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SUMMAR Y. —~Introductory.—An analysxs of the blade motion and force
characteristics' of the standard Cierva C.30 autogiro rotor is made, taking into
account the torsional flexibility of the blades. The results are applied to the
steady motion and pitching equilibrium of the whole machine,

Range of investigation.—Using the physical constants of the blades, the analysis
has been carried out for the cases of a mean profile drag coefficient over the blade
elements equal to 0-014 and 0-012, and a speed range from zero to 130 m.p.h.
The most important assumption of the present investigation is that the blades
remain straight under all circumstances. = The other approximations are not

expected to have any great mﬂuence.

Conclusions.—The blades are found t6 twist to the extent of severa] degrees .

in the sense that the mean pitch angle (at any radius) 10und the cxrcle 15" decreased- )
and that superimposed on this there is a periodic. variation.” Both effects increase .

with the forward speed until at the highest speed the outer portion of the advancmg_j_
blade is twisted to below the no-hft angle of the section. - L RO

As a resalt of thus taking torswnal flexibility into account the. axml thrust of k
the rotor corresponding to the observed rotational speed is reduced to a more
nearly constant value, which is dependent upon the mean proﬁle drag coefficient
assumed. At the same time the longitudinal force is reduced by 40-60 per cent.,
but the final lift/drag ratio is not affected very apprecxably, bemg decreased by
only some 8 per cent. at its maxnnum o ,

Applymg the results to the motwn of a complete machine much better agreement
is now found with the experlmental values obtained for incidence and stick position.
in ghdmg tests at the R.A.E., F arnborough 5 In particular, the somewh at anornaloua
reversa.l of stzck pos:tmn at the lngher speeds is pred1cted
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Fuzther developmenis.—An attempt should be made on the more complex problem
of the bending of the blades, where the inertia is not negligible as is the torsional
moment of inertia of the section.

In addition further consideration may be needed with regard to the questtons
of tip loss and varying induced flow over the disc.

Wind tunnel measurements of the fuselage drag and rotor downwash on to the
tail are very desirable in order to make a more complete comparison of performance.

The question of longitudinal and lateral stability can also be attacked from the
theoretical side.

1. Introduction.—A general theory of the autogiro was first formulated by
Glavert in R. & M. 1111 ;* this was extended in R. & M. 11272 to give a better
“approximation at high rates of advance, and to the flapping motion. The theory
has been further extended by Wheatley® to take account of a blade pitch angle
which is not constant along the blade radius, the case of a linear variation being
considered. In view of the fact that the blades of the standard Cierva C.30 auto-
giro are known to twist periodically in flight, it seemed worth while to attempt
a further extension of the theory to the case where the blades are flexible (in torsion)
and their twist is dependent on the resultant of the aerodynamic and other forces
and couples acting on them,

The authors wish to acknowledge ‘their rndebtedness to some notes on blade
* twist communicated to the A.R.C. by Sefior J. de la Cierva.

The importance of flexibility in bending is also subsequently discussed, but
detailed consideration is reserved for a. possible later note.

In the present work frequent reference is made to the theory of R. & M. 1127,
Part IL? and the nhotation of that paper is adopted (see Appendix I), except
that 1 is used in place of x as a coefficient of effective normal velocity through the
rotor disc, b the number of blades is replaced by N, and the angle of pitch 0 is
re-defined. Also, to accord with the new convention, the coefficients ¢ and é now
have double their previous values. For the present purpose it was considered
sufficiently accurate to retain only first harmonic terms in all expressions depending
on the rotation of the rotor, although some estimate 1s made of the effect of second
harmomc terms

A Forces on an element of blade —The C.30 autogiro, blade consmts essentially
S of a tubular spar to which the canvas covered plywood forming the: blade surface
; 1$ secured by means. of equa.]ly sPaced nbs By test on a complete ‘blade it has
. been fourld that. most (about 89 per cent.) of the resrstance to tmst is given by the
_spar, and it will be convenient and suﬁicrently accurate to assume the whoie tmstmg
effect to ta.ke place about the centre hne of tlus spar | ' SR




3

The calculation for the C.30 blades is considerably simplified by the fact that
the aerodynamic forces may be reduced to a lift acting through the centre line
of the spar, (0-23 chords from the leading edge) together with a pitching moment
which is constant for all fairly small angles of incidence and a drag whose effect
on the twist is negligible. This statement is based on tests in the Compressed Air
Tunnel at full scale Reynolds number 2-08 x 10, on an aerofoil whose section
(Fig. 10 at the end of the report) agrees closely with that of the .30 autogiro
blade. On correction to infinite aspect ratio these gave a lift coeflicient slope

a = % = 5:72, a no-lift angle —2-58°, and a pitching moment coefficient, when
the lift acts through the spar centre, Cy, = —0-052 (for incidences between — 4°

and + 9°). The measured values are given in Table 5, which is also reserved to
the end.

§peU’Cpar

4 S+dS

s v
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+mg dr
5ﬁr Axis

Fig. 1~—Components in the plane perpendicular to the spar axis of forqes and couples achhg upon an
element of blade. . I

The system of components in the plane perpendicular to the spar axis of forces
and couples acting upon an element of length dr is as shown in Fig. 1. Sand T
represent the shearing force and twisting couple acting across the gnd of the section,
S being chosen to pass through the spar axis and T adjusted accordingly. Centri-
fugal force introduces a term whose component perpendicular to the spar axis
is mdr Q2 #B, and gravity a term mg d7, m being the mass per unit length of blade.
and 8 being small. These act through the centre of gravity of the blade, which
is at a distance b (= 0-065 chord) behind the spar axis.  In accordance with the
remark above, all these forces are taken as directly applied to the spar, and the
discontinuities in the actual case of spaced ribs are ignored.
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- The acceleration of the element normal to the spar in the plane containing the
rotor axis is given by the equation of motion :

mdr . rﬁ—mdS + Yocdr . U2Cp —m dr Q2 — g dr. o (1)

- The moment of inertia of the section is very small, so that we may assume that
for rotation in the plane perpendicular to the spar axis the couples are in equﬂlbrmm
Thus takmg moments about the centre of gravity :

o 0= dT+b ds-;- 1octdr U2Cy + docdr U2CLb. .. (2)
Eliminating dS ; |
wdT*’ﬁZb?(ﬁw}-.(22,3)di’+ﬂtbgd’;"+gQC“U CMdr e (3)

Assummg the blades to be always straight, # is independent of radius and can be
put equal to @, —a, cos ¢ — b; sin y, neglecting terms in 2y and higher orders.
'Also, as in R. & M. 1127 (page 31),

o ‘U—¢Q+HRQsm1p

Hence ; :
e dT/dr = M b(aﬂi 921' -+ g) + dec? C, 02 (r -+ uR sin v}, .. 4

1 Dzﬂereﬂtml equatwn of thst ——The twisting couples on the ends of an element

' o _' dr of- the spa.r being — T and T +- dT, the twist in the element is

dB__KTdr

where K s the torsional stiffness as determined by statical tests on the blade.
Hence we have _ |
—d20[dy® = JKoc? Cy Q2 (7 -+ uRsin p)2 - Km b (@ 5221/ +&).. {5)

If we define 6 as the pitch angle measured from the chord, and f)mt as its setting
at the root, the end conditions to be fulﬁlled are

f 0 == b, when 'r‘—_— 0,
‘,‘ _" d_r = . : when r == R *-i
The mtegratlon is readll} effected and leads to the result

i A=y +<3Msmw i)

+ (—AM sm"‘wm-"" C) (xz ) + Om (5}



where

[ x = 7[R
j A — }Kpc*Cy R Q2
B = KmbR} Q2
1 C = KmbR¥%y.

In Fig. 2 are drawn curves showing the variation of 6 along the blade for a
particular set of values of Q, ¢ and g, and four positions of a blade in azimuth.

AL = 370

o o o e e T 0 b i e e e e e e e o] Blade setbing ak
Roat.

______ - - \ No LiFE Arghe '
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c 62 o o€ ©-F o
Distarce frors Rook x :
x = r/g' } .
cm; 2.—Blade Twist in the €.30 Rotor.
For the part:culai case & =. 0-0i4 '
o= D4 ' Forward speed
Q= 243 r.p.m. 129 m.p.h.
g =  5-32°

It should be remarked that no allowance has here been made for the breakdown

of the above theory in the reversed velocity region, due to violation of the conditions

for constancy of Cy ; but since for y = 270° the velocities are low 'md ‘the twist
small there is little loss of accuracy from thls cause.
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2.2. Approximate formula for the pitch—The expression for the pitch angle
~ {equation (6)) is somewhat complicated and further detailed discussion is relegated
to Appendix IV where the general rotor equations are solved for two working
conditions only. In the first draft of the report the approximate formula
f = 6, -+ 6, sin y was adopted, the values of 6, and ¢; being chosen to make #
coincide as nearly as possible with its value at 0-7R from the root, as given by the
exact expression. This position was taken since owing to the higher velocity
~ there the outer portions of the blades are much the most important. In Appendix
IV-the results of this approximation are compared with the more accurate values
and the difference is seen to be negligible except for a small increase in thrust,

On this approximation we have :
(6, = 0-293 a,B — (0-213 + 0-2284%)A + 0-455C + .0 - @
1=——-0586yA . .. .- .. .. .. (8)

_ The Values of the constants for the C.30 machine are gwen in the following
table :—

TABLE 1
| Rotor Characteristics

. Torsional Stiffness 1/K 17,720% 1b.-ft./radian per foot run of blade,
‘Chord ¢ - : ' 0-917* feet.

. Tip Radius R © 18-5* feet. '

- Mass of blade per unit length m 0-0615% slug per foot.
Distance & (Fig. 1) 0-06* foot,
(Geometrical Pitch at Root 4,,, 0-0465* radians,

“Cy - —0-052.

Equations (7) and (8) therefore become
[0 = (0-1694 ag — 0-0320 —0-03424%) Q' + 0-0475 .. 9)
91—00879;¢Q”~ e (10)

where Q' = 0- 0477 @ = ratm of the rotor angular veloc1ty to a standard value
of 200 I.p. m. ' :

3 The gmeml yotor equations »——The equations ofR. & M 1127, Part I1, expressing
the thrust, thrust moment, drag and torque of the rotor have to be modified when

il Y@;ymg. p;_tch is mtroduced It szmphﬁesmatters to consxder in the ﬁrst place -

S * Thes.e valnes are denved from measurements on the fall scale blades made at the R A E A couple
- of 10 bt apphed near. the tip of the blade produced a t\mst there of 0- 53 when a section 16 feet
"*Tlmches away Was, held ﬁxed. ' _ _ S e




7

only first harmonic terms in y. Thus we have § = @y —a, cos y — by sin p, and

the expansion of equation (12) in that report is found to give as condu‘zom of
zero thrust moment :

11, 1 o g
— @t 5A+g (e —

%,.-,ol_;;czo U 1)

{from constant term)

1 1 1,
—gua (1450 =0 .. .. 1y

{from coefficient of cos ¢)

1 1 1 2 ., 1 3, .
Qﬂﬂ—E(I“Qﬂz)al—}-gﬂoo—:l(l"i"f—zﬂ")al:o . ‘e (13)
| (from coefficient of sin v)

where 6’y is #, measured not from the chord but from the no-lift angle.

The equation of zero torgue corresponding to (15) of R. & M. 1127 is now :

. 2., 1 1 2
A%l phay + (7} ABY, — —2;41 6, + é;azaﬂ S,uaob - 1 (1 ;e“)

10 = 1) a4 (+3e)i— g+ =-2g=0;

of Thrust :

zsw% gr+a(i+ z,u)e' é,uol}_;. TR )

of Longitudinal F or_ce N

1 1 (/3 1, 1.
kﬂwwéa{agalwﬁﬂﬁﬁ—01}-.

+ A (4 Ko b)
+ ay (Zi,#al + ; Btn — i #91)5 . . 1(16)'

4. Solution of the 3quai‘zons —The method adoptcd for solving the above equations
was 10 substltute at each x the known values of Q' and an assumed value of ¢,
The value & = 0-014 is adopted here, having been first of all estimated in an
unpubhshed report on the basis of Fage's observations on symmetrical aerofoils.!
* The value of Cs, measured in the Compressed Air Tunnel was 0-0106 for a C,

‘value of 0-520, so that the assumption 4 == 0-014 includes a liberal allowance
for the effect of stalling of blade sections near the centre, rough‘ncss. of surface, :
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tip loss, etc.  , and 6, are then known in terms of a,, and the zero thrust moment
and zero torque equations can be solved directly to give 4, ay, @1, by, By and 0,.
In practice the easiest method is to assume values for 2, obtain a,, 0, b and a,
in succession from the conditions of zero thrust moment (equations (11), {12)
and (13)), and substitute in equation (14) to find values of g. Interpolation then
gives the values consistent with ¢ = 0.

¢ and % are easily determined from these values, and the rotor incidence ¢ follows

at once from

tan ¢ =

A a 2 A a
;‘ -+ -Q;A-é A (01' more eXH.CﬂLY, == ;L- + QW—H{"-_:}M_Z t) v e (17)

o Lift and drag are given by
X = Tsinz + H cos ¢
- Z = Tcos¢ _-—-_H sin'_ i.

: Also since by energy considerations (R & M. }12'7 page 20) it can be shown
: 'that ‘ ' .

‘4X_._5(1+3;ﬂ) ot : : '
7 = T B T (18)

" another value may be obtained for 4, say,

(14340 4
‘which has been verified to be algebraically identical with (16) and affords a useful
check on the calculations. .

S Numerwal vesults. wFlgures for the rotational speed (and also for incidence
. wand stick position) for a speed range up- to 100 m.p.h. are available from the results
L of ghdmg tests at the R. AE., Farnborough ® From these and by extrapolation
o to hxgher values of p' the actual values of - Q appropna.te to & have been taken

~anda complete calculation made to obtain the twist and: flapping for u = =0, 0-1,
":;"0 lo, 0 -2, .0-3, 0 30 0-4 and 4 =0-014 and 0-012." The results are gwen in
Table 2 and plotted in: Flg 3 for the case of 5 = 0- 014 BRI :

Dedueed::_.va_lues of 1nc1dence thrust and longltudmal force: (eoefﬁczents and fu]l__
e'shown m “Table 3 and F:gs 4,5 and 6. The correspondmg ﬁgures_ _
lade - tmst is’ not taken into account ‘are also glven together thh the'
tal, lnmdence c:urve o"btamed at Famborough 5 e T '
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TABLE 2
Flapping and Twisting of C.30 Blades

q ] Flapping. ; Tuwist.
M r' .m’ . "]' i I ——— s At 1t ,;_,_._..w,‘,,‘,w.‘,,,,.,‘.,, FIRIT
| (r-p-m) : ay ! @y % I E b | 6
i i
§ = 0014 | .0 208 0-0160 | 8-54° 1 0 0 2:31° | 0
0-1 203 0-0146 | 8-37° | 1-00° | 1-05° | 2:27° | 0-49°
0-15 206 0-0131 | 7-99° | 1.42° | 1.50° | 2-16° | 0-80°
0-2 210 0-0116 | 7-88" © 1-71° | 1-99° | 2:00° | 112°
0-3 227 0-0110 ; 6-49° | 1°75° | 2-49° | [-53° | 1.95°
0-35 238 0-0132 1 5-88° | 1-44° | 2.58° | I-18° | 2.50°
0-4 251 | 0-0188 | 5237 | 0-85° | 2:8° | 074 | 347
§ = 0-012 0 208 o-omf 8-27° | 0 0 2:27° | 0
‘ 0-1 203 0-0127 + 8-10° | ©0-96° | 1-08° | 2.20° ; 0-4¢°
0-15 206 0-0113 | 7-72° | 1-37° | 1-58° | 211° & 0-80°
0-2 210 0-0099 | 7:31° | 1-67° | 1:91° 1-96° | 1010
0-3 227 0-0096 | 6-20° | 1-69° | 2-41° | 148 | 1-05°
0-4 251 0-0171 | 4-96° ‘ 0-70° | 2:47° | 0:67° | 317
8 = 0-014 0 208 0-0154 | 8:96° | 0 0
and assuming | 0-1 203 0-0127 | 8-74°  1-65° | 1-16°
no twist. ¢ 0-15 . 206 | 0-0085%1 8.53° ¢ 2-39° . 1-68° | 2.67° | o
0-2 | 210 | 0-0053; 8:21° | 3-14° : 2-15° [~ |
0-3 | 227 —0-0060 ! 7-49° @ 4.44° . 2-85° :
0.4 | 251 —0-01921 668 | 5.47° | 3-27° | |
TABLE 3
Incidence and Forces of C.30 Rotor in Steady Flight
| i Coefficients. f . _ : 1
_ | Incid i ' ' - Thrust : Long. force: =
g nciaence L - X /7
#1770 | Theast | Long. f T R R
i i 7 rust | ong. force | (Ib.). (b, o
H f h . . I
t ] b ) |
: , - e
5 = 0-014 0 90° L 0-1090 | 0 o140 0 =
Loeer 21-6° | 0-1066 | 0-00249 | 1,990 - 46, . 0421
0-15 11-0° - ¢ 0-1022 | 0-00351 ; 1,960 S 67 0229
0-2 6-60° | 0-0970 | 0-00411 © 1935 | 82 1 0159
0-3 3-40° | 00841 | 0-00429 | 1960 100 | - 0110
0-35 3-00° | 0-077 | 0-00401 @ 1,975 99 1 0104
| 04| 3-28°  0-0605 | 0-00821 | 1980 : 9, | 0104
5 =002 | 0 90° 01054 ¢ 0 - | 2000 1 0 L —
.‘ 01 20-3° . 0-1029 , 0-00226 | 192 : 42 0-35%4
0-15 10-1° | 0-0086 .. 0-00322 | 1890 | 62 . 021
0-2 6-02° 1 0-0940 [ 0-00385 | 1875 | 77 | 0146
! 0.3 .| -3.08° | 0-0812 0-00387 | 1,890 . 9 . 0-10
1 0.4 | 3022 | 00861 | 000273 | 1885 78 0095
s =0-014 |0 .9 T on4t 0 L2240 o -
" and assuming | . 0-1 10 21.3° i Q-1112 1 0-00381 2070 . Ti C0-430
. notwist. | @0-153 7 [710-0° 0 0-1087 | 0-00572 | 2080 ; 10 0-230
U b e 5050 4 0-1080 ¢ 0-00701 1 2085 ¢ 48 . 04159
.03 0-31° | 0-0960 | 0-00930 | 2230 | 26 | 0102
S04 ~1-30° | ©6-0867 ! . Q-01059 g 2465 | 301 T8 1 1)

(33602} | b3
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F16. 6.—~C.30 Rotor Thrust and Longitudinal Force.

(Based on rotational speed deduced from R.A.E. gliding tests.)

© 0 Twisting, 8§ = 0012

+ Notwist, & = 0-014
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.I‘or comparison with similar curves in R. & M. 1127 a further figure (7) shows
the effect of blade twist and change of é upon the drag/lift ratio (X/Z).
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Fic. 7.—Lift and Drag of €.30 Autogiro Rotor.

The 1mp0rtant question of pztchmg equilibrium and stxck posmon is considered
separately, in §7 below and Appendlx I :

B Dzscusswﬂ of results —It.is at once clear that the occurrence of blade twist
--;has an. unportant 1nﬂuence on certain of the autog1ro charactenstms and - brings
. the theoretical results into much closer accord with practice. As has been predicted
.y'"-.Cmrva the effect increases ‘with speed, so that a periodic twist 6, of + 1- 9°
tiaf rwardspeed 0f89mph (,u = O 3) becomes —i~ 3-2° at 129 m.p.h. — 0- 4)
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and at the same time the mean pitch angle 6, round the circle is decreased (Fig. 3
and table 2). Cierva’s conclusion that the twist to some extent takes the place
of flapping, is also confirmed, as may be seen from the fact that at o= 0-4, a,
1 4+6° less than it would be with no twist. This is in agreement with the theory
of R. & M. 1127, Part I, where a non-twisting flapping blade and a non-flapping
blade whose pitch angle is varied sinusoidally around the circle are compared,

- The twisting of the blades also affects the rotor attitude for steady flight (Fig. 4).
As might be expected from R. & M. 1127 (page 16}, the increase in incidence,
4-58° at u = 0-4 (Table 3), for example, is nearly equal to the change in i, the
primary longitudinal component of flapping, 4-62° (Table 2). The observed and
calculated values of incidence are in agreement to within a degree up to the
highest speed measured, and this indicates that the simplifying assumptions made
in this paper are justified, at least at- this stage.

The most striking effects of twist are found in the rotor force characteristics
(Figs. 5 and 6). Apart from the lower end of the speed range, where the rotor
angular velocity upon which the calculations are based has had to be somewhat
doubtfully extrapolated from the Farnborough curves, the twist results show a
fairly constant thrust. Since for steady flight and not too large incidence the
thrust should nearly equal the weight of the machine (1,900 1b.), we might deduce
a value for 8, except that the neglected factor of tip loss is certainly of importance
as regards thrust. In fact a crude application of strip theory to the thrust and
thrust moment equations (but not to the torque equation because the drag on a
blade element will be little reduced), on a basis of the reduction of chord at the
tip, indicates a thrust of about 80 Ib. less than that so far calculated, which would
‘bring the values for é = 0-014 into fair agreement with the weight. ' 2

Of great interest is the much decreased longitudinal force H when twist is
included. This is not only less than half as large as for infinitely stiff blades but
actually begins to decrease above about 100 m.p.h. Asa result, the’ pitching
- moment equation {see Appendix II} is profoundly modified, and so in consequence
is the stick position for equilibrium. The effect on drag is of course not so marked,
- on account of the thrust component, and as may be seen from Fig. 7 the lift /drag
ratio is hardly affected at all. '

7. Pitching equilibrinun.—It is known that the C.30 autogiro exhibits a curious
reversal effect on the stick position to.trim. To main'tain_“steady flight at both
high and low speeds the stick has to be held further back {rotor tilted in the sense
of greater incidence) than for the intermediate speeds (see the experim(?-ntal curye
in Fig. 8). Thismay be considered to imply the existence of some fm__‘m of instability,
for since a backward movement. of -the control column always produces. a nose
~ up pitching moment; it follows. that if the machine is flying in equilibrium at a

- * fairly high speed and the speed then increases with the stick held fixed, a nose
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down pitching moment is produced which will tend to increase the speed still
further. The phenomenon is qualitatively predicted on the twist theory, as is
shown by Fig. 8, in which the angle y between the rotor axis and the perpendicular
to the body datum is plotted against x. The remaining discrepancy there shown
between the theoretical value and the approximate curve obtained in gliding
tests is not considered serious, in view of the critical dependence of v on the exact
fore and aft position of the centre of gravity of the whole machine, and on the
aerodynamical characteristics and downwash on the tailplane.
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Fic. 8.—Stick Position to Trim on C.30 Autogiro.

Details of a complete calculation of pitching equilibrium are given in Appendix

11, and table 4 shows the contributions of the various items to the pitching moment
of the whole autoglro :

The more general problem of the p1tchmg stabmty 15 under conSIderatlon

. ‘8. Geneml theory of blade twist—It will be noticed that the theory given in this

paper is applicable only. to a rotor whose blades have the special characteristics

(as.in the C .30 machine) that the aerodynamic reactions can be reduced to a lift

o and drag-and a pitching moment with constant coefficient when the lift is chosen
to act’ through the tmstmg axis, here taken to be the centre line of the spar.

; In :._the general case the pltchmg moment coefﬁment CM is not - constant but is
ppr ximately }mearly dependent on the mc1dence of the partlcular element
tmde_ _cens1derat10n. The" problem is thus more. compllcated but a solutmn is
ossibl by 'a method of senes and is developed m a further Appendlx III
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9. Further developments—The present application of the theory of twist given
above depends upon the following assumptions or approximations,

Foyr the blades——

(1) They are assumed straight and infinitely rigid in bending ;

(2) the whole stiffness in torsion is taken as concentrated in the spar ;
(3) the discontinuities from rib to rib along the spar are neglected ;

(4) the moment of inertia of the blade section about the spar is small ;
(5)

5) an approximate formula giving constant twist along the blade is used i in
the rotor equations.

For the aty velocilies—

(6) The component parallel to the axis of the spar of the relative velocity at
a section of the blade is neglected ;

(7) end effect at the tip has not been considered :
(8) the blades do not in fact extend to the rotor axis ;
(9) no allowance has here been made for the changed conditions over those

parts of the swept disc area at which reversed velocities and large angles
of attack occur;

(10) % is assumed constant over the swept dis¢ area.

For the forces—

(11) the aerodynamic forces on a section may be reduced to a Ilft and drag -
acting through the spar and a pitching moment with constant coeiﬁment 7

(12) the direct effect of drag on the tw;st of a sectzon is neglected

For the rotor in gmeml— _ ‘ L
( 13) only first harmonic terms in y have been retamed

' Of these, (2) {3), (11} and (12) are ]us‘uﬁable apprommatmns (7}. and (5) are
discussed elsewhere (§6 and Appendlx IV) and (6) in R & ".i 1127 (page 3).
We: consuier the others in order. - R Co o

In regard to bendmg (I) an estimate hass been made of the statical deﬂectlon _
"Wthh a'beam of the stlffness of the autogiro blade would undergo, when subjected
" to the instantaneous forces given by the present theory of twist.. For the particular
case of u = 0-3, this bending appears to be of the order 1 ft. upwards at the tip
together with 2 periodic term of amplitude 1-1. ft. Since however the lowest
frequency of oscillation of the blade in bending is calculated from the stifiness,
 neglecting damping, to be 3-4. periods per second, which is about equal to the
frequency of rotation of the rotor, little reliance zcan be piaced on this estimate,
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Some recent unpublished photographs taken in flights at Farnborough® seem to
indicate maximum flexural deformations of much smaller magnitude than this.
It should be remarked that the effect of a constant curvature has been considered
in R & M. 1127, Part II.

The moment of inertia of a blade section about the spar axis {assumption 4)
has been determined as 0-00231 slug ft.? per ft. run of blade and gives for the
whole blade a frequency of torsional oscillation of 38 per second, neglecting some
reduction due to the unknown internal structural damping. This is very high
compared with the fundamental frequency of rotation of the rotor, about 3-5
per second, and hence the forced oscillations at the latter frequency will be little
‘affected. ‘

Although the actual blades do not reach the rotor axis (assumption 8) by some
15 in. and there are heavy friction dampers between, the aerodynamic effects
at the centre have been estimated as very small due to the low velocity there,
-and inertia forces are also unimportant on account of their small moment.

Some consideration might be given, as in Ref. 5, to those regiops of the swept
disc area in which the resultant velocity on the blades is in the direction from the
- trailing to the leading edge (assumption 9). It is obvious that the aercfoil sections
are here working under quite other conditions than have been assumed above.
- The regions of transition offer no difficulty, since although there the angle of attack

“. passes through 90° the velocity at the same time becomes very small. Wheatley®
- has made allowance in this respect by splitting his integral for the backward moving
-blade into two relevant parts and evaluating these separately.

Wheatley® and Glauert! also consider a varying induced flow of a particular
type, and find that the blade motion, though not the net rotor forces, are somewhat
affected. Thus it may be worth while examining the case of varying 4, when
blade twist is not neglected (assumption 10).

Finally, the retention (13) of only first harmonic terms in y is partly justiﬁed by the
results of R. & M. 1127, Part II, in which the effect of cos 2y and sin 2y terms
is found to be comparatively small for the partlcular machine considered there.
For the C.30 autogiro a very rough estimate on the basis of the R. & M. 1127
formulae (page 34) gives values of a4, and b, of less than 0-5° even for the highest
# = 0-4. It therefore seems unnecessary to embark upon-the Very consu:lerable
mcrease of labour requlred for the 1nc1u510n of these terms '
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APPENDIX I -
Notation =~
Dimensions and constanis of blades
N number of blades.
chord of blade element.

c
7 radius to blade element.
R tip radius.
x = 7/R.
o the solidity = N¢/aR.
6 the pitch angle.
8, mean pitch angle (see text) measured from chord line.
6’y ~ mean pitch angle (see text) measured from zero lift.
0, amplitude of periodic change in pitch angle,
1K torsional stiffness of blade.
. mass of blade per foot run.
y = ceaR4/I, where I is the moment of 1nert1a of one blade about
. " its hinge. L |
C' =  GyI, Q% where G, is the moment of gravity for one blade about
T "~ its hinge. . - '
" Motion of blades . '
oy ' angular position of blade measured from the backward position.
70 =y the angular velocity of the blade. :
Q' = 0-0477Q = ratio of rotor angular velocﬁzy to a standard value
(200 r.p.am.). _
B the flapping angle of a blade, mea,sured upwards,
L=y —a; COS Y — By 51nw(wa2cos2w —bysin 2y .. ... )
Veiocety of the air relative to the centre of the autogn‘o
AR O parallel to the axis.
n#RQ normal to the axis.
U component in a plane normal to the blade of the resultant relative
velocity at an element. : .
3 angle of incidence between normal to rotor axis and the direction
of flight. :
: '}forces on blczde elements
- S shearmg force, acting through centre of spar.
T twisting couple in spar.
a  slope of lift curve of blade element.*
8§ mean proﬁle drag coefficient of blade element. %

.*‘ a and 6 ha\e double their xalues in R. & ’\I 1127 in aocordance w1th fhe usage of modem
‘ oefﬁcxents of the type CL and Cp. | :
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Forces on volor as a whole

T thrust parallel to the axis.

H longitudinal force perpendicular to the axis.

Q torque. -

X drag.

Z lift, coefficient C, {based on disc area).
t = T/NcpR? Q2 thrust coefficient,

# = H/NecoR? Q2 longitudinal force coefficient.

iy longitudinal force coefficient deduced by energy considerations.
g = Q/NcoR* Q2

APPENDIX 11

The pitching equilibrism of the C.30 autogiro.—We may represent the forces acting
on the machine as in Fig. 9, which is drawn for the general case of steady but not
necessarily horizontal flight. Here Z, is the resultant lift on the tailplane, acting

v . .
Rolakive wind . w
FiG. 9.

through its centre of pressure distant & from the c.g. of the whole machine; X,
the body drag; 7, the incidence of the machine as given by the’ angle between
the relative wind V and the fore and aft datum line, relative to which the mean
angle of no-lift of the tailplane is set at o0 (== <+ 0-035 radian) ; ¢ the tilt of
the datum line from the horizontal ; P, a correction on the total pltc,hmg moment
due to the offset 4 of the blade hinges and also to the direct twisting couple at the
root of a blade when in transverse position ; and @, b and ¢ are constant dimensions
of the machine. As in §7, y denotes the angle between the rotor d\lS and the

perpendicular to the body datum.
" . Taking moments about the c.g. and mltxa}lv assummg $ and y smali the p:tchmﬂr
moment on the machme for a gwen 7 i. e guen stick position is

T ’;__._n_g);;+ Ha + P, —Zb.
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Z, may be expressed as 1-5 oVES, (z — —E—{) 03:) — 14) where the slope of the
normal force curve of the tailplane, area S,, against tailplane incidence is taken
as 1-5 per radian, and 4, represents an allowance for downwash from the rotor.
This latter has been calculated on the assumption that the rotor is equivalent to
a monoplanc aerofoil of the same lift and span with elliptic distribution of lift ; °
which leads to the result

i = 0-88 % 7

where

: z{=2Z[Nc oR? Q% =tcosi — hsini.

P, consists of two terms. If for the moment we consider a four-bladed rotor
with two blades in the fore and aft position, then the differences between the
magnitudes and directions of the forces acting at the hinges, which are offset a
distance 4 from the rotor axis, will produce a couple tendmg to pitch the machine.
The expressmn for this i is found to be

1196 ¢ @ Q2R (1 = ,u ) by + mQ¥RM 4,

~ and may be corrected to the actual case of 3 blades by the factor 3/4. The second
term in P, is due to the direct twisting couples transmitted at the roots of the
: blades',r'a'nd: hence is the average around the circle of % (30) sin y, using -
. - . i Ir=190

- the exact formula for 6. Thls is found to reduce to —3 soc? O R3CM and is there-
- fore negative and nearly proportlonal to u. :

Hence for a given u the expression for the pitching moment is a linear functlon
of y. The equilibrium stick position for steady flight is clearly determined by
- that value of y for which this moment vanishes. = Fig. 8 of §7 gives curves for

the variation of y with speed, making use of values of T and H, etc., drawn
from the curves of this paper. The very much better agreement with experi-
ments when twist is taken into account is clearly shown, together with the
reversal of slope also then introduced. It should be remarked that an assumed
¢ == 0-012 gives practically identical curves, but that a different position for
the c.g. of the machine modifies them considerably, as may be seen from the
curve calculated for a c.g. assumed 1% inches forward of the actual position in the
‘gliding tests. A comparison between the two cases of twist included and twist
- neglected shows clearly how the increased equilibrium value of y at high speed
- in the former case is produced by a decrease in the contribution of Iong1tudmal

o _rotor force and to a smaller degree by a decrease in P,..

For the equﬂlbnum values of ¥, Table 4 shows the contnbutlons of the varlous :

o ;:; terms to the total (zero) pitching moment on the machine, for the case of 6 = = 0-014,

and‘alse the restormg pxtchmg moment on the machme when the rotor is in its
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equilibrium condition relative to the wind for the given speed, but the body 15
tilted so that y is 1° too great (stick pulled back). It will be noted, as expected,
that this is always positive and increases with speed.

TABLE 4
Prtching Moments about the Centre of Gravily
Pitching moment  T{ay — ¢) + Hae — Z;p + P,
' where Z, = net tailplane Lft

= 13 oV™5, (7. — v 4 0035 — 0-88 —?;5;{).
. #:

a = distance between rotor centre and cg. of
machine, measured perpendicularly to the
body axis, == 5-78 it.

¢ = ditto, measured parallel to the body axis,
= (}-42 ft.

b = distance from centre of pressure of tailplane
to c.g., parallel to the body axis, = 10-4{t,

d = offset of blade hinge {from rotor centre, == 175
in, SR

" 01 {015 | 02 03 035 04
V (m.p.h.). 27 41 | 555 | 90 | 110 | 1825
I'mludmg'tmst 4 = 0-014 |
¥ for equilibrium Lo 255 2-8° ) 2-16° 2-43° 1 2.87° 3-65°
Prtching moment (1b.ft.) due to : ' ' E ‘
Total rotor thrust, T(zy — c) s =325 | ~385 j —39t | 341 | —256 —935
Longitudinal rotor force, Ha .. 269 387 474 578 - 572 529
Tailplane : : : I R o
Gross 1+ 50V2S ! _ ;- '
j (i~ 7 + 0-085)5 | —507 ~ —-617 | —G63 | —797 | —855 | —93
Downwashl -59V25, (0 88 .,z)b 584 1 3585 590 -} 598 | 601 605 .
p S Ofiset of blade hinges .. ot | 321 39| 48 ,! 43 B
i Dxrectpltchmgmoment onblades | ~22 —34 —49 | B84 —104 ;136
Increase of » byl1°, ' ' _ _' : ]‘ . !f - A
00175 (Ta + 1-5¢V2 S;5) ... 224 | 253 209 | 466 ;. 602 | 790
Neglecling iwzst = 0-014 \ oo ' - o !
Lhorese | 0-37° 1—0-81° | ~1-29°
Pztchmg mommt due to: _ o " Lo
Total rotor thrust . .. ce o we 485 1 c =805 i-1120 -~1357
Longxtudmal rotor force . . ..p 418 _ | 839 |
T lla Gross .., .. .. =5l ‘ -] —689 o
alp Ne 3y Nownwash e {586 | 636 {
‘ p Oﬁset of blade hinges |- 33 C i 67
' Dxrect p1tch1ng moment on bhdes i w22 R e ‘
Increase of ¥ by I" 23 } ? 314
! , |

{33802
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" APPENDIX III -~

More general theory of blade twrst.—As a first attempt at removing the restriction
to an assumed constant pitching moment (when the lift is chosen to act through
the twisting axis), we consider the case of a linear variation with incidence «;

me éct +j; Sa—y.

Now the velocity components of the relative wind in the plane perpendicular

to the blade at the section are

| Uy=7Q +uRQ sin

U, = ARQ — #8 — uRQP cos v

where U, is also in the plane perpendicular to the rotor axis and U, passes through

the rotor axis (see R. & M. 1127, page 8).
Hence the in.cidence

ARQ — rﬁ — uROB cos v
rQ -+ uRQ sin v

o= 9.+

Now take y o= R -+ " sin ¢ and make the same approximation as before that

ﬁf_——_' @y — @y COS p — b1 sin y only. Then « reduces to
== (8 — a, sin p + by cos ) —5—& (4 -+ pay — pagcos v) .
Also the differential équation of twist -becomes

dy2 = {K chcu Q2R4y +m b {aq ﬂzRy +g — ay ORyp sin y) .

Thus, :.ubst;tut:ng for Cu,

%w "—Ayzﬂ +By +Cy —1~D
. where
== K ¢c2Q2R% :
} e —I{ 0c2Q2R? {(—aysiny + b cos gu)e +f}
C=— %K oc2Q2R4 (P + ual - ,uczu cos zp)e ~ mbay, QR -

"D_,-—"—I— mb (a‘3 ﬂgR_u sin Q_z) — g)
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We simplify further by putting y = A-¥z, thus obtaining an equation of the
form :

fz?“ 025+ B2+ Cz+ D
2
where B = B'/A, C = A~ C, Dr = A-¥D

(If { is not negative, so that A is negative, the development proceeds very
simitarly if now y == (— A)~¥z) :

Assume a solution in series, say,
0 =Ay 4+ Ay 4+ A2+ . L L.

By substitution it is easily found that

21 A, = D

32 A, = C'

43 Ay = A+ B
54 A, = A, B
65 Ag= A,

-------

Hence

8 =l

”:A°(1+£+8;43+1211£743 ‘)
J.FAl("‘*'54;+9334+ )
+ 0 (55 e+ 10.9?61?:).2.1 +. ) o
Ty %+7—é§~2+)

+F (43+ézzi13+ )

- For given values of all the quantltzes in the expressions for A, B, C and 1) the twist
at every point would then be caiculable from this equation (in which the series
converge very rapidly), but in general the values of 7, ay, @y, by, for an assumed
wand Q, are still unknown. Tlie two constants of integration A and A, are, of
'course settled by the end conditions ; in thls case, that 6 = am for r == D o

de
-_anda;—OIorr—R
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In order to make practical application of this formula we may adopt the same
approximate method as already described in this paper, of taking the mean pitch
of the blade at any azimuth ¢ to be 6, — 6, sin y, where the constants 6, and 0,
are chosen to make the pitch angle as nearly as possible equal to that at (-7R
from the centre given by the exact formuia. By use of the equations of thrust
moment and zero torque, the solution may then be carried through as before.

- Practical arrangement of the calculation.—By a systematic arrangement of the
work the solution can be made considerably less laborious than might perhaps
‘be expected; and the flapping, twist and other characteristic quantities for a
given steady condition (¢ and Q specified) can be comparatively easily obtained.

The first step is to work out the values of z corresponding to # == 0, 0-7R and
R and y» = 0, 80°, 180° 270°. It is to be noted that for a given rotor,

2z = constant XV Q (% + u sin q}) .

Then by the use of easﬂy constructed graphs of the series functlons
28
(1 + 43 4 e 8743 4. )etc and of thelr derlvatwes pe (1 + 43 —}— ) 0
can be. worked out from the end condltmns and its value at 0-7R for each of .
oy = 0 S0°, 180°, 270° expressed as a linear function of B, C’ and D'

_ Subshtutlng the correspondmg expressions (in terms of 4, ao, a;, by), for B, C
~and D', the average round the circle of the four values of 6 at 0-7R gives 0, as

“a linear function of 2, ao, ay, b; and half the d1fference between the values at 180°
and 0° gives 6,.

The three conditions of Z€ero thrust moment and the equatlon of zero torque
being unchanged, there are thus six relations between the quantities 1, a,, a4, b,
0y, 0y, five linear and one quadratic. On inspection it will be seen that these can
be quickly reduced by direct substitution to one quadratic and two linear equations |
in 4, ay, b, and these may be solved most easily by the method already proposed

of assuming values for A in the linear equations and interpolating to find that
value for which the quadratic is also satisfied.

: The general rotor characteristics, 7, ¢, f, etc., arer deduced as before.
. Nou-linear variation of pitching moment.—It is clear that a similar method of

solution by series would apply to any other case where the pitching moment as
~ here deﬁned is expressible as a power, or sum of powers, of the incidence. But

E '}.-_:_the calcu}a.tmns ‘would be very laborious, and happily the need of this extension
o s unhkely to arise ; since - except w ‘hen the centre of pressure for “ordinary incidences

hes near the tw1st1ng axis, the pxtchmg moment coefficient is linearly dependent
on the 11ft coefﬁcxent Wthh 1tself is usuaﬁy lmear with mmdenee
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APPENDIX IV

Use of the exacl formuda for twist in the rotor equalions.—As explained in §2.2,
wherever the rotor equations (of thrust, thrust moment, torque,.ete.) involve
the pitch angle 6, an approximate expression of the form #,-0, sin y has been used,
0, and 0, being chosen to give the best agreement with the exact expression for
the pitch at radius 0-7R from the root, In order to see whether this approximation
was justified a calculation with the exact formula was mmed out for two cascs,
viz.: g = @ and p= 0-3, § = 0-014,

The pitch angle measured from the no lift angle, equation {6), was rewritten :

0 = Pyt + (P3 + Qasin y)x® 4 (P, + R, sin® y) #*

+ (P, + O, sin yp + R, sin* y)x + P .. .. (6a)
where ' '
. . .
1 1
Paz_’éB“u: : Qangﬁv
. e | -
P, = — 4C; b R, = 5 Au;
1 = _%A‘i‘ 5 Bag + C; Qy = —Au; Ry = —Ap®;
PO = 0root'

The rotor equations of §3 then became —

From the condztwn of 2ero rizmst moment, | A
— @+ ) +g2+(5+ 2;: )P4+(7 o )P + 5105 7
+ (5t g )P2+(12 + 9.08) Re "*“(I i é.‘"?_)_P‘:“*"ﬁ“‘Q‘ |
+(ﬁi+ g#a) R, + (5 + :;'ﬂ'.)Pu “0 .

1 o ‘
B O LT R

;"”1_ 4(1 2‘”)“1 7'"P "”3"1)*“‘"(" : ‘70”)0 +"”P" |

' 1
+ Osz%*z#P +( 4#>0 +8!¢R1-r 3#10 - 0
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1 t
s P”+(10’“‘6‘{“)“‘11)R —.—-_1 Pl - (Giu} 10(11 - 04.::&)0
| 1 2, 4
+('£ lGn(rl)Rl—rdf. ﬁ(m—ﬁq)mo .- .. (14a)

Thrust,
2= s (o ) (o ) s (e e
(o + g R+ (G 3 Pat “Ql+(3 54) Ra
+%(1_+?§’,u2)g,... Y 1)

The methods of §4 were used to sohe these equatlons for given x and ) and the
following results were obtained, the approximate values being repeated for
. comparison. - .

| ! i T
I i ” A gl SOy { ap 1 b datQ7R
| : | L
o Ol : } !
0 “Exact” . 0:0160 | 892 | 10 0 | 244
. Approximate ¢ 0-0160 | 834 | % 0 | o ;28
03 | “Exact” | 0-0119 | 6-31° ' 1-63 | 2:.42° | 1-52°-1-95%sin y
Approximate | 0-0112 6-48° f 1-75° 2-49° © 1-533°-1-95"sin v
g P st
| ¢ | 3 *
P I B | h It | H
' ) i _ ! o
SR . B - ! e
¢ | “Exact” £y L 0-1097 0 2145Ibs. i Glbs,
-0 | Approximate’ ¢ {807 | 0-1090 0 2180dbs. | Olbs.
03 | “Exact” 358 | 0-088 | 0-00396 | 20201Ibs. | 921bs.
i Approximate | 3-40° | 0-0841 | 0-00429 | 1,9601bs. | 100 1bs.
. T ar g
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Auteayre Blade Section
o5 tested im C AT in 1934,

& L Qq . N .
) 2 i - ﬁw ]
& . ﬁ v ; - . . -
BRI Ty
g__’___j#—_____ﬁ_—-r'—:s tg iy
. 8 - :
8o | -#0f 600 80 | w08 | eoo” | -e00” | w00
- 8" .
45" Span.
Frc. 10.
TABLE 5
Autogiro Blade Section tested in Compressed Air Tunnel
' P = 1 atmos. ; 'V = 75-9 f.é.; '
vz =6-71; = R =0313 x I0°
o _ G Cn s C.u ’ _- C.Do'.._ .
—1-8 0-071 0-0160 —0-0498 |  0-0158
4 12 0-287 (3-0188 ~—0-04468 0-0142
4-3, 0-512 0-0288
7-3, 0-736 0-0486
10-4 4-948 30714
125 1-070 0-0888
14-5 . 1-164 0-107
15-6 - 1-148 - -1 - 0-123
"17-8: 1-078 0183
20-0 1046 | 018%
932 L1024 1 0-229
L2856 | 064 0-343
289 0654 0-402
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TABLE 5—continued

P =11-1atmos.; V ==46-41s,;
1oV2 = 27:6; R = 2-08 x 10

. !
, |
—4-2, —0-108 0-0102 —0-0502 0-0098
—2-0 +0-050 0-0098 w{} - 0480 00096
+1+2 0-286 0-0142 e} - (0440 0-0098
4-8 0-520 0-0256 —0-0406 0-0106
75 0-750 0-0436 -~{) - 0384 0-0124
10-7 0-952 0-0672 waf) - 0334 0-0168
12-8 1-048 0-0874 ~0-0320 0-0264
- 13-8 1-062 . 0-104 —-0374 0-0416
14-9 1-072 0-119 —0-0402
15-9, 1-078 0-135 —0-0436
18+1, 1-059 0-165 —0-0466
26-3 - 1-058 0-196 —(+:0562
23-4, 1-052 0-242 —0-0650
25-6; 1-046 06-273 —0-0720
| 28-5, -902 0-317 —0-(850
‘P =4-3atmos.; V = 56-51{s.;
$oV2 = 15-9;; R = 0-993 x 108
—_42 —0-094 0-0114 . ~0-0514 €-0110
—2- -+0-063 0-0105 —0-0488 - 0-0102
S 4-290 0-0150 - —0-0456 00104
4-4 0-516 0-0250 00408 0-0102
745 0-742 6-0420 T - 0390 0-0114
16-5 0-958 . 0-0642 Cw{}- (354 0-0134
126 1-056 0-0836 —0-0330 0-0218
13-7 1062 0-0960 —0-03680 - | 0-0334
14-7 }-066 0-114 —{+0388
15-8 1-088 0-129 —0-0400
17-9 1-066 0-155 —0-0466
20-1 1-046 - = ()-189 —0-3530
22-3 1-650 - o 0-2106 —{) - 0650
25-5 1-042 - DR {2531 —i}- G710
25-8 1-002 . 0-339 - —0-0836
(33802) | Wr.1503[1a7/8084 500 387 Hw. Gavi

iy




