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Sumary

In desrgning a corner in a two-dimensional duct 1t is
possible, by the insertion of an aerofoil, to maintain the same constant
velocity on the ocuter and inner walls., It is, however, necessary to
shape these walls to suit the conditions. The present paper gives a
rethod whereby the aerofoil and walls can be designed. Iwo examples
are gliven.

List of 3ymbols

z = x + iy, the complex variable in the physical plane.
g, 8 = modulus and amplitude of velocity vector.
w = ¢4+ ip.

¢ = stream function.
v = velocity potential.

m, n = ¢=interval from leading edge to trailing edge along
the aerofoil, upper and lower surfaces respectively.

& = central value of a variable in a dismond, less nean
of corner values.
e = gide of square in w=-plane.
r = dastance in physical plane measured perpendicular to
dr
a stream line. Hence == = sin 6,
ox
a, b = numerical rmultipliers.

1.0 Design of a Right-angled Bend with Constant Velocities at tho Walls

The rapid changes in velocity at an ardinary raght-angled bend
in a channel umust inevitably produce disturbed conditions. For
two=damensional flow of a perfect fluid, it is possablo, by insorting a
suitable aercfoil at the corner and re-shaping the walls, to keep the
velocities at the walls constant. An infinite nmuiber of shapes can be
designed; two are giwven in thas paper. The shape of the more pronising
of the two 15 stown in ‘Figure 1. Aerofoil and boundaries of the
corner are-so desifhed that the following conditions will proveil:=-
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(a) Constant velocity (unity) along the ocuter and immer
walls AED and BCl respectively.
(b) Constant velocity (> 1) along KH.
(c) Constant velccity (< 1) along LJ.

(@) Zero velocaty at the singularity G, rising monotonically
to the required values at K and L (see Table 5 (1)}).

(e) The axis of syrmetry, MIJHD, will lie at L45° to the straight.

The present paper deals only wath the sgyrwetrical case when
the leading and trailing halves of the aerofoil are identacal.

2.0 The Field of log q'1

When log qf1 in the w=plane 1s exardned, it is seen that
the required values and their location are as follows (see Fig. 2.1):-
Location ! Log qf1
i
along AED | Zero

" BCM ) i Zero
" KH : a
" LJ b

at singularity G. —e9

2,1 Addztion of Three Fields.~ The required log qf1 field
indicated 1n Fig. 2.1 112y be obtained Yy the addtion of multiples of
three separate fields. Three fields, A, B and C are indicated on
Fags. 2.2, 2.3, and 2.4, respectavely; field B 18 field A inverted.
The final field 1s the sum (a x field A + b x field B + field C).

It is obviously perrissible to meke this addrtazon since each of the
fields A, B and C represents a soluticn of

V2 log <.1"1 = 0
with the sa0 boundaries.

2.2 ¢-intervals.~ It rust be noted that, since there is 1ift on
tho aercfoil, the number of ¢-intervals along the top is dafferent fron
the mmber alongz the bottoi. It is, however, interesting to note that
the Zutta~-Joukowsky relation between 1ift and carculation does not
apply since the vwhole flow 1s being turned through a defimaite angle

(x/2).

2.3 Squarang Fields.~ ¥Field A can be "squared" and finally
determned; field B iimediately follows. Field C, which has a
singularity, requires special treatuient, described in Appendix I,

The log q~' values used on the nose are given in Toble 5 (i).
Field C can be determdned finally for these chosen boundary conditionse.
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3.0 Solution

In the final solution there are four unknowns, namely a,
b, m and n. It is permissible to choose one of these, say n,
arbitrarily. The effoect of this choice is that the length/width
ratio of the lower passago is fixed. For this example n has been
chosen as 4s The other three unknowns are not free and rust be
found from the mathenatical conditaons of the problen.

3.1 Equations.- Two conditions are cbtained by equating the
directions of the tangents at D and ! to +x/k. The third
condition is that the line !D rmst lie at -n/l, or that the
traverse AEIMCBA 1mst close,

The first equation, for the outer wall, is

Il

%l = ~Ohh3 = b x 01901 « a] = + 01645 % «o o0 as (1)
2

tho numerical values being obtained respectively from faeld C,
field B and field A., In each of the fields i, B and C,

9 log qt 80
2 = - ’
oy o9
and 86 can be cbtained for each ¢=-interval along the boundary being
considered. Fron field C, (Figure 5.1}, by this neans, A € fraa end
to end is ~0.4443. Likowise the angle obtained fram field B,
(Figure L1), is =b x 0.1901. In field 4, (Figure L.1), & 6 from
end to end is =2.16L45, and, for each internal of 1/4 ¢ at the right
hand end, 80 = -0.250. At ¢ =2, the values of log ¢~ have
becane practically independent of ¢ , and the curvature is, with
sufficient accuracy, constant. Consequently, after 2 units of ¢
neasured fro: ¢ = 0, tho angle turned through would be =2.0 radians.
The correction to bo applied to the angle turned in /2 units of ¢
is thus (-2.1645 + 2,0). Conscquently the angle turned through by
the boundary of field A is a(~1/2 = 0.1645).

Sirdlarly the second equation, for the angle turned through
Ly the inner wall B(Ci, is :

n

+ /M = 4+ 043 +ax0.1901 + b = + 044645 |s oo oo (2)
2

When the final log q"*I field has been obtained, the distances
necossary for the calculation of co=crdinates in the z-plane are easily
found. We know q and 6 ., x, for example, follows from

X = [cose/ngﬁ.

3.2 Lenmth of Fields.~ The fields are taken to be infanitely long
to the right and to the left. Obvicusly after quite a short dastance in
either direction each field will ssitle down and all subsequent secticns
will be sensibly identical. The solution is valid only if the passages
are sufficiently long for this to ocour. Over the central portion of
the bend tho assumption 185 that the flow in each passage is identical
with that in a free vortex.
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3,3 Numerical Solution.~ With n =L, equations (1) and (2)
together with the thard condition (para. 3.1) give, afier a nurber
of trials, final values of the constants as follows:-

n = 9"25)4-,
a = =0,2640, and
b = 0.1808,

The line from M to D is found to lze at the requared angle
(~x/1), within the linits of accuracy used. Tables 1 and 2 show
the calculataions for the shape of the boundary walls AED and BCM.

4.0 Co-ordinates of H and J

The co-ordinates of H and J are calculated using

ov
q - - »
or

the values for aq bewng obtained from the fanal 1log qf1 field.
The distance apart of the strean lines is

2 1
r = g dv .
14

1

L.l Aerofoil Boundaries.~ The shape of the zerofoil boundaries
HG and JG are worked out, see Tables 3 and k4, using the values of
a, b, n, n and the co-ordinates of H and J already calculatsd.

ho2 Final Shapee- The final shape is shown plotted in Fig. 1.
The position of the stagnation point is deterruned by naking a large
scale sketch of the closing lines approaching the nose. The
integrals along the top and botton surfaces of the aerofoil do noct
result in exactly the sane position for the stagnation point,
but the "closing error" is less than 0,02 of the width of the charmel
and a nean posation is assuned, It is not possible to carry the
integrals right up to the singularity, but a consideration of the
conditions in this neighbourhood on the lines given in Ref. 2, enables
an estinate to be nade.

5.0 Conclugion

Once faelds A, B and C have been obtained, a variety of
solutions can be worked out with dafferent values of n . If it is
desired to sharpen the nose of the aerofoil, it will be necessary to
"square" another field like C with a differcnt distribution of
velocity at the nose. The field A (and B) will apply to any design
of corner with the aercfoil on the central stream line.

It will be noted that the final shape is not known until the
problem 1s completsd. An earlier solution with a different assumption
for the velocity distribution at the nose gave an aerofoil too thick
to have any practical application. The results of the calculation,
with the assumed velocity distribution, are shown in Fig. 3 and
Table 5(ii), respectively.

The/
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The problem becomes much more diffacult if an attempt be made
to incorporate a rounded leading edge and a sharp tralling edge in the
aercfoil; as sgynmetry can no longer be assumed.

It is not at all certain that the design given would produce
the desired result in practice, There w11l be a cross flow in the
boundary layer on the end walls, and in any actual channel the velocity
distribution in the approaching fluid will not be uniform. The
departures from the assumed condations, together with the growing
boundary layer on the walls and aerofcil, and the break away at the
trailing edge of the latter, moy produce conditions whach will prevent
the scheme from being effective. HNevertheless some of the difficuliics
maght be overcone by an empirical wodificaticn of the design.

1
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APPENDIX I

References 1 and 2 are intended to be used for gymmetrical
fields, 1In the present problem the field is ultimately asgyrmetric,
sc that there will be a different wvelocity distrmbution on the top
and bottom surfaces of the "nose". In the absence of better
information 1t seems advisable, when carrying ocut calculations near
the stegnation point as deseribed in Refs. 2, to use the mean of the
values on the top and bottam surfaces.

Field A

In f1eld A, Sheet L, Fig. 4.2, at the stagnation point,
the value of 0,417 is obtained Yy taking the mean of
(04250 + 0,370 + 0.549 + £ x 1.000). This is in agreement with the
convention used in field C, and rocommended in Ref. 2.

Field C

The method used in field ¢ is described in References 1
and 2, Referring to Sheet L, Fag. 5.2, the innermost sheet of the
field, the convention usod is %o put the mean of the four surrounding
points for the value at tho singularity. Each of the surrounding
points is obtained in the same wgy, except that an appropriate
A=value is added. For points C and G the A-values werg obtained from
Fige 5, Ref, 2, whero*

1
g = : f(Lg + Lg + Ig) - (Ly + Iyg + Ip)}

A=values for points F and E were cobtained from Para. 2.4, Ref. 2, and
for seven othor points near, A=values were obtained fram Table I,
Ref. 2.

It should be noted that the values of 4 are unaffected by
the scale or size of the diemonds, and so for sheets 3, 2 and 1, of
the field, Aw-values are also applied on lines ¢ = -2 , ¢ = 2¢
and ¥ = 3¢ as above,

Final Field

In the final log 1/q field obtained by adding the three
fields together, the final I.% value will differ from the value
ottained in ficld C alcne. t poant O, for exarple, when Lg is
calculated in this way, the change in A a8 0,002, This discrepancy
18 not sericus in view of the general difficulty of working near a
stagnation point.

w E s wn M %R MR em e Ep Pm R S ER R Rm D AN W M am S N BN Sw M e MR BN M e am me e SR e o

* . . . -

An error in transcription aprears in Ref. 2 where, in Pig. 5 and on p.5,
the 1/3 was onitted from the formula for Iy « The correct value is
given here, .

f
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Table 1
a = =0.2645 m = 9.2
b = 0.1808 Boundary AED. ¢ = + n = L4.00
68 in Feld

- — ———— AB X = y =
¢ (-)A (=)B (~)C Axa Bxb Final 8 fcos 8d¢ [san0d¢
% 0 0 1 0 0 o -1  =.250 1,000
-3 o1 3 1 0 0 -1 -2 0,000 ~1.,000

% o .5 2 0 0 -2 SN 250  =1,001

21§ 141 141 L 0 0 -k -8 500 =1,002

- 2.2 2.2 6 1 0 -5 -13 750 -1,00L

-2 Lol 348 9 1 -1 =9 =22 1,000 =1.007
1% 7.2 6.2 13 2 -1 12 34 1.250 -1.,012

1?_- 12.3 9.5 19 3 -2 ~18 =52 1,500 =1.02%

z 20.,. 14,0 28 5 -3 -26 =78 1.749  -1.,03L

-1 33.6 19,5 40 9 =l =35 «113  1.999 =1.053

3 5ke3 2541 54 14 -5 =45 158  2.2,7 1,082

7 8,.,8 28,8 65 22 -5 =48 -206  2.49h -1.121

% 12L,.8 27.8 65 33 -5 ~37 =243  2.739 1.472

0 167:.3 21.,. 5L L -} 1. =257 2,981 1,232

-J}- 201.9 13.L 38 5l =2 1k =243 3,223 -1,296

T 2242 7.5 22 59 -1 36 207 3.466 ~1.356

5 237,0 3.9 12 63 -1 50 =157 3.711 =1.407

+1 21,3.8 2.1 6 61, -0 58 =99 3,957 =1.406

% 21,.7.0 1.3 3 65 -0 62 -37  L.206 ~1.4T

z 24845 1.0 2 65 " 6L 427 hWJH6 =1.480

3 24905 0.7 1 66 " 65 492 L 706 =1.473

+2 250 0 0 132 . 132 228 L.955  =1.450

= 250 0 0 132 " 132 356 S5J442 =1,339

+3 " " 432 " 132 488 5.911 =1,165

15 " " " 132 " 132 620 6.353 =0 .931

+ " ! " 133 " 133 753 6.759 ~0.6L0
1‘_% " " " 32 1] 32 ?85 7.1 21!_ _O -298
n/2 .62 Radians x 1000 7.209  =0,213

Table 2/



Table 2
a = =~0,2645 m = 9,24
P = 0.1808 Boundary BCM, p = =1 n = }A.00
80 in Field

— - AD x = ¥y =
¢ A B C Axe Bxb Final e fcos 64 : [ sin 649
3% 0 0 1 0 0 1 1 -,250 1,000
-3 o3 o Y 0 0 1 2 0.000 1000
731; 5 ol 2 0 0 2 I 250 1,001
2? 1.1 1,41 L 0 0 I 8’ 500 1.002
2 2.2 2.2 6 -1 0 5 13 750 ' 1,00
-2 3.8 N 9 -1 1 9 22 1,000 . 1.007
1-;% 642 7.2 13 -2 1 42 3), 1,250 1,012
11-2- 945 12,3 19 -3 2 18 52 1.500 1,024
14 1440 20 okt 28 -l L 28 80 1,750 1.03
-1 19.5 23,6 L0 -5 6 11 121 1.999 1.053
% 25.1 5443 54 =7 10 57 178 2.247 ¢+ 1.084
2 28.3 848 65 -8 15 72 250 2.493 ¢ 1,128
I 27.8 121..8 65 -7 23 81 331 2.735 . 1.19
0 214, 167.3 54 =5 30 78 409 2,972 1 1.271
% 13.), 201 .9 38 =1y 36 70 479 3.201 | 1.370
z 7.5 22442 22 -2 11 61 5L0 3.423 | 1486
% 349 237.0 12 -1 L3 5L 594« 34637 1 1.61L4
+ 2.1 21,38 6 -1 M. 49 6h3 3845 1 1.75
% 143 24 7.0 3 0 L5 48 691 L.04 1 1,90k
z 1.0 21845 2 0 L5 L7 738 L.237 ° 2,063
& o7 214945 1 0 L5 L6 78L L.L22 l 2.231
n/2 2 0 250 0 0 14599 [ 2,408

Radians x 1000

Table 3/



Table 3

= «0,26L0 = 9.254
=  0.1808 Boundary GH. ¢ = 0 = 1,000
. . X y =
i S in e ae Log 1/a ) 1 , 1
& , 5] + Log - -~ cos B [—- cos Odg - sin 8 /— sin 6ds
(=) 4 B C Axa Bxb Final 0.26) q q 4 q q
0
1/32 -1253  0.773 0.509 3017 -0,202
116 127 L8 166 3l 9 209 «10L  0.386 0.122 0.354 3.428 -1.075 =0.236
3/32 96 30 106 25 5 136 -908 0.258 =0.016 0.495 3403 -0.850 -0.263
1/8 78 21 68 21 L 93 -815  0.180 -0.08; 0.565 34161 ~0.725 -0.286
5/3%2 68 16 L7 18 3 68 ~7h7 C.13%6 =0.128 0.603 3480 =0.640 -0.306
3/16 61 12 36 16 2 5k -693  0.106 -0.158 0.627 3.500 ~0.580 -0,32)
7/32 55 10 3 15 2 L8 645  0.085 -0.479 0,641, 34520 =053 =034
1/, 101 1), L9 27 3 79 ~566 0.066 -0.198 04656 34541 ~0.493 ~0.356
5/16 91 10 38 2, 2 6l ~502 0.039 -0.225 0.675 34583 ~0,.428 -0.383
3/8 83 7 32 22 1 55 -4, 7 0,017 -0.247 0.685 34626 ~0.376 =0.406
7/46 78 5 26 21 1 L8 =399 0.004 ~0.260 0.696 34669 =-0.333 =0 427
1/2 147 7 37 39 4 77 ~322 0,000 =0.261, 0.707 3.713 ~0 4299 =0a446
5/8 139 6 23 37 1 61 -261 " " 0.729 3.80L ~0.213 -0.476
3/h 266 6 21 70 1 92 -169 " " 0742 34897 -0.198 ~0.501
1 257 2 8 68 0 76 -93 " " 0.758 L.086 -0.129 ~0.533
1/1 253 1 5 67 " 72 =21 " " 0.765 L4277 ~0,071 -0 551
1/2 252 1 % 67 “ Iy 50 * " 0.768 %69 ~0.016 04555
3/ 251 1 1 66 " 67 117 " " 0.767 L o661 0.038 ~0.546
2 250 0 0 66 " 66 183 " " 0.764 L..852 0.090 ~0 520
1 /24_ n 1t " 66 " 66 2)4—9 n n 0. ?55 5 .0)4'1 0 °1 w -0 01}-89
1/2 1 ] " 66 " 1 315 L " 0.7)_‘5 5.227 0.1 90 —0.]41{.2
3/4 0 1 " 66 b1 i 381 " " 00?30 5-"4-09 0-238 ‘0.583
3 it ] " 66 t n 1]-),}-7 1" ] 0.71 5 5.587 00286 _0.31 4
1/L " " " 66 " " 513 " " 0.693 5.760 0.332 -0.228
1/2 i n " 66 " [{R ] 579 Hi n 0.669 5.927 0‘377 iy .1 31{_
3/ " " " 66 " " 645 " " 0.6%0 6.087 04,20 ~0,029
l]. 1] ] H 66 1} it 711 [} 1t 00611‘_ 6.'21{_0 O-lp61 00086
174 " " " 66 " " 777 " X 0,583 64386 C.501 0.211
1 /2 32 1t " 8 it 1 ?85 ] ] ') .511_8 6 .523 Q .538 0O .3!4_6
' 0.545 64592 0.545 0415
o627 Radians x 1000 " "

Table L/



a = <0.26L0 m = 9,254
b = 0.1808 BO’lmdaIy G Y = n = l;..OOO
56 in Field Log ] x = vy o=
é — °¢ = 11 1 . 4
Ag G q Log - - COS 0 -~ cos 6dg - gin 6 - sin 0dg
(=)a B (-)C Axa , Bxb Final ~0.181 9 9 q q q

0
1/32 0.995 0,773  0.954 3.51h 0.112
16 48 127 166 13 23 =130 0.865 0.386 0.567 0.962 3.5 1,480 04158
3/32 30 96 106 8 17 =81 0.78) 0.24,8 0.429 0.998 3.575 1,470 0.19%
1/8 21 78 68 6 14 48 0.736 0.180 0.361 1.017 3.607 1.015 0.226
5/32 16 68 L7 L B -3 0.705 0.136 0.317 1,019 3,639 0.922 0.255
3/46 12 61 36 3 R -22 0.683 0,106 0.287 1.016 3,671 0.863 0.282
7/32 10 55 31 3 10 -18 0.665 0.085 0.266 1,012 3.703 0,824 0.308
1/4 1), 100 49 L 18 27 0.638 0.066 0.247 1,008 3.73k 0.790 0.333
5/16 10 9 38 3 16 =19 0.619 0.039 0.220 1,000 34796 04742 0.379
/8 7 83 32 2 15 -15 0.60L. 0.017 0,198 0,995 3.858 0.707 0.423
7/16 5 78 26 1 11 -11 0.593 0,004 0.185 0.991 34920 0.682 0465
1/2 7 10,7 37 2 27 -8 0.585 0.000 0.181 0.993 3.982 0.670 0.507
5/8 6 139 23 2 25 4, 0.589 " " 1,000 4,107 0.662 0.590
3/ 6 266 21 2 L8 29 0.618 n " 0.996 L.232 0.667 0.673
1 2 257 8 1 L7 L0 0.658 " " 0.976 Lo 76 0.68L 0.8
1/ 1 253 5 0 L6 M 0.699 " " 0.948 L.713 0.733 1.027
1/2 1 252 I 0 16 32 0.741 " " 0.917 %942 0.772 1,220
3/ 1 251 1 0 L5 Ll 0.785 " " 0.881, 5.163 0.808 1422
2 ) 7 77 Radians x 1000 I ' i " 0.846 5.37% 0.846 1.633

!
!

Table 5/



- 11 -

Table 5

Velocity distrabution along ¢ = 0O
(1) (i)
8 log - 8 log +
q q

o e oo
1/6L, 1.079 1/16 0.733
1/32 0.733 1/8 0.386
3/6M 0.531 3/16 0.245
116 0.386 1/ 0.180
3/32 0.248 5/16 04136
1/8 0.180 3/8 0.106
5/32 04136 7/16 0.085
3/16 0.106 1/2 0.066
7/32 0.085 5/8 0.035
1/ 0.066 3/ 0.014
5/16 0.039 1 0.000
3/8 0.017

7/16 0400k

1/2 0.000

—— A Syt — ——

i
o

The values for q ain Table 5 (i), from ¢
to ¢ = 16 dinclusive are calculated frem q = eg¢<;
wrich gaives the velocity along the boundaries of a
131-:i.[f,h:t#-angled bend. Tho values an (ii) fram ¢ = 0

-
LY

“to = 1/8 are calculated frum

pofer

8. i 1 -
q - e gy ¢2 .

V2
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