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SUMMARy.-(a) Reasons for enquiry.-(l) The ~Iomentum Theory of
R. E. Fronde leads to equations which require some modification when
the airscrew is working in a tunnel of dimensions comparable with the
diameter of the screw.

(2) Some correction to the speed of the air in a wind channel must be
made to obtain the equivalent speed of advance of the ain;crcw in free air.

(b) COllclusiolIS.-{l) Formu1<e for the thr\1st~momcntum relation,
infl.ow-outfiow ratio and contraction ratio of the slipstream are deduced.

(2) A method of COITccting the speed of advance for the effect of channel
constraint of flow is obtained based upon the Momentum Theory. which
may probably be relied up:m so long as the correction required is reasonably
small.

Froude's Throry applied to wind channel uperimenl8.-1t ca.1l
be shown that }i'roude's &88umptiolUl a.pplied to a.n airscrew
surrounded by the constra.int of cha.nnel wolls lead to the con­
clusion tha.t the thrust is grenter Uum the added momentum
measured at the narrowest part of the slipstream. 'Ve assumo a.
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perfect fluid and no rotation of any kind. Tho a.irscrew is ropro­
BOllted by a disc over which tbe air rccoin~s a sudden uniform
incret\SO of tota.l head (A). The channel is of circular section for
simplicity. Sections 1 and 3 aro sections of the channel beforo
and behind the airscrew over which the flow is parallel and the
pressure thorefore uniform. Section 2 contaillR the airscrew rusc.
A and a denote respectively tho sectional areas of tho surrolUld..ing
st,roam and of tho stream which rccci'\'cs the increase of total head.
The velocities are as shown.

Ps> Pi is obtained by applying Bernoulli's equation to the
surrounding stream :-

p, -p, ~'pV' [I - (I - ~:br]

, G'V'b (9 G'b)=-:!PAa "-As

'I'he increase in momenlum per sec. passing section 3 over that
passing section 1 is

tiM = F V2[('3 (1 + b) b - ~: As (1 - ~: U)b]
= P uaV2 (1 + ~aJb2

Now tIus increaso of momentum is equal to the airscrew thrus.t
less the difference in total force over the sections 1 and 3.

:. '£ =.6.M +(Pa - PI) ((ta + Aa)

= pa3V2 (1 + ~:) b2 + ~pa3bV2 (2 - :Ss b) (1 + ~:)

:. T ~ pG,V'b (I + ~:) {I + b (I - ;i,)}
, [ G, b a, a, /G')'b]

T = pa3V2fJ 1 + b - A
3

2" + A"3 + A
3

b - \A
s

'2

[
{ b ( G')}]u3 1 +- 1-

:. T = pa,V' (1 + b) b 1 +A. 2 A,. (1)
3 I + b

If the airscrew diameter is sufficiently small in relation to the

breadth of the channel, i becomes negligible and we obtain the,
Froude formula for the thrust of an airscrew working in freo sir

T = pUsV2 (1 + b) b

i.e., the thrust is equal to the added momentum"

'llhe effect of Ch{mnel Constraint on the ratio of b1flow and
Oufjlow.-It is shOwn in R. & U. 328 that if V (I +a) is the velocity
tJu·ough the airscrew {USC, then u = ~b. This follows from the
fact that the thrust is equal to the integral of the increase of
total head over the airscrew disc. ]n practice it is found by
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Fage & Howard (as previously by Dr. Stanton) that the difference
in the integral of total head o,rcr sections of the stream imme­
diately before and behind the airscrew is equal to the thrust,
which is equall,}' true in froo nir and in n. channel. In a. channel,
ho.....ever. the inflow a is not equal to one-half the outflow b.

The relation may be obtained as follow8 :­
The cha.nge of tota! head is

(~ = P3 - PI -r l?YI [(l + Ii)! - I]
= 1PV 2 [:~:b(2 - ;: b) + (2 + b) b]

[

a, bJb 1-

:.T~?",V'(1+2) b I+~: ,:r .. (2)

l '" b( a')JJ'lItT=ptl~\'2(1 +(I)b 1+A3
1

+2 i-As
I+b

from equation (I) sin"1(' IIS{1 +b) = at ( I + a).
AEter some reduction

(4)

"I - J.b, 2~~'[1 +b(l

b-:uJ
Efft!£t of Ohannel Co~lrainJ. on slip stream COlllrlldion.-The

. . a, l+a
contraction ratio = at = I + b

This is also affected by the con.straint of the ohannel wall",.

It is to be noted that the contraction ratio G:I is a function".
of the thrust coefficient 'I' /1' "3V' :\nd has limiting values I ami !.

Tho relation in frcc a.ir given by the simple Fronde theory is
obtained by eliminating b between the equations

T = pU3V2(1 + b) b = P"2Vf(l + ! b) b
from which we obtain

a, ~ ! r I +~ I 21' 1"-l 1-'- J2 , patV~

Sut/gUjU!d correction Jor Channel Con.strai"t oj PIOID lor Airscrew
Te8(8.~We require to find an equivalent 8pccd of advance (V')
which makes the thru~t. and torque the MUle in a. ohannel and in
froo air. We a..<:.sume that thi~ require;; that Y(l + a) (which
determines the incidence of the blad~) 1:'11811 be the same in each
C8"C.

•
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'Vo have the fou,,' oquations :-

(I) and (2) ahon- for tho chann<'! raso involving the quantities

T (lay V
\ '" A' (1 + a), ,b,paa 3

and two fl.imill1l' ('qUlttiOllS fOJ' {roo air involving

T Y'(l -L ') '" b''\"~' a,V,.prJ 3

Elimiuating b, h' and V(l + a) (tho laflt bc,ingcqual to V'(l + a')
wo obtain a rola.... ion ootween

TV' ",
V' pa3V~' -As'

T 'l'
assuming that \'2 and • \"2 are equal, with sufficient aoetu-acy

paa pa 3

for our pmposc.

The rolation wo really require is that between
V' 'r all
V' pft2V~' All'

and t;his can be obtained although the work is rather less straight­
forward.

W(' shan usc the following additional symbol:! :­
S = cross-section arc-a of channel

x = aa
A,

T
Y=-V'pa,

a,
z = ~f

Equation (3) ca.n be written in tho form­
tb 2x

a = ~b-
1+ b _ bx

2

(5)

UudC'l' freo air conditiollil, x is zero and equation (5) then
beoomes

a' ~ W ' (6)
The condition that V and V' al'C corresponding speeds is

V'(l + a') ~ V(l + a) I (7)

Tho substitution of (7) in (6) gives

~b' = ~,(l + (L) - 1 (8)

The substitution of (5) in (8) gives;

"b' - V -, + ,b - tb'x ] _ 1
2 - V' b:c

1 +b - 2
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I.t..

IJ Ib!x
whero f(b. x) m('SlU:i I - I

~ l+b-';
Equation (2) ~an he writ'tl.on &to; :

b'
'!J = 2 (I - Xl) + bel + x)

It folIow~ tht\t, in free a.ir (x 0) :
T 1/1 ,

pa2'-'" = 2 + b

That is :

( \")' (b". ') ~,y 2 1"" b y

(10)

(11 )

(13)

b'
=Y+2 (x+ I)

•

Di'Vidp ('ach "'ide of equa.tion (11) by tht' n's]X"Ctin' "jill' IIf ('qua·
tion (9) :

," b' - Y
\ - fib, x)

Sub4itutc this in. equation (9) :

'" 'IV ~f(b, x) - l fib, xj

V' !I
1 - V ~ 1 + j fib, x) - fib, x) (12)

Thl\ valul:' of u3 if> 1 xS • tlwr£'forc equation (I lean be "Titten
+x

in the form:

yz x ;- I ~ b [1 + b + x(1 + ~ _ b:) ]

from equation (10). Hence

I 1 b'l
:: Xtx+I+2yJ

Equation (to) gives:

Q y 2 )b' ~ (1 + x) (I - x + b

therefore z elm he expI'c~~d ll.!'I a function of x Imd b only, in
the form:

1 }•_x..L~
, b

( 14)

Equation." (10), (12) and (13), &upply thn.>e relations betlreen tho
. y'

fi'f"e vanabl(">! \. , Y. Z, x and b. The eliminant of x and b is an
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t · c.. V' d" l t . V'. t Icqua Ion UUlJwccn V ' y, an z, t.e., It (l Cl'llunt'S V III erlllS 0

T d a,
V Q an .....

pUt M '::1

In.stoa.d of direct elimination, uso is made of the oquivalent
process of selecting two of the variables (.1: and ") as fT'ucdom

V'
variables and calculating the other thN'c (V' y and z) in tenllS of

t,lwse. EquntiollS (10), (12) and (l3) give y, ~' and z in turn.

This supplies tho desired correspondence of values of ~', ~\ and

'lv'z; tho va.lues in Table 1 and Fig. 1 arc oLtaincd aft(,r some
pa2

cro3S plotting of these results.

•
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ApPENDIX.

Approximation to I _ ~'.- feb, xl will first be expalldcdin powers of x.

TIle solutioJ1' of $ation (IO) as a. quadratic ill b is

- I + ,/1 + 2y C~ ;)
b~ -

1 x

The expansion of this with the aid of the Binomial Theorem is :

b = _ 1 + (1 + 2y) t + x [ (1 + 2y) - t - 1]

[
1+ 4y + 2y' ]

. .. +..~t (I + 2y)I/t - 1 + ...
For shortness, let the above be written:

b=A+Bx+Cx'+ ...
- -lb'xTIHllast term of f (b, x), viz., bx is Ulen expansible as :

l+b- 2

1 J [ A'(B-~)]l
- 4 (I + A) 1A"x + x' 2AB - I + A

The first approximation to f (b, xl is thus:

A IB tV \
f(b.x) = I + 2+ x "2-4(1 +A)j

Let (1 + 2yj"l = k. Hence
A = k - 1

1-,
B~-.-

Equation (16) then becomes:
1 + It xy

f(b, x) =-2- - 2,

Hence
y y .ry'

·2fn(,fb.~"'·) = I + It + hel + k)"

Hence
V'_I+k.1.- 11:.- yl)
V - ,2 - k + 1 - x 2k + k(1 + k)l

I x{k - 1)
= 1,- 2

since y is k" ;- 1. That is::

v· x [ ]1-'1=12 v'1+2y-l

From equations (13) and (Iu) the first approximation to z is:

( A') Okz=x 1+ 2y =X(1I+1
Hence

( 17)

(18)
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V'
From equations (17) and (IS) the tim approximation to I - V-

in terms of the two IIKl6t uo;d'u1 independent 'IiaTiables)' and:.r is:

1 _ y' z r.. • (19)
V 2"Jl~2y

V'
The relation between I - 'Ii' Y and z is plotted in Fig. wiill Z as

parameter, and a dotted line shows the satisfactory nature of the approxi­
mation of equation {19} for the case z = 0·2 (i.e., propeller diameter
0·505 times Ule channel breadth, in tile case of a square section channel).

Slip Slrlllm.-The first approxillu.'\tion to the slip stream ratio b, from
equations (15) and (IS) is:

b--I+v'1+2y-m (20)

The slipstream ration b' at tile corresponding speed V' in free air is given
by putting z _ O. viz. :

b'--l+v'I' 2y'
In Fig. 2, b is plotted in tenns of y and z. and Ule crosses indicate the nature
of the appro,umation ,.,.hen z is 0-2.

CcntradiMJ Ratio.-The contraction ratio;: has the value Z (1 '*'+ .t")

Hence from equation (14) :

a. 7---'",,__-=1- I {21}
III 2(1 +1;)-'*'.

When % is zero (Ule free air condition) Uris reduces t.o equation (4),

Table 2 gives the contraction ratio as a function of band r; in Fig. 3
it is plotted in terms of y and z.

•
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TABLE I.

Correspondenco of values of y, Z 0 nd I
y'_.
y-

• _ OoO:Ii• • _ 0-10•

• V' v'• • 1_ y- • • I - V

0·2 0·048 0·23 O-OM 0- 101 O' 24- 0·010
0·5 a-Mol 0·65 0-010 0·002 0·67 0-022
1·0 0·039 I·CH 0·010 0·080 I . iii 0-038
I·' 0·036 2·66 0-0'26 0·075 2·72 0-eN5
2·0 o·~ 4·06 0-03t 0-07 I "-·12 0·060
2·5 0·034 5·70 O'W2 0·008 5'77 0·083
3·0 0·033 7·58 0·049 0·006 7·66 0·096

of_0'I5 of = 0·20

0·2 O' 160 O· 21; 0·015 0·224 0·27 0·022
0·. O· 143 0·70 0·035 0- 199 0·72 0·04.8
1· 0 O' 125 I· 62 0·001 O' 174 ...5 0·084
I· • O' 115 2·77 0-083 0·15!) 2'8! 0·115
2·0 0·110 4· HI 0- 107 O· 140 4·25 O·IH
2·5 O·IOS 5·83 0- 127 0- 143 5·92 0- 172
3·0 0- 101 7·75 O· 146 o· 138 7·83 0'199

z_ O·U of = 0·:10

0·2 0·205 0·28 0·028 0·377 0-30 0·037
0·. 0-200 o· 74- 0·063 0·320 0·78 0·078
I· 0 0·225 I· 70 0·\08 o· 281 1·75 O' 133
I·' O·2M 2·00 0- 147 0·25t 2·04 o· 180
2·0 0·102 4·31 0- 183 0-237 4·36 0-225
2·5 0- 183 5-99 O-ZIt) 0·225 6-03 0-266,.. O-tiG 7-89 0-2,:j3 0- 217 7 -94. 0-310

"-0-35 ,,= 0-4.0

0·2 0-4.71 0-32 0·04.5 0·575 0·3( 0·055
0·' 0-4.03 O' 81 0·095 0·488 0·85 O· 113
1· 0 0-341 I- 80 0-160 0·406 1·83 O' 188
1·5 0·306 3·00 0·215 O· 361 3·02 0·251
2·0 0·285 4·40 0-267 0·333 4-45 0·308
2·5 0·270 6·07 0·316 0-315 6· 10 0-367
3·0 0-258 7-97 0·364 0·300 8·00 0-422
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TABLE •-.
Contraction Ratio -,-,.

Contract ion Tatio wben, .-. % _ G·! "_0,"

0 1 1

0·2 O· 917 0·!)15 0- !)J3

0·5 0·833 0·828 O·SI!)

\·0 O'76~) 0'739 O' 722

). 5 0'700 0·686 0-664

~·O 0·667 0·649 0·625

2·5 0·643 0·624 0·598

3·0 0-625 0·605 0·578

PriJlttd IID<kr lllc autllortly ~ 1InI )(.o.p:!lIT'. ST.AT1O."U.T OFna
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