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SUMMARY 

A survey has been made of techniques for producing multiaxial stress 

conditions on a laboratory scale and it is concluded that one of the more 
suitable systems is combined tension-torsion of thin-walled tubes. 
Experimentally this technique, although complex, appears to offer several 
advantages. Furthermore, the shear/normal stress ratio can be conveniently 

controlled, thus enabling deformation and fracture mechanisms under multi- 
axial stresses to be studied. A review has also been presented of relevant 

experimental work, most of which has been concerned with assessment of the 
various deformation and failure criteria. Although there is some correlation 

for yield data, ductile or brittle fracture and creep behaviour, the situation 
is not nearly so well defined for fatigue. 

Work on the micro-structural effects of biaxial stresses is also 

considered. It would appear that although the mechanisms by which 
. dislocations operate remain unchanged from the uniaxial state, modifications 

can occur to the products of interactions between dislocations. In addition 
fracture behaviour can be altered by the ratio of tensile to shear stress. 

Generally, however, little work has been published on this aspect of 

deformation behaviour. It is concluded that it is important to study 

micro-structural effects particularly in relation to design criteria. 

M.X.A. 22.12.71 

*Replaces NGTE NT 833 - A.R.C.33 753. 
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1.0 Introduction 

In recent years, particularly since the advent of the gas turbine, a 
considerable amount of information has been gathered on the creep and fatigue 
behaviour of a wide range of metals and alloys. Most of this information, 
however, has been obtained from laboratory experiments involving uni- 
directional states of stress. In contrast engineering components often 
operate under more complex loadings. For instance, in the gas turbine, 
discs, blades and flame tubes, and indeed many other components, can 
experience an essentially biaxial stress distribution of mechanical or 
thermal origin. Since such components are continually being pushed to their 
design limits, it is becoming increasingly important that some account should 
be taken of multiaxial stresses in the laboratory assessment of materials. 

With a view to setting up a facility for producing biaxial stresses 
on a laboratory scale and to undertake a programme of work on the behaviour 
of gas turbine materials under such conditions, an extensive survey of the 
literature has been made. The purpose of this Note is to examine the merits 
of some of the more widely adopted experimental techniques and to discuss 
the relevant aspects of the reported data. From these observations it has 
been possible to define a fairly broad path along which future experimental 
programmes should be aimed. 

2.0 Experimental techniques 

The number of techniques proposed for producing biaxial stress 
distributions on a laboratory scale is relatively large when compared with 
the rather limited published experimental data on the subject. This 
diversity probably arises from each experimenter trying to simulate the 
actual stress pattern found in the particular engineering component that he 
is considering. For instance, the behaviour of gas turbine discs is often 
examined by spin tests on small laboratory models1 whereas, in the pressure 
vessel field, internal pressurisation of thick walled cylinders is preferred2. 
It is not the purpose of this survey to examine the entire range of 
techniques but to consider the more widely adopted methods which are 
relevant to the problems associated with gas turbines. For each technique, 
the detailed form of the equipment generally varies in the different 
laboratories although the general principles on which the method is based 
are often similar. Consideration of each individual apparatus is not 
relevant to the present survey and consequently only one particular example 
has been chosen to represent each of the subsequent sections. 

2.1 Rotating disc equipment 

Although the model disc spinning test is expensive in terms of the 
material content of the specimens and the sophistication of the experimental 
rig, it is preferable to full scale engine tests for materials evaluation. 
By this technique it has been possible to understand material behaviour 
under conditions leading to disc bursting334 and to derive suitable crit ria 
which can be effectively used for the design of the full scale component fi 95. 
More recently low cycle fatigue has also been simulated with model discs. 
Work has been published accounting for biaxiality effects in terms of a 
failure criterion and relating elastic and plastic strain behaviour to a 
linear cumulative damage theory6. 
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At NGTIZ equipment of this type has been in operation for some timer/. 
Currently, specimens are about 5 in. diameter by 0.5 in. thick. The 
standard disc is solid but specimens with a central bore are also used. 
Notch effects can be produced by drilling holes at relevant positions across 
the radius. The discs are spun under vacuum by means of an air turbine with 
speeds of 200,000 rev/min being achieved. Temperatures in the region of 
700°C can be attained by the incorporation of electrical elements in the 
vacuum chamber. Fatigue cycles have been introduced by means of an efficient 
braking device so that discs may be cycled between the required speeds at a 
convenient frequency. During testing care is exercised to ensure that the 
disc is free to contract and expand. The plastic deformation can be 
determined from strain grids on the surface of the discs either when the disc 
has been brought to rest or after burst by reassembling the fragments. 

In a thick disc the state of elastic stresses is essentially triaxial. 
However, in a disc which is plain and relatively thin the largely compressive 
axial component can be neglected, Figure 1. The tangential stress is a 
maximum at the centre and falls to a minimum at the rim, while, in a solid 
disc, the radial stress decreases from a value equal to the tangential 
stress at the centre to zero at the rim, Figure l(a). If the disc contains 
a central bore, although the distribution of the tangential stress is 
similar, the radial stress becomes zero at the bore, Figure l(b). 

Once yielding occurs, however, plastic deformation can result in 
stress redistribution. This phenomenon has been shown to play an important 
part in the observed burst characteristics of model discs3,4. Baxendale 
and Bullard5 have recently demonstrated the effect of speed on the stress 
distribution in a model bored disc made from Waspaloy, Figure 2. On the 
basis of such observations, it is possible to predict the manner in which 
the stre 

$ 
ses will alter in a full size disc if the design speed is 

exceeded . 

2.2 Cruciform specimen equipment 

Several specific forms of biaxial-cross specimens have been used 8-10 

although the most useful shape is a cruciform with a reduced central area, 
Figure 3(a). In the equipment used by Pascoe and de Villiers8 each arm is 
gripped in serrated jaws and the loads are applied hydraulically. The 
reduced centre section ensures a stress peak in that region. The shape of 
the test area, however, has been so designed to maintain elastic stress 
uniformity over a considerable area. The elastic strain distribution along 
each principal axis under uniaxial loading is shown in Figure 3(b). The 
strain is measured by means of foil gauges bonded at the centre of the test 
section. In the elastic region there is a definite relationship between the 
stress in each arm and the strain in the test area. Once yielding has 
occurred and stress redistribution has taken place the stresses in the centre 
region are unknown. This is because an unknown proportion of the load is 
carried in the outer elastic ring. Under these conditions, the only 
parameter which can be determined is the total strain. 

The technique has been used8tyoproduce biaxial stress strain curves9 
and to undertake low cycle fatigue - . The biaxial strain ratios that have 
been considered are relatively simple largely because of the problems 
associated with synchronisation of unequal loads applied to each arm. For 
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instance, Pascoe and de Villiers in their fatigue work could only consider 
uniaxial, equibiaxial and shear loading. Even then, it should be noted that 
the state of strains with the uniaxial condition was not identical to that 
found in uniaxial tensile specimens. Thus, for mild steel the strain 
situation could be represented by (s, - 0.625&, - 0.375s) while for QT35 
steel it was (s, - 0.54s, - 0.46s) both of which are in contrast to the more 
usual (E, - 0.5E, - 0.5d. 

Recently Wilson and White have critically assessed biaxial fatigue 
specimens by finite element analysis and photoelastic techniquesll. They 
have introduced a flat bottomed area to the central recess. The purpose 
of the work was to study elastic and plastic strain distribution and fatigue 
behaviour in specimens with various d/t ratios where d is the diameter of 
the flat bottomed region and t is the minimum specimen thickness. The 
maximum and minimum thickness and the overall diameter of the reduced 
section were maintained constant but the d/t ratio took values of 12.5, 5, 
2.5, 0. The latter corresponded to the specimen used by Pascoe and 
de Villiers. 

Generally,good agreement was obtained between the finite element 
calculations and the photoelastic measurements. The former showed that 
irrespective of specimen profile the elastic strain outside the reduced 
area remained constant. In the central region, the strain distribution 
was found to be most uniform for the specimen with d/t = 12.5. For the 
specimen with d/t = 0 it was apparent that the strain continuously 
varied over the section. However, susceptibility to buckling under high 
strain fatigue involving equal tensile and compressive cycles occurred in 
the reverse order. Nevertheless, for low strain cycling the specimen 
with the largest flat region correlated well with data obtained for push- 
pull cylindrical specimens. 
fatigue the specimen with d/t 

It was concluded that for high endurance 

greater than +I 
= 12.5 should be used, while for strains 

per cent specimens with d/t = 5 would be more suitable. 
A continuously radiused profile, however, should be avoided. 

2.3 Bulge test 

A technique which has found some support, particularly in the areas 
of pressure vessel design, involves subjecting a simply supported plate to 
uniform pressure either on one side or alternating between both sideslz-14. 
The strain distribution in the centre of the specimen depends on the shape 
of the plate. For instance, a 2 in. 
3.7/l strain ratio'3, 

thick rectangular plate provided a 
while a l/16 in. thick circular plate (16 in. 

diameter) produced an equibiaxial strain field on each surface14. 
Generally, the specimen is so designed that a substantial area is sub- 
jected to the strain field at large plastic strains. 

The specimen and pressurisation equipment used by Ives et alI4 is 
shown schematically in Figure 4(a). The pressurising medium was oil and 
the equipment so designed that the specimen was deflected in either 
direction through activation of a microswitch. This caused oil to be 
vented from one side to the other. Strains were determined by means of 
gauges bonded to each surface. 

The static strain analysis of a circular steel specimen is shown in 
Figure 4(b). Yielding occurs at the centre of the plate over a well 
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defined area of approximately 2 in. diameter. Similarity in the distribution 
of the circumferential and radial strains was taken to confirm the assumption 
that the strain field was equibiaxial. For dynamic testing, the cyclic rate 
was maintained at less than 50 c/m. Fatigue crack initiation and propagation 
were detected by means of the strain gauges and a specimen was considered to 
have failed completely when a gauge indicated a marked change in amplitude 
of the specimen. 

2.4 Internal pressurisation equipment 

One of the more widely adopted methods of investigating bi- and 
triaxial stress states is internal pressurisation of thin and thick walled 
cylindrical tubes. For a thin wall tube closed at one end, the radial 
stress is equal to the applied pressure at the inside surface. This is 
relatively small and can be neglected. The axial and tangential stresses, 
however, are dependent on the wall thickness and the tube radius. They are 
given by the equations: 

oTangentia1 = E . ...(I) 

where P is the pressure, r the radius and 6t the wall thickness. Pure 
internal pressurisation, however, restricts the principal stress ratio to 
2/l. The range can be extended by simultaneously imposing a tensile or 
compressive axial load on the specimen. 

The thick walled tube, on the other hand, provides a triaxial stress 
state which can be mathematically reduced to uniform triaxial tension super- 
imposed on a simple shear stress. The well known Lame' equations for the 
elastic stresses in the walls of a thick cylinder supporting its own end 
load are15 

PSI 
r: i 

2 

% = 2 
I+” 

- r. r2 ) 
2 

Pro 
o- zz = r; _ r2 

0 

. ...(2) 

where err is the radial stress at radius r, oee the tangential stress at 
radius r and a,, the axial stress which is constant across the section, ri 
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and ro are respectively the outer and bore radii, and P is the internal 
pressure. Morisson et al have shown 16 that if a volumetric tensile stress 
equal to ozz is subtracted from the three components, the two remaining 
stresses reduce to the shear stress. 

P r21 6 
or0 = (r",-$1 ra 

This term has a maximum value at the bore 

. ..A31 

. ...(4) 

The ratio of triaxial tension to shear stress is related to the ratio, k, of 
the internal to external radii of the cylinder so that with increasing k the 
triaxial tension decreases although it never becomes zero. 

In the majority of experiments, 
but water19q4G, steam2,2G 

the pressurising medium is oil 16-18 

tried21m23. 
and gases such as nitrogen and argon have also been 

The technique has not only been used for aboratory investi- 
gations 'nto the behaviour of materials under 
fatigue29929 

tensile 2 4 925, creep26927 and 
conditions but also for large scale simulation of service 

conditions in pressure vessels2. Frequently, and particularly for the 
simulation tests, the equipment is housed in a reinforced cell to contain 
the fragments of a catastrophic failure. This problem is exaggerated by 
elevated temperatures and by the use of a gaseous pressurising medium due 
to the enhanced energy content2'. 

At NGTE a novel experimental approach to the use of internal pressure 
was devised by Waldren for simulation of the biaxial stress system found in 
rotating discs25. The apparatus has been designed for use with a Hounsfield 
Tensometer. Internal pressurisation of a thin walled tube, concurrently 
with the development of an axial stress, arises from movement of the cross- 
head. This is due to a small annular reservoir containing the pressurising 
medium being closed up and the fluid being injected via a narrow tube into 
the specimen. The equipment is shown schematically in Figure 5. The axial 
load is measured by means of a load cell and the surface strain by foil 
gauges. Each stress ratio is controlled by the relative magnitudes of the 
internal pressure and the axial load and thus is determined by the size of 
the reservoir. The annular area of the reservoir is given by the equation 

A = xra I 2 1 -- 
X 

b 
. ...(5) 

where r is the mean radius of the test tube wall and x is the tangential/ 
axial stress ratio. The equipment has been so designed that four 
tangential/axial stress ratios can be produced (i.e. 0.5, 0.7, 0.85, 1.0). 
At the present time, the pressurising medium is silicone oil. The low 
flash point limits operation to approximately 300°C. 
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Before leaving the topic of internal pressurisation, it is worth 
noting that not every technique relies on adjustments in the axial load/ 
pressure ratios for variations in the principal stresses. For instance 
a similar effect can be achieved by changing the shape of the specimen3 d . 
This, however, introduces problems through the effects of different 
geometries on the observed mechanical behaviour. 

2.5 Torsion test 

Torsion provides a simple shear loading. The shear stress is a 
maximum at the surface and for a solid cylindrical specimen the maximum 
elastic shear stress is 

16T 
=rnax = XT . ...(6) 

where T is the torsional moment and D is the diameter of the specimen. 
Frequently a thin tubular specimen is used to avoid the stress gradient 
across the diameter which causes the surface layers to be restrained by 
the less highly stressed interior. The shear stress is then given by the 
equation 

I~TD, 
z = x(D"1 - D:) . ..A71 

where D, and De are respectively the outside and inside diameters of the 
tube. Shear strain is given by the relationship 

r0 
Y=y- . ...(8) 

where r is the radius of the specimen, 0 is the angle of twist and L is the 
gauge length. 

Beyond yield, the shear strength over the cross section of a bar is 
no longer a linear function of the radius. The maximum shear stress can 
then be derived according to the Nadai analysis as 

1 
=a = 27cr3 . 

where 0' is now the angle of twist per unit length (i.e.O/L). 

..A91 

Shear stress can be represented by two equibiaxial principal stresses, 
one tensile and the other compressive. In Figure 6 the equivalent pure shear 
conditions are demonstrated in terms of the Mohr's circle. This situation 
corresponds to a principal stress ratio of -1. To increase the range of 
principal stress ratios, the torsion test is often combined with other 
deformation modes. One of the more commonly used systems is combined 
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bending and torsion 28 . This is usually found in multiaxial fatigue 
experiments where the two deforming modes have been applied in and out of 
phase. Bend tests, however, have the disadvantage that the stress 
distribution is not uniform throughout the cross-section. For instance, 
if the stress is tensile above the neutral axis of the specimen, then the 
equivalent stress will be compressive below and vice versa. A more uniform 
situation occurs where the torsion mode is combined with axial tension and 
compression. This experimental condit'on has largely been used for the 
determination of stress-strain curves 2t and creep data3'. Under both 
torsion/bending and torsion/tension the principal stresses are given by 

01 = 3 

i 

cJx + 
( 

og + 4q3 1 
. . ..(lO) 

where ox is the axial stress due to bending or tension (compression) and 
~~ is the shear stress due to torsion. The experimental technique involves 
working at fixed ratios of ox/~V which, in turn, results in specific ratios 
of o&e. This ratio is always negative because o3 is compressive. 

Recently, several machines have been const ucted which combine the 
torsion/tension system with internal pressure 32-3'. Each stress component 
is individually programmable and capable of operation in or out of phase 
with the other stresses. Equipment of this type has been used to study the 
effects of loading path and the shapes of yield surfaces. 

3.0 Appraisal of the experimental technicues 

Some of the points for and against each technique are summarised in 
Table I although a fuller consideration is presented below. 

Although the spinning disc experiment provides a useful simulation of 
one of the conditions found in gas turbines, it is essentially a macroscopic 
approach to the problem of understanding material behaviour under complex 
stresses. This criticism can be tied down to three related points. In the 
first place, the size of the specimens tends to make detailed examination 
difficult by optical, and particularly electron metallographic techniques. 
Secondly, the variation of the radial/tangential stress ratios across the 
specimen radius complicates the task of determining the effects of biaxial 
stresses on deformation and failure characteristics. Thirdly, and perhaps 
most significantly, fatigue is a localised phenomenon being determined by 
variations in the magnitude of the normal and shearing stress components 
and the direction of the shearing stress component on critical planes such 
as those containing the principal or maximum shearing stress. Consequently 
a more sensitive and specific laboratory experiment, in which the stress 
distribution can be accurately measured and controlled, is required to 
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determine the manner in which mechanisms such as the initiation and 
propagation of cracks are influenced by various biaxial stress situations. 

The cruciform experiment appears to offer certain advantages in this 
respect. However, there are experimental and theoretical features which make 
it unsuitable. For instance, only a limited number of stress conditions 
(shear, equibiaxial and uniaxial) can be conveniently produced. Although 
attempts are being made t extend the range by means of servo control on 
each of the specimen arms 8 , the problem is extremely difficult. Once 
yielding has occurred with any of the loading states the stress distribution 
is not known although the strains are measured by resistance gauges. At 
NGTE calculation35 and experiment36 have shown that load or stress controlled 
experiments, particularly as far as thermal fatigue is concerned, correlate 
better with service conditions than tests in which strain control is used. 
In addition, the manner in which stresses redistribute has been shown to be 
an important factor in the lives of disc and blade materials4r5. Consequently, 
the measurable parameters in the cruciform experiment are at variance with 
those required for a relevant analysis in terms of gas turbine components. 
Another feature of some importance is the determination of failure. For 
fatigue work the i 
optical microscopy 8 

itiation and propagation of cracks was followed by 
. Fracture detection consequently is not particularly 

convenient at room temperature and would be unreliable at elevated 
temperatures. Furthermore, failure was arbitrarily taken as the point at 
which the crack had propagated sufficiently for relative motion to be 
observed between the two sides of the crack. It is not certain that this 
criterion is representative of bulk behaviour while the constraining effect 
of surrounding elastically strained material in the specimen arms might 
have an effect on the processes of initiation and propagation. 

When the various techniques are compared on a cost basis, the bulge 
test appears to be one of the more economical. Again there are problems 
with monitoring the fracture area. With increasing temperatures this 
problem would be accentuated. In addition there might be complications 
due to thermal stresses arising from a possible uneven temperature 
distribution across the test-piece. However, a major objection to the 
technique is the necessity for a different specimen shape to produce each 
stress or strain ratio. This not only restricts the range of experimental 
conditions but also introduces complications through the influence of 
different geometries on the mechanical properties. 

A problem where pressurisation is being used, which would apply to 
the bulge test but more particularly to techniques involving tubular 
specimens, is the manner in which the pressurising medium may affect the 
propagation of surface cracks37. Morrison et al have shown that the 
fatigue strength of thick cylinders under internal pressure is about half 
the expected value38. This was partially attributed to the oil used for 
pressurisation. Frost39 has pointed out that under pressure the fatigue 
limit depends on a critical stress to propagate small surface cracks. 
Since in a thick cylinder the cracks tend to propagate in a direction 
perpendicular to the tangential stress, the pressure will modify the 
magnitude of the tangential stress required to propagate the cracks. Thus 
combination of the tangential stress and the internal pressure (P> gives 
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p + P(1 + ka> = 2k2P 
k2 - 1 k2 - 1 

= 2 x maximum shear stress 
in bore (Section 2.4) . . ..(I11 

where k is the ratio of external to internal diameter o 
result is consistent with Morrison's experimental data3 6 

the cylinder. This 
. Oil is not the 

only medium that can modify fatigue behaviour. Thus Skelton and Crossland 
also mention that an inert gas such as argon can have a deleterious effect40. 
These observations have largely been made at room temperature. It might be 
expected that the problem would be exaggerated by increasing temperature. 

Combined tension/torsion on the other hand offers some advantages. 
For instance, most engineering situations involving complex stress can be 
reduced to tension and torsion by the addition or subtraction of a suitable 
hydrostatic component. Although hydrostatic stress can possibly influence 
situations in which a tensile stress is the important controlling parameter, 
it should not markedly affect behaviour where shear stresses are operating. 
Thus the growth or propagation of cracks might be affected by a hydrostatic 
stress whereas mechanisms controlling plastic deformation, provided it is of 
moderate proportions, should not be altered. One of the problems with the 
tension/torsion technique, however, has been the lengthy calculation required 
to convert the torque/twist data measured from the specimen to shear stress 
and shear strain. The procedure though is ideally suited to computing 
methods. Another factor has been the unknown effect of the constraining 
core material in a solid specimen on the mechanical behaviour. Recently, 
Miller and Chandler have demonstrated that the core material has no effect 
on fatigue endurance for inside to outside diameter ratios less than 0.5 
(Reference 41). .Thin tubes tend to have reduced lives probably as a result 
of faster crack propagation after the removal of constraining elastic core 
material. It should be remembered, however, that thin shells are necessary 
if the variation of shear stress across the diameter is to be minimised. 

Recently Miller has given an appraisal of torsion testing as a 
method o 

f 
evaluating materials properties particularly under cyclic 

stresses 2. He points out that since shear predominates in the deformation 
and fracture processes, the torsion test should be a convenient method of 
examining the problem. Furthermore, mechanical behaviour can be significantly 
altered by changes in strain rate4fi. With torsion, the surface strain rates 
can be controlled during deformation even near the point of failure. 
Forrest has also shown that experiments in which the principal stresses are 
of opposite sign are required to separate the criteria relating to fatigue 28. 
On the basis of these observations, combined tension/torsion would appear 
to offer certain advantages for the understanding of material behaviour 
under complex stresses. 

4.0 Literature survey of criteria describing multiaxial 
stress data 

4.1 Yielding and tensile fracture under 
multiaxial stresses 

4.1 .I Yielding behaviour 

Combined tension/torsion and tension/internal pressure are probably 
the most widely adopted methods of investigating yielding and fracture 
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frequently used 
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complex stresses. For yielding, the criteria most 
are the maximum shear stress or Tresca theory i.e. 

or the von Mises distortion energy theory which states that 

1 r 

. . ..(12) 

1 

O-0 = $I2 + (Cl - GJ2 
1 
3 

. . ..h3) 

where oO is the uniaxial tensile yield stress and 0, oe o3 are principal 
stresses (oi > o2 > 03>. The maximum shear stress theory provides a fair 
agreement with the experimental results tending to be on the safe side in 
its predictions. It has often been used by designers for ductile materials 
but, in general, the von Mises theory is preferred. A point of interest here, 
however, is the physical meaning of this criterion. One of the proposals is 
that the equation can be regarded as representing the strain energy of 
distortion i.e. yielding occurs in the multiaxial mode when the strain energy 
of distortion per unit volume exceeds the equivalent parameter in uniaxial 
tension or compression44. Another proposal is that the criterion is a 
critical value of the octahedral shear stress. This is the shear stress on 
the faces of a three dimensional octahedron which form equal angles with the 
three principal axes44. It is also interesting that close agreement with 
the predictions of Equation (13) can be obtained from a st tistical analysis 
of the behaviour of randomly orientated crystal aggregates 5. fi 

Generally speaking, the von Mises criterion has been found to 
the best description of yielding in a number of ductile materials 46,4?ye 
For instance, Lode working on thin walled tubes of iron, copper and nickel, 
subjected to internal pressure combined with axial tension emonstrated 
that the intermediate principal stress influenced yielding ‘48. This 
would not have been found if the shear stress criterion was correct, 
(Equation (12)). The graphical representation of Taylor and Quinney 46 
perhaps best summarises the relative manner in which the Tresca and von 
Mises criteria have generally been found to describe experimental data, 
Figure 7. For the purpose of the graph the maximum shear stress theory of 
yielding has been reduced to 

($)” + 4(k)* = 1 

and the distortion energy theory to 

($2 + 3($ = 1 

where o and 7 are respectively the axial and shear components of stress in a 
combined tension/torsion test and Cro is the uniaxial yield stress. 
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4.1.2 Fracture 

Although yielding can apparently be adequately described in the 
majority of materials examined by the von Rises relationship, fracture 
behaviour cannot be so conveniently classified. Dieter44 has pointed out 
that this is due to fracture being a function of temperature and prior 
plastic deformation. Fracture can be considered in terms of a three- 
dimensional surface, the bounds of which are determined by the three 
principal stresses. A material is then assumed to fail when this limiting 
surface is reached. From experimental observations it is possible to 
deduce that the surface is not fixed but can be altered by-prior stress and 
strain history. Consequently it is not surprising that several criteria 
have been found which adequately fit biaxial data. For brittle materials, 
the normal stress criterion or the Mohr theory are frequently used, while 
in ductile materials the maximum shear stress theory or von Mises criterion 
are preferred47. 

The normal stress criterion and the Mohr theory are compared 
graphically for biaxial stresses in Figure 8(a) while the differences 
between the shear stress and von Mises criteria are illustrated in 
Figure8(b). Generally speaking the normal stress criterion is preferred 
for brittle materials. For brittle cast iron however, although the data 
follows this criterion in the tension-tension region, the failure strength 
is greater than the predicted value if one of the principal stresses is 
compressive 49. For ductile metals such as aluminium and magnesium alloys50 
and soft steels5l, the maximum shear stress theory is frequently used in 
preference to the von Mises criterion. 

4.2 Fatigue under multiaxial stresses 

4.2.1 Theoretical arguments 

Fatigue failure under uniaxial conditions can be separated 
metallographically into two categories 52. There is the movement of 
dislocations leading to the initiation of cracks within slip bands, 
followed by propagation of the cracks until failure finally occurs. 
Propagation itself can be conveniently divided into two stages. 
Initially Stage I growth involves a deepening of the original nuclei on 
planes of high shear stress. Stage II follows which is assumed to be the 
result of a reduction in the shear to normal stress ratio at the crack 
tip. The crack therefore tends to propagate perpendicular to the applied 
stress. It is this stage that is characterised by the formation of 
striations. Depending on stress and temperature, initiation can occur in 
less than 10 per cent of the fatigue life, Stage I growth can occupy up to 
90 per cent while Stage II may take between IO and nearly 100 per cent of 
the cycles to failure. 

Based on this metallographic evidence it is possible to arrive at 
some very general assumptions concerning the mechanics of fracture under 
more complex stresses. Thus it has been postulated that initiation will 
be determined by a critical value of the alternating shear stress.53 with 
possible modification b 
plane of maximum shear5 rl: 

the magnitude and sign of the normal stress on the 
. On the other hand it has been suggested that 

propagation might be expected to spread in a direction perpendicular to 
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the direction of maximum tension-compression55. However, experimental 
work56 involving combined torsion and bending demonstrated that tensile 
cracking occurred only in preference to shear if the ratio of tensile 
/shear stress was greater than 1.6. 

Blass and Findley18 have pointed out that the theories on complex 
stress fatigue can in fact be divided into two groups (a> those where the 
principal or critical shear stress is important so that the intermediate 
principal stress has no effect, (b) those where all the principal stresses 
are implicated. 

4.2.2 Multiaxial fatigue in tubular specimens 
subjected to internal pressure 

Experiments on thin and thick walled tubes subjected to an axial load 
and internal pressurisation have demonstrated th t atipue behaviour is 
primarily dependent on the maximum shear stress 18*36r57-59. Some of the 
data from thick cylinders indicated that the fatigue stren th was about half 
the expected value when compared with torsion experiments3 !3 . This anomaly 
was partly attributed to the deleterious effect of the pressurising oil. 
It has previously been mentioned (Section 2.4) that the experimental 
conditions used in this work produce a shear stress, which is a maximum at 
the bore, superimposed on a tensile hydrostatic component. The cylinders 
in fact failed at the bore with the cracks propagating perpendicularly to 
the tangential stress. Blass and Findley, using a similar technique, came 
to the same conclusion that the maximum shear stress provided the best 
description of fatigue failure18. In these experiments, however, they 
maintained the ratio of the maximum/minimum principal stresses constant 
and demonstrated that there was no effect of intermediate principal stress 
on fatigue behaviour, Figure q(a). 

4.2.3 Multiaxial fatigue experiments not 
conforming to theoretical ideas 

In contrast to the internal pressurisation experiments, other 
techniques for producing multiaxial fatigue do not correlate so neatly with 
the theoretical assumptions. For instance, in combined bending/torsion, 
where each loading mode can be varied independently either in or out of 
phase, ductile materials appear to be best approximated by the von Mises 
criterion whil 
stress theory28. 

brittle materials fit in better with the maximum principal 
The discrepancy for the ductile materials from the 

expected maximum shear stress concept has been attributed to anisotropy and 
the influence of the normal stress on the plane of maximum shear. Generally, 
however, none of the criteria have been found to describe the data with 
great accuracy and no one criterion has been found suitable to describe all 
the materials examined. This unsatisfactory sitz;tion led Gough to 
introduce his empirical ellipse quadrant formula 

St st” s+ b t2 
= 1 

. . ..(16) 

where S, is the semi-range of direct stress due to bending and St is the 
semi-range of shear stress due to torsion at the fatigue strength of the 
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combination, t and b are respectively the semi-range fatigue strengths in 
torsion and bending. This relationship has been found suitable for ductile 
metals and in particular steels but is not applicable for cast iron where 
the following equation has been used 

. . ..(I71 

It is interesting that Findley was able to reduce the principal stress 
and principal shear stress criteria to the empirical ellipse form (Equation 
(16)) by the introduction of suitable assumptions concernig$, for instance, 
a stress concentration factor in the torsional stress term . Cox has 
deduc 

&2 
d Equation (17) from a stress analysis of a material containing 

holes . 

However, other experimental. techniques have been able to describ 
fatigue behaviour on the basis of the von Mises criterion. Ives et alIs 
used the equivalent strain equation 

& >a + (E2 - E I2 + (El - &,I2 is I' 2 3 1 . . ..(18) 
L A 

to relate equibiaxial data from bulge tests on pressure vessel steels to 
the nearly uniaxial strain situation in wide cantilever bar specime s where 
El E2 se are the principal strains and ~1 > ee > se. Again, Benham E3' has 
correlated torsion and uniaxial results in cold worked copper on an 
equivalent stress-strain basis although results for annealed copper could 
not be so conveniently expressed. Pascoe, on the other hand, has reported 
that shear, equibiaxial and uniaxial strain data obtained from tests on a 
cruciform biaxial 
concept64. 

specimen could not be related through an equivalent strain 
Instead, he proposed that for design purposes a graphical plot 

containing contours of equal fatigue life for a given state of strains 
should be adequate, Figure y(b). 

4.2.4 General fatigue behaviour 
under multiaxial stresses 

Experiments with multiaxial fatigue have not been only concerned 
with obtaining suitable stress and strain criteria. A number of 
experiments have been aimed at determining the suitability of the Coffin- 
Manson relationship under these conditions i.e. 

Ad@ = C . . ..(I91 

where As is the total or plastic strain range, N the number of cycles to 
failure,and a and C are constants. 

Several results have shown that the equation is obeyed 42,65,66 but 
generally it appears that a wide range of values for a and C have been 
obtained. Pascoe64 has demonstrated that this variation probably arises 

r  
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because both exponent and constant are related to the state of strain 
existing in a particular experiment. A similar finding has also been 
reported for the exponent by Johnson et al from torsional fatigue data 
for which a relationship was deduced between the strain ratio, strain 
ener&y and endurance@. 

Other work has been concerned with application of Miner's cumulative 
damage law under complex stresses i.e. 

k 

z 
ni 
jq=' 

i=l 
. . ..(20) 

where ni and Ni are respectively the number of cycles completed and the 
number of cycles to failure at the ith stress or strain level 8. 6 
and Viste@, 

Blatherwick 
using reversed axial and torsion loads on thin walled steel 

specimens, showed that at a fixed maximum to minimum principal stress ratio 
bJo-~ = -2) the behaviour was similar to that observed in unisxial tests. 
Deviations from the law occurred so that for increasing stress amplitude the 
ratio was greater than unity but less for decreasing stress amplitude. 
Recently Miller has shown that in high strain torsion fatigue the 
discrepancies could be accounted for by differences in straining rater/O. 
In other words, if the straining rate is maintained constant at the two 
stress or strain levels the sequence effect in the cumulative damage theory 
is reduced. The constant in Equation (20) however, was dependent on the 
definition of failure. If failure is the point of crack instability then a 
value of unity is obtained. 

4.3 Multiaxial creep 

4.3.1 Analysis of creep and creep fracture 

Creep and creep fracture under multiaxial stresses appears to be 
reasonably well understood for a wide range of materials, largely through 
the efforts of A. E. Johnson and his colleagues first at NPL and then 
NEL31,71972. Th e work was carried out mainly by combined tension/torsion 
but the results correlate well with data obtained from other techniques73. 
This particular method was chosen because of the assumption that by the 
addition or subtraction of a suitable hydrostatic stress, complex stress 
systems generally can be replaced by an equivalent system of simple tension 
combined with simple torsional stress. Consequently experimental equipment 
based on these components should produce creep behaviour of a corresponding 
nature to the original complex stress distribution. This assumption was 
confirmed during the course of experiments at NEL when it was shown that 
creep rates were uninfluenced by hydrostatic stress31. The tests, which 
involved comparison of the tension/torsion data with that obtained from 
biaxial loading equipment74, also proved the basic premise to complex-stress 
creep theories that the principal axes of stress and creep strain remain 
coincident for moderate amounts of strain. 

During primary creep in all materials examined, the data appeared to 
correlate best with the von Mises or octahedral shear stress criterion, 
Figure IO(a). Even so, primary creep behaviour could be divided into two 
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types depending on the applied stress. At low stresses the materials behaved 
isotropically and deformation was relatively uncomplicated. A primary creep 
rate equation based upon the uniaxial expression 6 = A(Jntm, was derived and 
had the form c 

Cij = F(Ja) Sij tm . . ..(21) 

where i is the creep rate, othe applied stress, t the time, A, n, m are 
constants, Ci' is the creep rate tensor, and Sij is the stress deviator 
tensor. F(Jaj has the form B(Ja)p with Ja the second order stress invariant, 
A and p are constants. The constant m usually has a value between -0.44 and 
-0.77 depending on the material and temperature while p often takes values 
between 0 and 1. At higher stresses, except for Nimonics 75 and 90, 
considerable anisotropy occurred which complicated the relationship between 
creep rate and stress, although the general form of Equation (21) was main- 
tained. 

Tertiary creep and fracture behaviour, however, were found to depend 
on the manner in which grain boundary cavities nucleated and grew. In 
materials such as Nimonics 75 and 90 where a random and continuous crack 
growth occurred during late tertiary creep, the maximum principal stress 
determined the time to fracture and, to a large extent, the tertiary creep 
strain. The relationship between the time to fracture and the maximum 
principal stress for Nimonic 90 is shown in Figure IO(b). On the other 
hand, for materials in which the first crack to form produced failure both 
tertiary creep and fracture were controlled by the octahedral shear stress. 
Materials exhibiting this behaviour, however, were in the minority. 

It has previously been mentioned that most of the reported data on 
multiaxial creep largely confirms the observations of Johnson. For instance, 
Kennedy et al found that for Inconel at 1500OF the maximum principal stress 
is the best criterion of failure75. The intergranular cracks were generally 
distributed in a direction normal to the maximum principal stress. 
Similarly, Davis correlated rupture data for ;;ternal pressurisation of 
stainless steel tubes with the same criterion . In the thick-walled tubes 
used in this work, fracture initiated at the outer surface by transverse 
intergranular cracking. On the other hand, Sawert and Voorhees found in a 
low ductility cast nickel base alloy (DCM) and a high ductility wrought 
nickel base alloy (Rene 41) that the shear stress invariant (or maximum 
shear-stress) theory provided a better description of fracture behaviour 76. 
The low ductility material failed catastrophically while the wrought alloy 
exhibited ductile tearing. However, it would appear that with the latter 
the cracks, once initiated propagated rapidly thereby indicating that 
failure possibly occurred at one point only. This behaviour compares with 
Johnson's work on an aluminium alloy at 200°C, a 0.2 per cent steel at 45O'C 
and a magnesium alloy at room temperature51. 

4.3.2 Creep under changing stress 

Johnson and his colleagues also investigated the effect of changing 
stress during creep and found that the mechanical theories for creep were 
inadequate31,77. For instance, with the increasing stress conditions 
used in this work the time hardening and superposition theories predicted 
low values of creep strain, while the strain hardening and combined theories 
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gave high values. The physical significance of the time hardening and strain 
hardening concepts is given in Figure 17(a). Thus if the creep strain is &I 
after time tl at a stress level CL, under the time hardening theory the 
strain rate on increasing the stress from ol to oe is that at time ti. The 
strain hardening theory, however, compares the strain rates at the two stress 
levels at the same value of El. A combination of both provides a situation 
somewhere between these two extremes. On the other hand, the principle of 
superposition involves building up solutions of complicated problems by 
superposing the stress fields of simpler problems. Effectively, the 
combined effect of several loads is the same as the sum of the individual 
effects of the various loads. 

The phenomenon of cre p relaxation under constant ratios of applied 
stress was also examined5 1 8 97 979. For the limited number of materials 
considered, the time hardening theory predicted the relaxation complex 
stress/time curves to a reasonable approximation. The other theories tended 
to overestimate the relaxation time for a particular set of stresses. 

Finally, data has been reported on the effects of variable stress on 
complex stress creepso. Basically, in commercially pure copper, the maximum 
principal stress criterion governed failure irrespective of cyclic stress. 
There was, though, an increase in life at lower stresses for a given maximum 
principal stress in proportion to the amount of fatigue, Figure II(b). This 
strengthening effect was attributed to the replacement of coarse creep 
cracking by the formation of fine fissures. 

5-O Structural aspects of deformation and 
failure under multiaxial stresses 

5.1 Introduction 

The survey so far has largely dealt with engineering aspects of 
deformation and failure. In other words, the macroscopic behaviour of 
various metals and alloys has been examined and interpreted in terms of 
continuum mechanics whereby the material is assumed to be continuous, 
uniform and amorphous. In so doing, the tacit assumption has been made that 
microstructural variability and inhomogeniety approaches some statistical 
average in the bulk specimen or component. The purpose of this section is 
to examine the manner in which multiaxial stresses may influence material 
behaviour on a microscopic scale. 

Although a reasonably wide range of materials has been examined, it 
is apparent that experimental work has been largely concerned with pure 
metals and simple alloys or with the complex steels generally found in the 
pressure vessel and generating industries. Recently, several papers have 
been c ncerned with the behaviour of ceramics and plastics under complex 
stress q-83. 8 Only a limited amount of information, however, is available 
on the high temperature titanium, 
turbine&g75, Th' 

iron and nickel based alloys used in gas 
1s is surprising in view of the thermal and mechanical 

loads encountered by many of the components. 

Very little of the published data has been specifically concerned 
with the manner in which multiaxial stresses might modify deformation and 
fracture mechanisms. Perhaps this is not surprising if one takes the view 
that inhomogeneous deformation and interactions between neighbouring grains 
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in a polycrystalline material will mask any differences that might be 
introduced. However, there is some evidence to suggest that although 
operating slip systems remain unchan ed modifications can occur to the 
products of dislocation interactions 84 . On this basis, it is possible to 
speculate that phenomena which depend on interactions, such as strain 
hardening and recovery, might be affected. Thus recovery rates during 
high temperature creep 

!Yt 
e8 

at jogs on dislocations 59 
etermined by the climb of edge dislocations 
a process which could be altered by the 

introduction of a second stress system. Again the nucleation and 
development of cracks could be influenced by the normal/shear stress ratio. 
The dependence of fatigue failure on this ratio has previously been 
discussed (Section 4.2). Creep failure could also be so related since it 
has been proposed that grain bound 
ledges formed by slip within grains - 9. ";jF 8 

avities are nucleated and grow from 
Changes in the shear stress 

system could alter the distribution of cavities. It has also been suggested 
that once cavities attain a stable size further growth could be assisted by 
diffusion of vacancies9'q9'. This latter mechanism might be dependent on 
the magnitude and sign of the tensile stress. 

Below are detailed some of the limited observations on the effects of 
multiaxial stresses on deformation and failure mechanisms. The fundamental 
ideas on the behaviour of dislocations during tensile, creep and fatigue 
deformation are not consider d. There has, however, been several recent 
reviews on these subjects52gR5*86*92*93. 

5.2 Deformation behaviour 

5.2.1 Dislocation structures 

Pittinato and Frederick examined deformation behaviour of a Ti - 5Al - 
2.5 Sn alloy under uniaxial and l/l biaxial stress at 200K (Reference 84). 
Irrespective of the stress system, deformation was primarily on the prismatic 
slip plane with pyramidal and basal slip also evident. There was extensive 
jog and dipole formation but two dimensional dislocation networks only 
occurred under biaxial stresses. These networks were the result of 
interactions between screw dislocations on the prism and basal planes, 
Figure 12. Calculation shows that for the strong basal plane texture in 
this material network formation is energetically favourable for biaxial 
stresses but not for the uniaxial state. Twinning was also noted to be more 
prevalent for the biaxial condition although not extensive enough to be 
considered a significant deformation mechanism. 

In passing, it should be mentioned that a variety of laboratory tests 
(tension, compression, torsion, rolling etc) have been used for studies of 
strength and structure under hot working conditions. Although this work is 
not particularly relevant to the present topic, it is interesting that these 
techniques encompass a range of uniaxial and multiaxial stress states. Over 
a wide spectrum of strain rates, stress, strain and tern erature, dislocation 
substructure is independent of the mode of deformation9 fi . This would appear 
to add support to the belief that in general multiaxial stresses do not 
significantly alter dislocation slip processes. 

5.2.2 The interaction between tension and torsion 

When fee metal wires are subjected to combined torsional and tensile 
deformation, it is possible to obtain plastic strains of up to 300 per cent95. 
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Recently, changes in resistivity and work-hardening have been examined in 
high purity aluminium during this strain accumulation96. The wire specimens 
were subjected to static tensile loads superimposed on the torsional 
deformation which was applied at a constant rate of twist. Increasing 
tensile load resulted in an increase of tensile strain per unit torsion but 
a decrease of the strain coefficient of resistivity, Figure 13(a). The 
interpretation was in terms of stress dependent dynamic recovery occurring 
during the deformation. The tensile stress was believed to reduce the 
activation energy for cross-slip thereby leading to enhanced annihilation 
of screw dislocations. In addition, the intersection of dislocations, 
particularly between those produced by each deformation mode, would result 
in increased jog formation. Jogs however, tend to cluster under stress 
leading to annihilation and coalescence and a reduction in jog density. 
Both recovery phenomena increase dislocation mobility, thereby allowing the 
increase in tensile strain per unit torsion. At high average shear strains 
and high tensile stresses, the resistivity saturates. This is believed to 
be due to dislocation annihilation becoming the predominant recovery 
mechanism. Dislocation annihilation would then be of the same order as 
dislocation generation. 

A similar effect is the observation of apparent creep at room 
temperature when cyclic torsion is superimposed on a tensile load which 
would not itself produce deformation97. In work by Maria Ronay, cylindrical 
specimens of super-purity aluminium were subjected to repeated con& 
torsion angles in conjunction with superimposed static tensile loads !F . 
Strain accumulation occurred even without a superimposed tensile stress but 
was greatly accentuated by increasing tensile stress, Figure 13(b). It is 
pointed out, however, that a similar effect is produced if a cyclic axial 
strain is superimposed on steady torsion. In either case, the process always 
ends in a fatigue failure. 

The strain accumulation, it is suggested, is produced during the 
loading range of each half cycle of the torsional shear stress - shear 
strain diagram. The tensile load magnifies the plastic strain increment 
during the loading regions of the torsion cycle. The magnitude of the 
amplification, however, would suggest strong interaction between axial 
stress and cyclic torsion. It is possible that as with combined torsion/ 
tensile deformation, dynamic recovery is accentuated leading to increased 
mobility of dislocations. 

5.3 Fracture behaviour 

5.3.1 The effect of mean stress on crack propagation 

Corn arisons have been made between fatigue failures in torsion and 
bending99*eCC. Metal1 ographic observations showed that slip lines and 
cracks appeared mainly in the direction parallel to the maximum shear stress. 
Growth also proceeded in the direction of maximum shear stress particularly 
in the tangential direction for the torsion mode. Mean stress was found to 
have no effect on fatigue life in torsion but to accelerate failure in 
bending. This was interpreted in terms of the relationship between mean 
stress and the direction of crack propagation. In bending the mean stress 
acted mainly as a stress component perpendicular to the cracks whereas for 
torsion it acted in the maximum shear stress direction. 
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5.3.2 Propagation of fatigue cracks in 
a biaxial stress field 

Recently several investigations have been made into the propagation of 
fatigue cracks in biaxial stress fieldslO~lO1. The work evaluates the 
applicability of fracture mechanics techniques to complex stress situations. 
It is pointed out that elastic models predict only a second order effect on 
fatigue properties. In reality there is a plastic zone ahead of the crack 
which would probably be dependent on the stress state. Although an exact 
analysis of the stress and strain conditions at the crack tip is not 
available several approximate models have been proposed. Depending on the 
model it is possible to show that a stress parallel to the crack should 
accelerate fracture, have no effect or inhibit failure. Experimental work 
on biaxial cruciform specimens of aluminium alloy sheet and Plexiglas show 
that biaxial tensile stresses give an increase in fracture toughness and a 
decrease in the slope of the log da/dN versus AK graph, where da,/dN is the 
crack propagation rate, with 'a' the crack length, N the number of cycles, 
and AK is the stress intensity factor rangelO. On the other hand bulge 
test data on a different aluminium alloy indicate that for a given stress 
concentration factor, the rate of crack propagation decreased for decreasing 
biaxiality i.e. for a decrease in the stress parallel to the crack lengthlOl. 

5.3.3 Changes in fracture mode with biaxialitg 

The manner in which fracture mode can be modified by changes in biaxial 
stress ratio has been demonstrated b 
steel subjected to internal pressure 5 

Davis for tubes of 0.23 per cent carbon 
1,102. For tangential to axial stress 

ratios less than 0.76 the cracks were circumferential while at larger values 
they propagated longitudinally. In the former case fracture occurred along 
planes of maximum shear stress whereas the longitudinal cracks were initiated 
on planes of maximum shear stress but developed as a brittle fracture in the 
axial plane. The true maximum shearing stresses at fracture were found to be 
nearly constant for the two orientations of shear surface. Furthermore, the 
energy for plastic deformation per unit volume for shear fracture decreases 
with increasing tangential to axial stress ratio. Nadai points out that the 
apparent decrease of local d ctility is caused by an instability in the 
uniform mode of deformation2'. 

5.3.4 Creep fracture under biaxial stress 

Creep rupture under multiaxial stresses has been studied by Johnson 
and his colleagues (see Section 4.3). Two types of failure were observed. 
For materials in which the time to failure was determined by the maximum 
principal stress the development of fracture was gradual and general 
throughout the specimen. If the von Mises criterion held no cracking was 
found during tertiary creep. Irrespective of these two broad categories, 
however, the mode of failure was found to be variable. For instance in the 
first group of materials molybdenum steel at 55OoC exhibited both inter- 
and transcrystalline fracture whereas copper at 250°C, Nimonic 75 at 65ooc 
and Nimonic 90 at 750°C failed in an intercrystalline manner. In the 
second group an aluminium alloy at 200°C showed intercrystalline failure 
while fracture was transgranular for 0.2 per cent C steel at 450°C and a 
magnesium alloy at 20°C. 
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Work has also been reported 80 on the effects of a cyclic stress on the 
creep fracture of copper at 25bOc. Irrespective of the cyclic load cracking 
was general and progressive proceeding in an intercrystalline manner. For 
creep the cracks started from the interior of the specimen and were rather 
coarse in nature. Under fatigue conditions cracks were fine and started 
from the surface. For combined creep and fatigue an intermediate fracture 
type was observed. 

Kennedy has reported work on the interaction between creep and fatigue 
failure in Inconel at 815~~ in whicFo;he complex dynamic stress data could be 
correlated with the creep behaviour . He points out that,‘although complex 
creep fracture appears to be often controlled by a maximum principal stress 
criterion, this observation is inconsistent with failure in specimens having 
stress gradients that cause the maximum principal stress and maximum shear 
stress to occur in different regions. Thus a notched specimen has a larger 
maximum principal stress than a plain test piece but rupture life is 
increased. This can be related to a decrease in shear stress. Furthermore, 
although thick-walled tubes fail at the outside surface where the principal 
stress is largest, medium and thin-walled pressurised tubes failed at the 
bore where the maximum shear stress occurs. However, he also mentions that 
shear stresses alone cannot be implicated in creep fracture since torsional 
data indicates that lives are greater than expected. 

Cn this basis the Hull and RimmerlC4 approach to cavitation failure 
was adopted to explain the biaxial data. The cavities are considered to 
nucleate by grain boundary sliding but to grow subsequently by means of 
boundary diffusion. An expression for failure was derived from Hull and 
Rimmer's expression for creep failure and Miner's cumulative damage concept. 
For internal pressure tests the direction and time of failure could be 
described in terms of damage accumulation occurring independently in each 
principal stress axis. . 

It should be mentioned, however, that recent work on creep cavitation 
has questioned the ideas of diffusion controlled void growth. Grain boundary 
sliding at ledges or particles in the boundary has been suggested not only 
as the nucleation mechanism but also the rate controlling process for growth. 
Important experimental. evidence has been put forward supporting these views 
and the contention that although diffusion processes occur they have only a 
minor effect on failure 91,105. 

6.0 Conclusions 

A wide range of techniques commonly used for simulating multiaxial 
stresses in the laboratory has been examined. One of the most suitable was 
found to be combined tension/torsion. The various parameters determining 
deformation and failure behaviour can be accurately controlled while an 
extensive range of activities can be undertaken from evaluation of design 
criteria to studies of the effects of different shear stress/tensile stress 
ratios on mechanical properties. At the same time the technique is not 
remote from engineering practice since most situations involving complex 
stresses can be considered in terms of combined tension/torsion through the 
addition or subtraction of a suitable hydrostatic component. 
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Although experimentally a wide range of materials has been examined 
(e.g. metals, alloys, plastics and ceramics) most data has been obtained for 
relatively simple metals or alloys and the advanced steels used in the power 
generation and pressure vessel fields. Little information is available on 
the complex nickel-, iron- and titanium-based alloys found in gas turbines. 
A large amount of the work has centred on evaluating the various empirical 
failure criteria. In this respect, a fair correlation has been possible for 
stress-strain data and creep behaviour but fatigue has not been so con- 
veniently categorised. Some work, however, has also been reported on the 
effects of biaxial stresses on deformation and fracture mechanisms. Although 
the operating slip systems are not noticeably different from those observed 
after uniaxial deformation the products of dislocation interactions can be 
modified. This has led, for instance, to enhanced dynamic recovery in 
tension/torsion systems. Crack propagation can also be affected by biaxial 
stresses. Contradictory data have been produced concerning the effect of 
multiaxial stress systems on fatigue cracks. In tensile and creep tests 
involving internal pressure there are critical values of tangential/axial 
stress ratios where the direction of crack propagation changes from the 
circumferential to longitudinal directions. For creep, the type of failure 
could be accounted for by assuming that damage accumulation was independently 
additive in each principal stress direction. 

In spite of the results achieved, the need for extensive experimental 
programmes involving multiaxial stress systems is becoming increasingly 
apparent as several recent reviews have indicated 106,107. Although some 
work is now underway it is biased towards applications involving steam 
generating plant and to a phenomenological appraisal of the data for design 
purposes. An evaluation of the high temperature alloys used in gas turbines 
is essential while an understanding of structural aspects of deformation 
and fracture behaviour under complex stress is highly desirable. The areas 
of importance can be conveniently categorised. 

(a> Evaluation of design criteria for low cycle fatigue 
particularly under conditions where there is an 
increasing contribution from a creep component. 

(b) Determination of the effects of biaxial stresses on 
relaxation phenomena. 

(cl Studies of changes in deformation mechanisms. 

(d) Observations on initiation and propagation of cracks 
under cyclic loads and nucleation and growth of creep 
cavities at various tensile/shear stress ratios. 
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TABLE I 

Comparison of experimental techniques 

Advantages 

(a> Spinning disc experiment 

Notch effects can be studied. 

Operating temperatures can be simulated. 

Provides a useful basis for design of actual 
component. 

Useful intermediate stage between usual simple 
laboratory tests and engine discs. 

Disadvantages 

Expensive in specimen material and rig 
sophistication. 

Strain measurement inadequate for a study of 
biaxial stress effects. 

Essentially a macroscopic approach to the problem 
of biaxial stresses thereby leading to the 
following evaluation difficulties 

(a> 

(b) 

cc> 

examination of deformation and fracture 
zones by optical and electron metallo- 
graphic techniques difficult. 

Principal stress ratios vary over the disc 
surface thus complicating an assessment of 
the influence of biaxial stress on 
deformation and failure. 

Considers problem as a whole whereas 
fatigue, for instance, is a localised 
phenomenon. 
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TABLE I (cont'd) 

Advantages 

(b) Cruciform specimen experiment 

Flat bottomed (d/t = 12.5) specimens correlate 
well with push pull cylindrical specimens for 
high endurance fatigue. 

Wide range of strain ratios theoretically possible. 

Convenient specimen shape for microscopy. 

The deformation and failure behaviour at a 
specific strain ratio can be studied. 

Temperature work possible. 

cc> Bulge test experiment 

Relatively simple and inexpensive equipment. 

Suitable for assessing plate materials (i.e. 
for use in pressure vessels). 

Disadvantages 

Strain measurement by foil gauges. 

After yield, stress distribution in working zone 
is not accurately known. 

Only uniaxial, equibiaxial and shear loading can 
be conveniently obtained. 

The best shape for strain uniformity is most 
susceptible to buckling under compressive load. 

Not suitable for load or stress control. 

Fracture detection unsatisfactory. 

Probably expensive in specimen material. 

Various specimen geometries required for 
different stress ratios thereby 

(a> restricting range of test variables 

(b) Introducing geometrical factors into 
experimental data 

Strain measurement by foil gauges. 
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TABLE I (cont'd) 

Advantages 

cc> Bulge test experiment (contd) 

Disadvantages 

Failure could be modified by pressurising media. 

Satisfactory elevated temperature work difficult 
and there would probably be uneven temperature 
distribution over the large specimens. 

Unsuitable for creep work. 

cd> Internal pressurisation (combined with axial load) experiments 

Wide range of principal stress ratios possible. 

Stress ratios can be directly related to those 
found in discs. 

Notch effects can be introduced. 

Creep, fatigue and most other deformation modes 
can be studied. 

(e> Torsion testing (combined with axial load) 

Control of shear/tensile stress ratios thus 
allowing a study of deformation and failure 
mechanisms. 

Expensive in equipment and specimens. 

Engineering problems at very high temperatures. 

Pressurising media can modify fracture behaviour. 

Strain measurement difficult. 

Possibility of catastrophic failure with gaseous 
media. 

Expensive equipment and specimens 

Problem of converting torque/twist data to shear 
stress - shear strain. 

1 



TABLE: I (cont'd) 

Advantages Disadvantages 

(e) Torsion testing (combined with axial load) (cont'd) 

Most engineering situations can be thoughtofas Strain measurement problem. 
tension/torsion with a superimposed hydrostatic 
stress. Variation of shear stress across radius can be 

avoided by the use of thin shells but this 
Notch effects can be studied. 

Specimen shape is amenable to metallographic 
examination. 

introduces buckling problems. 

Temperature work easily achieved. 

All major deformation modes (i.e. fatigue, creep 
etc.) can be studied. 
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a) PLAIN DISC 

b> BORED DISC 

---------------- ---- 
FIG. 1 STRESS DISTRIBUTION IN A THIN DISC ---------------------. 
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FIG. 3 THE CRUCIFORM EXPERIMENT (REF. 8) ----- --------- -------. 



a3) SCHEMATIC OF BULGE TEST EQUIPMENT 
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FIG. 4 BULGE TEST EQUIPMENT AND STRAIN ANALYSIS (REF. 14) 
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1 I FIG. 6 

(a) PURE SHEAR (plane stress) (a) PURE SHEAR (plane stress) 

(b) EQUIBIAXIAL TENSION AND COMPRESSION (b) EQUIBIAXIAL TENSION AND COMPRESSION 

------- ------- ------- ------- ------ ------ 
FIG. 6 EQUIVALENT PURE-SHEAR CONDITIONS FIG. 6 EQUIVALENT PURE-SHEAR CONDITIONS 

-------------- -------------- -------. -------. 
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SURVEY OF LABORATORY TECHNIQUES AND EXPERIMENTAL.DATA 

A survey has been made of techniques for producing 
multiaxial stress conditions on a laboratory scale and it 
is concluded that one of the more suitable systems is 
combined tension-torsion of thin-walled tubes. 
Experimentally this technique, although complex, appears 
to offer several advantages. Furthermore, the shear/ 
normal stress ratio can be conveniently controlled, thus 
enabling deformation and fracture mechanisms under 
multiaxial stresses to be studied. A review has also 
been presented of relevant experimental work, most of 
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which has been concerned with assessment of the various 
deformation and failure criteria. Although there is 
some correlation for yield data, ductile or brittle 
fracture and creep behaviour, the situation is not nearly 
so well defined for fatigue. 

Work on the micro-structural effects of biaxial 
stresses is also considered. It would appear that 
although the mechanisms by which dislocations operate 
remain unchanged from the uniaxial state, modifications 
can occur to the products of interactions between 
dislocations. In addition fracture behaviour can be 
altered by the ratio of tensile to shear stress. 
Generally, however, little work has been published on 
this aspect of deformation behaviour. It is concluded 
that it is important to study micro-structural effects 
particularly in relation to design criteria. 
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