. It 1s found that, for certain simplc tapering
ducts formed by conic and pyramidal frusta, this term docs inducd remain
constant.

This being so 1t is couvenient to rewrite eqn. (35) in the form

0.:""]'-_ g{’: = 2(1-.‘“&2) au R R R R R R R R .c-(36)
I M3{2 + (y~1) MZ},
'W'herc [N = ..Y...f.. -S.-_._a{{ o-n-on-tonatcu-un'ou-------nobo(}?)

2 ah

Certawn cages are cited in .ppendix IV in which the quantity
S dL/d4 1s derived in terms of the duct geometry.

Thus for the special cases of circular or square cross-section
frusta

yf
a8 = m rraveeresrr ey L R .-.--n(38)
where § is the half-angle of the cone or pyramid.

Turther, for the speclal cases of elliptical or rectangular crosg-
section frusta

a+ b

a = --caoclvul.p!vooloulutl.n.--.-n.ooo|(59)

4 b TanP

where B is the larger of the two halfwangles of the cone or pyramid.



- 10 -

Pinally for the general case of a break-down of the duct length into
a8 number of gshort lengths

o= & %E ..... e R X )!

where 5, is the mean perimeter of the short length 6Ly dA being the change
in cross-gsectional area in that length.

Eqn. (36) 1s integrated to give

1 ~g
1 = - - r— e
Ol log M 1+ %

logg (1 = i) vl

{2 + (v = l)M2}+-constant creveseane(41).

Then between planes 1 and 2 in the flow path

A N l-~-a 1 - aMy? v+ 1
loge'-'g' = 1oge—1‘+ — log, --—-----]-‘-5 +
Ay M, y~=1+2 1 - abiy 2 (y=-1+ 2)
2+ (y-1)M 2
log, Es ennn(42)
2+ (y=1) By
which simplifies to
1-q +1
) v-1+2q, ) 2{y-1+2a,)
s W (1-wa2 4“(*-1) w2 —
2 2+("{"1) M]_z

Ay Mo 1~ ais L

o being as defined above in eqns. (37) to (40) and being negative for
convergent ducts and positive for divergent ducts.

6.1 The graphs for convorgeunt and divergent ducting

The treatment is simplified by replacing the first plane, referred
to in Section 6.0 above, by that plane, actual or hypothetical, where
M = 1. fhis critical plane is then referred to under the suffixed symbols
Pey Aoy etcs (g being 1). At the same time the numbering of the second
plane may be omitted and that plane referred to under symbols without
suf'fircs P, Ay M, etc.

Then eqns. {34) for the pressure ratio and (43) for the area ratio
become respectively

LA / Yy + 1
Pc - IlM 2+(Y-l) M2 L R N R O R AT (M)
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1-a v+ 1

~1+2q 2 -1+ 20
A 1 l-a ¥ 2+ (v-1) M2 v + ) (45)
AC M 1‘@]\"1:2 Yﬂ'l

In the graphs, Figs. 8 to 19, P/P, (for subsonic flow) or P./P
(for supersonic flow), 1s plotted agalns%.h/hc with intersecting curves
of ¥ and g. Three sets of curves for v = 1.3, 1.35, and 1.4 admrt of
interpolation for any normal value of y. Subsonic and supersonic flows
are covered separately., Subsonic flow is taken down to about if = 0.1
and supersonic flow up to about ¥ = 2. .38 regards friction a range of
a of from -0.1 to 0 for couvergent ducts and from O to +0.1 for
divergent ducts enables cones of very small apex angles to be included.

To 1llustrate the use of these graphs an example is given in
Appendix V. The case chosen is that of expansion in the convergeut-
divergent nozzle of a Jjet engine.

7.0 The Mach number of flow in the threoat for maximum mass flow

Appendix VI gives the proof that in the simple one-dimcunsiomal
treatment of flow with friction used in this work, the kMach number of the
flow 1n the throat of a duct under maximum mass flow conditaons is unity.
This is regarded as a most satisfactory featlure of the treatment in so far
that it agrees with the simple qualitative result bascd on the fact that
pressure ¢ffects in a fluid can only be transmitted with sonic velocity.

8.0 The temperature-suntropy diagram for duct flow

Appendix VII gives the equetion for entropy change during an expansion
or compression. By analysing the change in the form a7 /dg, the geuneral
shapes of the expansion and compression temperature-entropy curves may be
inferred in explanation of the frictron process accompanying the change.
These are illustrated in Fig. 20.

9.0 Conclusion

It 15 considered that the plotting of the equations (unusable
directly, except through a graph) resulting from the simple trestment
of flow with friction eunables ducting problems %o be solved with a high
degree of consistency of result. The scope of the supersonic graphs to
cover higher Mach numbers of flow can readily be extended by additional
graphs as the requirement ariscs.
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APPENDIX T

List of symbols

= hrea

= Variable area ducting friction index

i

1

n

Half-angles of conic and pyramidal fruste
K/

Drameter

Pipe Function

Friction Coefficient

Hydraulic mean depth

Mechanical equivalent of heat
Specific heat at constant pressure
Specif'ic heat at constant volume
Length of ducting

Mach number

Pressure

Pressure ratio

Hass flow

Fuel=air ratio

Gas constant

Radius

Density

Perimeter

Temperature

Velocity

Specific volume

Entropy

10.1 = List of subscripts

Aircraft
Cratical

Mean



1

List of subscripts (cont'd)

Total head
Initial plane of refereunce

Final plane of rcference
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AFPENDIX TIT

11.0 The value of ¥y

¥ 1s obtoined fundamentally from.KP using the fact that R is constant
at 96 ft. 1b. p. 1lb. - °C., i.e. Ky, = K, 1s constant at 0,0686 C.H.U. p.
1b. -°C. for air and eombustion products of hydrocarbon fuels. In turm
Kp is dependent upon T. However, frequently the range of an expansion or
compression is indicated primarily by the pressure ratio. Making use of
dota given in Reference 3 dealing with the thermodynamic properties of air

and combustion products Fig. 4 has been prepared to read directly the
temperature range corresponding to any pressure ratio (and efficiency of

process) so that, knowing the initial temperature of the chonge, the fimal
temperature can be read with sufficient accuracy to moke a satisfactory
estimate of the mean KP for the change.

Further, iunstead of obtainling the mean Kp over the temperature
range so given, 1t is supgested thot the true KP at the arithemetical

mean temperature be used. Not only s this a much easier operation than
that of obtaining the mean Kp but for low pressure ratios (less then 2)
it gives a more accurate answer since the random error to which the mean

KP method is subject exceeds the systematic error present in the suggested
method.

Thus Fig. 4 covers five parameters, p (pressure ratio), n, (polytropic
efficiency), q (fuel-air ratic), Tq and To (initial and final temperatures)
ond is used to obtain Tp = %‘(Tl + Tp), Ty being knowne. Kj is then read
from the curves of Reference 3.

The presence of 1, is umnecessary for the particular application

to flow in ducts where an assumption of 100 per cent will introduce very
little error into the preliminary calculation for mean temperature but has
the advantage of rendering the graph of general application to compression
and expansion in compressors and turbines of gas turbine plant.

For calculations involving the relationship between total head and
static conditions (as in Section 2.0 of the text) the true value of y at
Tm = %(Tt + T) would be used.

For other calculations the true value of y at Ty = %(Tt + T) would
be used, T being the static temperature at the end of the expansion or
beginning of the compression.
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APPENDIX III

12.0 Example of a calculation for constant scction ducting

12.1 Problem

Find the total hecad pressure drop an 10 £%. length of ducting of 15 in.
X 9 in, rectangular internal section with Q = 40 lb. pesec., g = 0.0185,
T, = 850°K., Py = 34.1 p.s.i.a., £ = 0.005.

12.2 Solution
15x9 _
h. = m =] 0023}4-5 ftt

YT _ LOV850
APt at entry = 15 % 0 x 4.1 0.2532

"

1

Guess v = 1.35. TFig. 1 gives ¥y = O.443.

Pig. 3 gives 8T/, = 0.03365 . . 8T = 28.6; T = 836.
K, = 0.2718; K, = 0.2032; y = 1.337

Fig. 1 gives My = O.L45 (no need to repeat calculations for y)

Fig. 2 gives Ptl/Pl = 1.1385 . . Py = 29.95

Guess v = 1.337 for the whole expansion through the pipe.
- . 0.005 x 1.337 x 10
801 802 = T 0.231'.5 = 0.1)4.25 ]
Enter Fig- 7 at My = O.45, v = 1.337 and rend g, = 1.152 and

P1/Pe = 2.390. Then ggp = 1.152 - 0.1425 = 1.0095
Enter Fig, 7 at g = 1.0095 and ¥ = 1.337 and read My, = 0.462
and Po/P, = 2.295.

(N.B. ¥y could now be recaleulated from a unew oT, using Fig. 3 with
My = 0.462 and ¥ = 1.337. However in this case this refinement is
unnccessary owing to the small degree of extra expansion in the pipe.)

Then P1/Pp = 2.390/2.295 = 1.0414
Heuce Py = ?9,95/1.04Lh‘ = 28.75

-

Fig. 2 for My = O.462.2pd vy = 1.337 g1ives Pyo/Pp = 1.1495

L e \."\b"u;: 2 - .

Fu %y e
T AR 2 : N
and s,éP:E:‘-J ’:_-j: ?'Ptl - Ptz = jL}_- 10

33,02 = 1.08 p.s.i.



APPENDIX IV
13,0 The value of o
- yf 8 dL
G;—' -5" T llllllllllll ‘D!.O.IC...'.I.I...'I..ll.(j?)
is repeated for reference.
13,1 Cages follow for which g remmins constant over the whole

length of the duct.

13.1.1 Right ocirecular coneg of radius r

Here 8 = 2qr, A = 7t1‘2, dh = Z2grdr.

Then S dL/dA = 4L/dr which is constant and equal to 1/Tang where B is
the half-angle at the cone apex Thus as quoted in the text, for this
case (and for that below in 13.1.2)

O TR 6. ;)

13.1.2 Right square pyramid of side 2a

Here S = 88., A = Ll-az, dai = 8& dao

Then S dL/d4 = 4L/da which is constant and equal to 1/Tanp where g is the

an - &
half-angle at the pyramid apex il.e. TanB = 2 1 where 285 and 2aj, are

the frusta sides of the larger and smaller eunds respectively and L the
length normal to the end plancs. o is then given in eqne (38)

13.1.3 Rightelliptical conec of semi-diameters g and b

Here b/a = coustant, say c; S = = (a +b) = x (1 + o) aj
A = gxab = g:ca2; dy = 2xreca da.

= L+c d . a+b 4Lgyieh g b
Then 3 dL/dA = e 3= % o 3o which is constan

dL/da = 1/Tanf where B is the half-angle at tho apex in the plane of
the major semi-diameter.

Thus as quoted in the text for this case (and for that below in
13.1.4)

- Y (axDd
o = ﬁﬁl (39)

13.1.4 Right rectangular pyram:d of sides 2a and 2b

Here b/a = constant, say c¢; S = 4 (a+b) = 4 (1l +c)a;
A = L4ab = Lea2; dA = 8 ca da

-

TthdL/dA = 1l +c¢ 4L - a+b 4L

52 % ° 5 @ which is constant.

dL/da = 1/Tanp where B is the half-angle at the apex to the bisector of
the lesser side. o is given in equ. (39).
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13.2 Por cases other than the foregoing 1t is unlikely that o will
remain constant over the - whole length of the duct. Then the duct length must
be broken down into short lengths for each of which it must then be assumed
that a will remain counstant.

Then for any one of these ssctions

a:ﬁ‘;&&_&* ............ feere tevenesaeeeaaaean s v (40)

where S is the mean perimeter of the section
58I+ is the length of the short section
A is the change in cross-sectional area over the short sectinoun considered.

13.3 In all cases & or di, hence B aund TanB, hence a, will be
negative for convcrgent ducts and positive for divergent ducts.
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HPPENDIX V

1L.0 Example of a calculation for conversent-divergzent ducting

l‘ll- .1 Problem

Pind the thrust given by a Jjet engine at its design point when
fitted with a convergent-divergent nozzle: altitude 36,000 f£t., flight
Mach number 1.4. At entry to the nozzle the flow conditions are Ty =
1087.5°%K. q = 0.02092; Py = 23.075; M3 = O.45. issume for

the nozzle design conical ducting for both convernent and divergeunt portions
of the nozzle, B = - 71/5® for the former and + 7 / ® for the latter.

f = 0.005. .itmospheric pressure, Pa = 3.283. nlrcraft Velocity,

V, = 1355.6. Q = 77.65.

.2 Solution

Using v roughly as 1.35 with My = 0.5, Fig. 3 gives for entry
conditions 804, /Ty = 0.03k 2.e. 8T = 37. Ty = 1069. K, = 0.2852.

Using ¥ = 1.317 and My = O.45, Fig. 1 gaves = 0.2665 whence

Xt
A = 2.892. Fig. 2 gives Pyy/Py = 1.1411 whence P; = 20.22

4 value of vy is mow required to cover the whole expansion from total
head inlet conditions to static conditions at exit from the divergent portion
where P, = 3.283. The pressure ratio over the wholc expansion is thus

23.075/3.283 = 7.03. Using m_ = 100 per cent and P, = 1087.5 Pig. 4
o0
gives Tp = 665 approx.

(N.B, If desired an efficiency can be applied to this calculation with-
out much effect on the value of y obtained).

Then T, = % (1087.5 + 665)
Y = 1.333.

876. KP = 0.2752. Kv = 0.2066

1.333 % 0.005 _ _ 0 cos
o - - 90233

For the convergent portion a

Use of a pair of subsonic graphs (for ¥ = 1.30 and 1.35) gives the
following table using ¥y = O«45 anda = ~ 0.0253:

Fig. 5 6 Diff. Diff.
Y 1.30 1.35 0.05 1.333 0.033
A e 1.454 1.448 - 0.006 1.450 - 0.004
Py/P, 1.614 1.634 0.020 1.627 0.013
Then A, = 2.892/1.450 = 1.995

P, = 20.22/1.627 = 12.43
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14.2.2 Design of the divergent portion

The pressure.ratio over this portion istPy/Pp = 12.43/3.283 =
3.785. a = + 0:0253 with vy remaining at 1.333 and again use a pair of
supersonic graphs (for v = 1.30 and 1.35) gives the following Table using
P./Po and a:

Pig. 12 13 Diff. Diff.
¥ 1.30 1.35 0.05 1.333 0.033
M, 1.918 1.918 0 1.918 0
/by 1.697 1.668 - 0.029 1.678 - 0.019
Then M, = 1.918 and Ay = 1.995 x 1.678 = 3.345

Fig. 3 gives 8Ty/T, = 0.379 i.e. 8T, = 412

2

v, 297 x 0.2752 x 412 = 10.23x 10° ., . v, = 3200

1l

14 .243 Thrust of the nozzle

Net thrust = Zzééé (3200 = 1355.6) = L4450 1b.



--20—

L7PENDIX VI

15,0 The lach number of flow in the throat for maximum mass flow

If the known conditions of the flow at entry are suffixed "1", and
those at any subsequent section carry no suffix, the changes in condition
are covered by the following equations:

Combination of eqns. (34) and (43) gives

1, Y+,
\ Y-1+2a v=-1+2a
P f1- a2 Ié + {y-1) M2 ! (46)
Ei- = mz 124_(-\{_1) Mg—— s s e esarEBaREs e s

For the two stntic pressures therc are two total head pressures to
correspond, Pyq and Py resoectively, rclated to Py and P by equ. (2)

whenee

l-q aly+l)
) Y=1+24 ) (v-1) (v-1+20)
P 1l -~ aM 2+ (y=-1)M
"";t-"‘ = ———————— st ( 'K teborasees n(-‘-l-?)
Py 1~ aM? 12+ (v =1) 152
The mss flow eqn. (1) then becomes
Q | BTy . / RT¢
Mg v gy By APy 4 gy
1-q aly+l) +1
v-1+24 (v=-1) (y-1+2a) 2(y-1
1 - g8 12 4 (y~1)12 2
= M {Zoe 5
1 - adip? 24+ (v ~1) M12J ;\2+ (y =1) ¥

or, collecting all the constant quantitics with Q/A on the left-hand side

1-q ( 33?41) ) - v+l )
1i2a Y-1)(v-1%25) ~ Byl —
(1 - ay?) 2+ (v -1) 1,2} 2 e 2
1 1 ! APtl gY
i
y=1+20,
= M(l"'g:l'-‘lz) l --..cnnoc-un.o-nooo--c-'ou--o-u.l---oo-(}-l-s)
Yt
2{v-1+2a)
{2+(Y-1)M2}

Then for a given mass flow @, the duct area A becomes a minimum
when Q/A 18 a maximum l.e. when the right-hand side of eqn. (45) is a
.maximum, i.e. when

1o,

=142
a4 M ()~ aW?) = 0
daM Y + 1

{2 + (y - 1) 1&2}2 vl




or in its most convenient .form

/
v u dv o ou dwy)
wkl'!';al_l w du 0
u dv u dw
= =L - =2 = =20
or l+v du w du
. 2, (1 - a) N° (v - 1) (y+1) ¥
i.es 1 = - =0
(1 ~alf )(¥ -1+ 2a) (Y-l+2a){2+(Y—l)M}
crieeansarseensa(49)

the solution of which is M = 1.
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HPFENDIX VII

15.0 The temperature-entropy disgram for duct flow

The basic equation for the friction work is
AP = gJTAZ in absolute UNits c.evrvrerrnncnenas vveseed{50)

Written in the same units eqn. (8) of section 4.0 becomes

2
dF = ;f% = - Vdv - ngP ------- AR R R R ov(51)

15.1 Constant area ducting

Using equs. (12), (16), (20), and (10}, with (50) and (51)

_ ar Kp - Ky ar
dg - KVT 2 T‘tuT 44 % 4 L s 20 s U sDDEES p---.-..c(Sz)
which may be rewritten
dr _ I 1-1T/1¢

L N €5
Ky L - /0, (53)

Further, integration of eqn. (52) gives

T v =1 Ty - T

gz—.gj_ - K‘v’ 1ogea—i‘- 2 logem ac--cu--.-:-l(5}+)

for the entropy change.
&

It 18 to be noted that this recches a maximum (from eqn. (53)) when
T = Tc'

The interpretation of this result is that with subsonic flow at
the entry to a pipe, provided the pipe 1s of sufficient length, the
leaving velocity will have a hach number of unity and this cannot be
exceeded. Also with supersonic flow at the entry to a pipe, again
provided the pipe is of sufficient length, the leaving velocity will
again have a Mach number of unity and no further diffusion can take
place.

Eqn. (53) shows that the T@ curve representing subsonic expansion
in a pipe has negative slope at the start, this slope becoming steeper

until at T = T, 1t 18 running vertically. Similarly the T¢ curve
represeuting supersonic diffusion in a pipe has positive slope at the
start, this slope becoming steeper until at © = T, 1t 18 running
vertically.

15.2 Convergent and divergent ducting

Using eqns. (12}, (24), and (36) with (50) and (51)

o . - s (P4 - T)(1 - ¥°)
M(l—cléz){2+('r—1) m?}

N €5

2 (1 - Ty QT

But Mo = and MdM = =
s e G



whence cqn. (55) becomes

of = Kya (Y+1)T-2Tt}dT

T S e st s s LA RN ) 00(56)
Ti(y-l +2) T - 20,Tt}
T -1+ 20) T ~ 2aT
ar = (v ) L Ceerean (57)
ag Ky (v #+1) T~ 214
Three cases may be examined
15.2.1 Vhen T = Ty (a purely hypothetical case) 1.e. ot

the start of an expansion from, or at the end of a diffusion to total head
couditions,

ar Ty

rr Sl ~==SNRELREEEE

Thus for a subsoulc expansinrn in a couversent duct (o - ve) the
glope of the T@ curve would be = ve, whilst for a subsonic diffusion in a
divergent duct (o + ve) the slops would be + ve.

Betwecn this case and the next the glope would become stecper.

15.2.2%When T = 'I‘C

I . P e .+ .(59)

-dﬁ“w
i.e, for both expansion and diffusion the T@ curve would run vertically.

Between this case and the next the slope of the curve would become
less steep accompanied of course by increasing cntropy.

15.2.3 When T = O (a purely hypothetical case) i.e. at
the end of an expansion to, or at the commencement of a diffusion from
limiting conditioms,

ar  _
?i? = O N R LN R RN NN N N R B “s e

l.2. both curves run horizontally.

15.2.4 The entropy change between any two planes of .flow
1 and 2 during cxpansion or Aiffusion i1s obtained by intexrotion of eqn.

(56) as

Fo ~ @ = 1og T2 (L -9)(y-1) o (v =1+ 2a) Tp = 20Ty
2 1 v } e Ty Y 1+ 2 Ee (Y T1 ¢ 20) Tl = zaTt
/

1

. t;_ ;;g#*“
15.2.5 The guneralashapes bf*~the change lines on the

crature-entropy dlavram,may be sketchcd from the information of equs.
m§ (59), and (60) .

“-v'x

below for a dlffu31on. -
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In Fig 204 & shockless expansion from subsonic conditions at 1 %o
supersonic conditions at 2 1s shmwn on the general curve, the friction
energy or neat of the two portions of this expansion, before and aftor the
critical point c, being represented by the two areas @100, and @020
respectively. The gencrsl curve extends from the total head conditions at
t, referred to in eqn. (58) and Section 15.2.1 above, to fully expanded
conditions at 0, referred to in eqn. (60) and Section 15.2.3 above, and
passing through the critical point C referred to in eqn. (59) and Section
15.2.2 above

In Fig. 20B a shockless diffusion from supersonic conditions at 3
to subsonic counditions at 4 is shown on the general curve, the friction
energy or heat of the two portions of this diffusion, before and after
the critical point C, being represented by the two arens @33CH; and F.0Lf),
respectively. The gencral curve extends from zero pressure conditions at
0y referred to in eqn. (60) and Section 15.2.3 above, to fully diffused
total head conditions at t, referred to in eqn. {58) and Scetion 15.2.1
above, and passing through the critical point C, referred to in eqn. (59)
and Section 15.2.2 above.
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FLOW IN DUCTS

TEMPERATURE DROP AND MACH NUMBER

-
—————
T 2 7 TEMPERATURE DROP FR
= +2 i M T, TA T T
— w—
13} t | | ¥ t ° TOTAL HEAD TEMPERATURE TO
T = STATIC TEMFPERATURE OF STREAM.
={¥—I ¥+ T M= M MACH NO FLOW 5 V) RT
) ( A . - CH . OF FLO = 9%
¥ = MEAN VALUE BETWEEN T, AND T
= TRUE VALUE AT T,, = H(Te+T) =T, ~ 48T, WITHOUT MUCH ERROR.
1
020 S - e, & —e e ——
H - x p M
- - : T i N o, E
A . P = | A YRR S P 4 s 4 ¥ L i
. 2 § SO S M ot BN G SN e sis sersomt il ST ey B ilE Te i Jou iy STIg
PR - - z e P o 1 P . v b eamd Pogue N
TSN N - i ephervEiEil. 5ot 502 pag ofie i, prin
R 1 4 i e o DM EUN S It WA o SR s A LS £2% 30ES i s
e 1 ot JOIE BIEETT 370 gptsigiivit R piunihan I § NG Il SR A | : A
, - s VLT ity 03 : L
H U T T S - ’W’QW““*“"”E CrirTTiiTteeitiraL LRI
R s L oI T™ ST SR, Pk & =ord % SIS 35847 ¢4 14 FUNIAS Ui S
. s bty 84 VY SR LI = -
et N 2 v i Foik SRy + ++ 1- i i - ST TS -
v . - e e e |
LS Uit P TSAG M S au AED S N PRI P fvmeun g g na 2 t
SRR o i hbh 3! e e 3 (VNS0 MG TES SIE T A e
k o - HIE 4 v Y -
M I *':d?.“:’"“ Fep el - = 4 331 s 583 + b S 4384 pRosnpyia 4 -
[OSER S i [ - -t For % o - & i i it Iy $i.7 -~ ¢ 4 -
+ A - 4 L ppibid o kg b ™ V-l ¥ > 322 SRR CIC N .
s - »»»:w}h»w:w\-r N “’ﬁ*‘a 4 s of uv ua[ b4 -11% 23 ] «; s d .—«-pw' ar e oo -}
i PR e z b . par P
o - - Ty M b H o sl e - "
- l«r:—::nm:_ B I_’ml bk i 3 it 4§ s b [-.TP = ﬁf.
§ PO sl 5 T i -0 + pried : yoy raet s t3ryg,~ <+ m,;uu.,.-l-.r
s » ’
4 L E o8 P e H e eaEIRI L2 untutyon oo LEGUNENG SIS VY UF MV IR
p o W3 spestfls i e Rl S it
Pt} e b e 94 PR ar i derh .
i M 0 0k pesy b4 + = 5 i F- SN rednaiay sy
P - boitzis iy wbpy T - 1 ' 1 F" + s PR 1’.‘§§ .*‘1; by et et
' PR ApTasaess AES LA AD CEEIET IS I naay ' ross 7 x LAY A PRt oen 400 o
[ H 4 *» P " L H et
PR ErSuagdls»oy T+ eihr i) soded §ia - Lo b 1 .4 TN e ribhuag i (235200 vra e TEOLTTI G .
i PO At sk 4 £t ] gt ot e Al 3 4 + T dit PUFATS S S
SRS B g an v : b Spusees r ! il
oL RTINS 8 Srpan # a4 3 2 .4 % 3] & T | + '
. v oaa Lo Py [REE b nbotgn k) o +5
o Sy ke 1“'-1»0#%:3)# i iyt : BEY o 15* -9 3 >
. . . b .
’5 O [RS2Sny suappanniy 5ey y ot §4k .} b
1 et el i berdotndnd bty 3 e bt o i +
PRETOS WS o6 & bwturidor ja ue piavd hadd 13 i : * L3355 ET] '
LS BRADREER L ol 1 Tt Tt > Ip R S B 1
jois e n iy iy e 3
%'1“ i 4173_‘1? pogiashlion . L\’ovv-ih-ﬁ IR SOUS & SFSRN 54 }x 47 4s ad oyl ™ Pad vl dvw
P4 s h M -
i {orart TN IE MR INRANE FIS 1S e s ahsny L IR =inss s doe T ad-tr et
N ™ » |4 S it e an . M (IS SHRTTN T PENRODE DY Uik » i e - g Aoy ™
- L T et S 5 e s o wre: R S S e D4 & e g s Py +5 42 13 3
i I v va ook o fred SURUSEE A S SORNEI L4 + L 4
wtd e o eve "'"?”"x"'}"i 1{.;4:- o otn swsedbIncs Ik s - 4 il ik
b ™ > }
s b ‘Nsus-ﬁ«*.-xu.f@*‘ & dtoiiod 17 O e -t rp e e b s b,
- - —ten e - + 4 v
LR S R - v e oo o hd
- P * fu‘.l.; Pt AR TR S : Yoot pah ¥ PRS0 boriysl o hopeayrey £y
- e SRt 5 o % A Pl anp M g et R RISt .
AT - v PP 4 4 - P
- it [ SRR SV FIENNE L O I b fod B Gk i R AN da R :T:.IT_.! I St UhS U0 o Rt Tt
1 . . - LRy . 4 ¥ - v ~ wtppeidia v
P s s e S B RO S i ot 4 IORans o Eabu ik SRS sk e | T PR eiliiaugr i b
t 1] v v A - A o S b R NI ST S S P SO
- - Lo 4 e e i - . - . sl o bS Py 4 1 PORERAGAER NP R & 5 P-4
- pen rw » - A R f - P SR TP A ET O 1 -t fuimgs i 4oh F e e bt -
e i e M N o ey v - 721 ot hgads b R g 4 20t Fo o bk s b
o e i, A bl - - - byt B e o it i o Sl b
N o - - P Sensasdees b . [E- A0y b ey PSSPy § H e & 4o it e Koot b
¥ 04 . M. 3 I . fot T To o v
P IR
fort saadey
PARRE S
Dok 4
- 1
. ;M L w; 4+ ey
.._le_; s i
oy a3l ':F'*{‘“* N
010 pgeerds r P
SRERAR R 4
S ST & S ]
P - e WS Ta .
[P T L e f
! PR . s .
: o1 D RCE I
B g - R u‘ A b Lw“.—a—‘-—-
A T R
v 4 B S LS .
i e e se P AN
- H 1
5 ; P S -
¥ e S
I B " " td
rrt 4 cearbad s wiiad adisl et
whowor 3 i T g M.
iPawenave e P,
et sl Lo b Z*L:H.' -::}:ﬁnyr&ne 7
- ] —— Sedved s L5 el H .
DN bu b e JT L"‘I“‘ oyt hafe: k05 HR e S :
1 = . > .
i Ly arraestis ¢l Y faisas= o3 e tronds L2,
. j# riptgs -« e Y - I
' P v pREsSy s1aThg sppumias s rrj_rt.* dunetin SR EaSaLS
1 1 “b o d4drbage, 4§ kb it ¥ by rrrbeis :
I T i Tt tees au o
- St £ - i LA = o &
1 t & siatd STt S 4 ROt L2 aRoEEert saa 2 BADE PE S
. ot a4 + 4 aed PEE vt rig e it * {".;« Epe
ad . »_i > gl el ddews a4 r “ 1 . b e o
' Do Hanat 3 paiit SR e T b L
T bt pe - b M M
[ : é vg b S 2 "%m PO N Ry s sape eIy Sta st phes i sdal ey ERpeas
AP F 3 - e w1 P Irs v p 3 i ey Ws LTI 3.0 caiedree SOAEIEE ik 50 vt oy 38 4 pa Tre Yt s
H 2 H 3
r - P PR 4 * 1 T 1 T b " ¥ 1
" 2 PR Sy o e - i 3 s PRI S g + -
$ [ W = e e e A ++ Y - » ey Sder  w —y e B = 3 brywd e pad o3 SEAN i
v T ¢ '; Tyt hins Ay e 4 [ [ + * - e :h' by ' T ‘*'iij H g -
HE : S SRR ¢ 11 e Py 5 2 14 Ty ey AP
- - . £ e bl . ax ! ST Ty ey prrictidrem g 1 el
. o P T IO TEed v v . Tatt PRSIV 14
) . PR = uy “ - e T e
¥ N - - P -4 [N t4 Lelvg i b b e i
0‘05 . - oat : T press . st NIEIESIRE S o ;
vt - + LIRS S
i v : esx : 3 Tt ot et trer ikt SC ML !
¢ + THNTT i PRI g ot & v-aivas S F oAl
: 1 tHT T - N R G
' 3 By S0y SR SR ST SR £ S Bothoamh B ]
¥ b s g 4 yas S i e IS SR L o ey “ :
+ + ¥ =
SR 3 : o R T ¥
s ppsun . H w} i
MRS 0-his St P Fuey udsd [ 2E + disel i J e AT LTS
+ i pogdy o Loered T bS )
Tt z 554 2 o L H RS U
: e i (B i
M = ey o 1 ¥ HE g o H M '
t - 3 kg eo e 80 SN b b sai o b -—
P-4 PO Ny gy ¢ - + - s + rars Tl edmy 44 e A q
- L e d & - e = b * e - 4
b : T : e ors 5 oa botay Ei.m.:_u FEST& SV
PR . - frostbea s Ly oy 4y e g e~ w ot . M ' .
by "2’!’ vy e, [ g pes i Fm ke - - oy - . P
o 3 Yy % rifrieaa—x - PN 4*“a‘+,k:: . H
3 " - et s Y4 TSN - -t tors - e - -+
|54y HaR s i begerd Tpadee e eggs S e bl ;e H B
$ z N T b +
3 P 5 oA 2 0 Lordhar = b f b #5 it Ed ! - o‘m
- i Tl
S B o 1 ER RTINS0 S TP PR RS iy quikid oy T Tt . :
1 HEE %,‘ T it T rrivay pus uas jansy e
ot T iy : ard ddr K id bk 4 t-—#;-u”.w,va it 5 2ae. 1. T N htdma o a - i
Smpea s st sturat Jea el Tas seasanvall MRLLSTE o Sl CHetS BN
e 4 TR BT -ydd—b—r—oﬁ--b-gjnalahn 1Ty ++ el b e ALUTITLLITY
1 o are & Rl - " Timeliit sl bl i lemedeyad o . —— e |
gy pa ti peek LOREAE 38 2 P10 a0 v Ty i
tipe RS e S ++ v b pfee s edabts & —auda
: SRR ps S GULTENE TR ds s B diaas ol i - BiRia Ut SN 3 i
P '[",“4.4.1?'11 ™ MR ™ . S M o
. = L"I - S '
o 1ad 1D AL wl A N 4 Bee 3 1&1.1 1:! iy Seiina ¢ o9 * t
Puf mal ol i o IENNEL « : 4
R i Y RIS T L. + b - | [
e TS A S J - ——— _ao. 6




I RO **.

877%

EXAMPLES

COMPRESSION & EXPANSION PROCESSES.

FOR RAPID ESTIMATION OF APPROXIMATE FINAL TEMPERATURE

1

PRESSURE RATIO, FUEL /‘\IR RATIO, AND TEMPERATURES FOR STANDARD FUEL COMBUSTION PRODUCTS
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Pressure Ratio . b, = F/R.
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FIG. 8
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USE EACH SET OF CURVES WITH ITS APPROPRIATE PAIR OF SCALES.
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SUBSONIC FLOW IN CONVERGENT AND DIVERGENT DUCTS WITH FRICTION.

FOR EXPLANATION SEE 1ST. GRAPH.

o 15 +VE FOR DIVERGENTS AND —VE FOR CONVERGENTS.
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FIG.[3

X IS +VE FOR DIVERGENTS AND —VE FOR CONVERGEN'ITS.

IST grAPH

FOR EXPLANATION SEE

SUBSONIC FLOW IN CONVERGENT AND DIVERGENT DUCTS WITH FRICTION
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SUPERSONIC FLOW I[N CONVERGENT AND DIVERGENT DUCTS Wiik FRICIION. FIG. 14

A, P AND M = AREA, PRESSURE (STATlC) AND MACH NO. AT THE SECTION UNDEFf CONSIDERATION. ‘

Ac AND P, = AREA AND PRE_‘SSURE(STATIC) AT THE SECTION (HYPOTHETICAL OR A TUAL) WHERE M =1, [5m= MEAN PERIMETER
oL= yf/a. TAN(j WHERE § = FRICTION COEFFICIENT AND TANR = dA/5dl =SA/S SLI WHERE $A AND §L = CHANGE 1N AREA AND LENGTH, AND

OR,IN THE SPECIAL CASE OF A DUCT OF CIRCVLAR CROSS-SECTION, [5 CONE HAL -ANq:.e:. ol 15 +VE FOR DIVERGENTS AND —VE FOR CONVERGENTS.
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FIG. 15

SUPERSONIC FLOW IN CONVERGENT AND DIVERGENT DUCTS WITH FRICTION

CHANGE IN AREA AND| LENGTH AND S, = MEAN PERIMETER,
o 1S +VE FOR DIVERGENTS AND —VE| FOR CONVERGENTS,

AREA AND PRESSURE (STATIC) AT THE SECTION (HYPOTHETICAL OR REAL) WHERE M = |
2 Y /2 TANB WHERE § = FRICTION COEFFICIENT AND Tanf = da/sdlL = §A/s, SL. wWHERE $A AND SL

A,P, AND M = AREA, PRESSURE (STATIC), AND MACH No AT THE SECTION UNDER CONSIDERATION,
OR IN THE SPECIAL CASE OF A DUCT OF CIRCULAR (RODSS-SECTION, B = CONE HALF-ANGLE
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SUPERSONIC FLOW IN CONVERGENT ANU DIVERGENT UUCIS WIHITH FRICITION.

FIG.16.
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SUPERSONIC FLOW IN CONVERGENT AND DIVERGENT DUCTS WITH FRICTION.

Re RPN

FOR EXPLANAT!PN SEE 18T GRAPH.

ok IS +VE FOR DIVERGENTS AND —VE FOR CONVERGENTS.
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