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Summary

The first order solution of the problem of the supersonic flow
past a flat elliptic cone set symmetrically to the wind indicates that
the pressure over the surface is oonstant if the body lies within the
Mach oone of the apex. This result is incorrect near the leading edges
of the oone and an improved solution is derived here by the introduction
of line sources near the leading edges. Numerical results are given
for three bodies.
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Last of Symbols
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u,v,w

u1 ,v1 ,W1
u2,V2,W2
Tyly V

v

Xy Y22

speed of sound
semi-span of body
chord of body
constants

pressure coefficient
constants

direction cosincs of the outward normal to the surface
of the body '

the tangent of the angle between the +'° x~oxis and the
line source

a constent: n = V12 = 1
Mach nunber
semi-thickness of body

velocity perturbations in the directions of the x, y and
z axed

velocity components derived from ¢y

veloocity components derived from ¢o

co~ordinate systen -~ see reference 2

frec stream velocity

systen of cartesisn co-ordinetes ~ see Fig.i

apex seru-angle of body in horizontal plane of symmetry
ratio of specific heats

velocity perturbation potentisl

sec equation (6)

sce equation (14)

a value of u slightly larger than K . The surface

b=y defines the body on vhich the pressures are
found.
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1e Introduction

The supersonic flow past a flat conical body of elliptic
cross-seotion set syrmetrically to the wind is considered in the case
when the body lies entirely within the Mach cone at its vertexe. This
problen was considered in reference 1 and the result that the pressure
is the same at all points on the swrface cf the body was obtained. This
result cannot hold neer the leading edge vhere, as is well known, large
changes in pressure occur. The effect of these pressures on the drag of
the body was allowed for by calculating the leading edge force but this
prooedure does not give the distribution of pressure near the leading
edge of the bodye The rodification of the solution to yield this
pressure distribution is the objeot of the present imvestigatione The
shape of the body and the notation used are shown in Figel.

2¢ Statenent of Troblen

Consider the flow west the body asg showm in Figesls VWhen a ,
the apex semi~angle in the horizontal plane of syrmetry, is small the
velocity perturbations near the leading edge of the body are snzlls Fonoe
it is reasonable to expect that the linearired equations of motion will
give reasonably accurate values for the pressures at all poinmts on the
surface of the body provided « is not too largee

The linecarized equation for the induced velocity potential ¢
is

2 2, 2
0% e ¢ '

(qu - 1) —— g e . emme— - 0 o (1)
0x2  dy? 322

where M = V/a is the Mach muber, V the free strecam velocity and
a8 the speed of sound ¢ 1s the induced velocity potential so that the
three velocity components are given by

a3
-V + 2?. ’ 9?- and -? respectively.
0x Oy dz

The boundary conditions to be satisfied by ¢ aret-

(i) At the Mach conc

2 5 (U2 -1 )y? + 22) 0 ,*% = % . % = 0 ees (2)
ox Ay 0z

(ii) At the surface of the body the resultant normal velocaty is
zcro so that -

A X 3

VLV = Ly mmod by, =t L, eee (3)
X X : -
ox ¥ ay 0z
where  lyylys are the dircc‘bioh cosinea of the outvard normal at the

surface of %rhe bodye

Having/
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Havang found ¢ and the velocity perturbations u, v and w,
then according to strict linear theory the pressure coefficient, o_,
is given by P

= | )
= o s e (lj.
» v
However, it is found that near the leading edge o a8 given
by (4) differs apprecisbly from the value given by the exsct®relation
2 ¥
2 Y1, (V= u) + v2 4 .;':"1'
cp ) am-ué- 1 4 revearsm n’l 1 e e v v o e e v i v W - 1 ave (5)
YA 2 v2

Although it is somewhat inconsistent mathemotically,reletion (5) will
be used to deternine Cp

2e Method of Soluntion

(i) 418t Approximation

In reference 1 it is showm that the problem under consideration
is solved by the function

¢ = 01 ¢1 b 01 rpV I (P) s (6)

{see refse 1 and 2 and the next paragraph for the definitions of the
symbols) Af the exact boundary condition at the surface of the body, (3),
is replaced by the approxinate one

‘LXV = E? . ¢ e (7)

Bzz___o

Equation (7) is obtoined from (3) by neglecting 1, and 1. in
comparison with 1, (which is taken to be unity) and applyihg the
condition at the plane z = 0 instead of at the surface of the body.
These approxinations are valid over the whole of the body except near the
leading edge where they do not holds It is therefore reasonable to take
¢y ¢4 as the 1st approximation to ¢ and higher approximations will
be cbtained by adding functions that are significant only near the leading
edge of the bodye

The velocity conponents s V

1 and W, corresponding to ¢,
are given by the following formulae:=

nk I(p) V2 (02 - 12)F (2 - B)Z ]

i I -ri':ku e - y2 o
v(v? - 2% (2 - i)

V1 o™ ""'h - (pz —;5'5-" ? see (8)
v(i2 - 12 (12 - 2)2

e % n (2 - v2)

(1)



-50-

(ii) The r, u,v Co-ordinate Systen

The symbols r, u, Vv vhich ocour in (6) denote a systen of
hyperboloido-conal co-crdinates (reference 2) which is related to the
cartosian co=ordinates =x, y, 2 of Figet by the relations

nrev r\/pz-hz W2 - 12 r u= - X2 \/kz-vz
X 3 = mwewamw ¥ on - p 2 B mmmemsmeomss T eew (9)
hk hn kn
vhere
n2 £ Mz -1 = k2 hd hz see (10)

The p = oconstant surfaces, obtained by eliminating r and v from
the relations (9), are given by

x* e 2%

e w mco—— o ————— =, Ty (11)

n2p2 }J2 - h2 |J-2 - ke

Equation {11) represents a fami:ﬁ of elliptic cones. As pwo® the cones
apyroach the Maca cone -n?(y% + 2z2) = 0y and as p->k they opproach
the two sided angular region in the (x, y) plane given by

x2
---y2>0, g = Q
x2

The surface E s py (pq = Xk + Ok where 8k is emall) is
therefore a flot elliptio gone lying clogse to the plate p = X and is
$eken to define the body on which the pressure distribution is to be
determined. .

The relations between pg , h , Kk and the quantities
M, Yo s bfo of Figel are

w2 = -
¥ » ces {12)

k2-h2 = n2 = MZ-‘!

(144) . Higher Approxinmetions
Higher approximations to ¢. -are obtained by-taking

argd,

¢ = Oy ¢1 + 02:¢2 + 03 ‘¢5 + smoe

and determining the constants ¢, so that the boundary condition (3) is
exactly satisfied at a finite number of pointse Here ¢, , ¢5,etc. are
the velooity potentials of supersonic line sources in the (x, y} plane

situsted/
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situated near the leading edge of the body (see Fig.2). ‘ The sources

start at the origin and are semi-infinite in length. It is shown in
Appendix I that the flow due to the sources is conical as required if

the strength of each source varies linearly with distance from the origin,
and also that it satisfies the boundary condition (2) at the Mach cone.

By a method of trial and error it wos found that very good
results {see §85) could be obtained by simply taking a pair of line
sources cach passing through one set of the foci of the elliptie
sections of the body (see Fig.2) and determining the constants oy and
e, so that the boundary condition (3) was exactly satisfied at the
centre section and leading edge of the body. Further, i% was found that
adding extra sources and so satisfying (3) more exactly produced very
little change in the resultant pressure disiribution. Therefore, ¢ is
taken in the form

¢ = 01 ¢1 + 02 ¢2 A ena (13)
with (see Appendix I)
2 2
x=-mny Xmany
. 2( 2 2
9y = Va2 - (§y° + 2°) = =z=c=ames arcosh { ==-cer-cseccmmmcomcaroammo- +Deee(ll)
2 Vi = mon? n{(mx - y)2 + 2%(1 - wn?)]*

where artan m is the inclination of the line source to the +V©¢ x~axis.

The formula (13) applies to the half of the body for vhich y>0 and in this
region the effect of the source situsted in the other half of the body

is negligible.

In Appendix I it is showm that the velocity components
u , vo , Wwp derived fram ¢p are

u, = 7;-_-__-.-_55:5 arcosh 6 + m{mx ~ y)} #£(x, y, z) )
mn2 |
v, = -\71=_=;.5n_—2, arcosh @ = {mx ~ y) f£(x, y, z)
Wy, = z(1 =wn?) £z, y, z) # . (15)
where
X - mn2y |
T i s -
and
V2 = (g2 4 52)
Ho 3y %) = [(mx - y)2 + 22(1 ~ m2r2)]
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he The Lpplication of the tcthod to Examples

The method has been applied to % bodies each of apex semi-angle
° and of thicknesses 5%, 105 end 15% in a stream of Mach rumber 2 .

he appliocation to the 15/% thick body will be described to illustrate the
mﬁ&m »

We have M° = 2 and,from Figst, B/o = tan 30° and
t/c = 0,75+ These values substituted into equation (12; yield
h o= 144263 , k = 1.741% and W, = 1.7469.

The values of E\L) s ¥4 , wy) and (y/x , 2/x) are now
calouleted from formulae (8) and (9) fer a range of values of v , i.e,,

varisus points round the section of the bodys Since the body haa twe

planes of symmetry only points in one quadrant of its surface need be
considereds The direction cosines (lxy Ty, 1z) ©f the normal to the

surface at these peants are obtained from

y o
1 X X
1 = - 1 = weserm—er—— 1 = s eee—
x =5y T RR A
-] Vb -} VD
C c
& [ X N J (16)
y A

where D = 1

X X
+ - m———
b t)4
(8] %)
J
The constent ¢y is now detexrmined by sabisfying the boundary condition (2)
y H4
at the point = = 0 = = 0,075. It is permissible to do this before

X x
up , v, and W, are found ag these are negligible at this point.

The positions of the foci of the elliptic sections are now
caloulsted and this gives a value of m for substitution into (15) from
vhich u, , v, end W, are founde The value of c, is determined by
satis{ying thé boundary condition (3) at the leading edge of the body,
the velocity components wu, v and w now follow and cp is calculated
fron formla (5).

5e Results and Discussion

(i) The Boundary Condition st the Burface of the Body
Figse 3, 1.- and 5 showyplotted against the vertical ardinate

z/x , the LS. of equation (3) and also the RHS. for the 1st and 2nd
approximat. solutions. I is seun that in each ¢oou the 1st appraximation

satisfies/



satisfies the bourdary condition (3) well exvept for z/x smell (i.e., near
the leading edge) vhereas the 2nd opproxinmation satisfies 4t well over
the whole surfece of the body.

(ii) The Pressure Distributions

Fige6 shows the variation of the pressure coefficient,
around the surface far each of the three bodies. The pressure coef cient
at any point is represented by e line normal to the surfacse of length
proportional to op .

It is of interest to compare the values of at the leading
edge with the value that is obtained by resolv:.ng V along
perpendioular to the leading edge and assuming the perpendicular component
to vanish at the leading edge. Using equation (5) this latter value is
cp = 0,283 which is smaller than the values shown in the figures.

The values of ¢, for the three bodies are glven in Table I.

P
(11i) The Drag

The drag coefficient besed on frontal area of the 1(% thick
bady was obtained by integration of the pressure- as Cp = 0.0991.
This value compares well with the value 0.0992 gawen by strict linear
theory, (ie.e., by caleculating the drag taking the surface pressure to
be constant and adding to the result a leading edge force correction).

Gs Conclusions

A wmethod hss been described for calonlating the pressures on
the gurface of a flat conical body of elliptic cross=section set
symoetrically in a supersonic stream,for the case vhon the body lies
entirely wathin the Mach cone at its vertexe It is likely that the
effect of incidence could be dealt with by a similar methods
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TABLE I

Values of ¢

P

M oa 2 . &apex sembrangle = 30°
2% 2t 2% .
—— 0.05 -~ 0.10 — = 0015
c C C

S S — $ -

%/ °p 2/ %p #/x °p
0.,02500 0.0322 0.05 0.0622 0,0750 0,09
0.,02048 0,0326 0.0462 0,0628 0.0632 0.0935
00473 0034 0.0L08 0.0642 0.0L60 0.1057
0.01137 0.0370 0,0353 00665 0.0362 0.1222
0.00702 040480 0.,0293 0,0709 0.0239 0,1717
0.0058, 0.0558 0.0226 0.0809 0.0171 0.229
0.,004,.38 0.0747 0.0138 041204 0.0126 0.28Q,
0.0034; 0,099 040126 0.132 0.0096 0. 309,
0.,00273 0.1315 0,011 0.1L58 0.0072 0.3220
0.00213 01746 0.0100 041667 00050 0.3286
0.00176 02104 0,008 041980 0.0035 0.3353
0.,00128 042592 0,0064 0.24714 0.00065 043466
000043 042970 00034 063074 0 043468

0 043100 0.0025 Oe3131

0.00055 0.3300
0 0+3320 L
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APPENDIX 1

Formulae for Supersonic Line Sources

Consider the semi-infirdte supersonic line source situated
as shown in Fige7, the strength of the source at a point (t , mt, 0)
on it being ¢ »

The velocity potential d¢ at any point (x, y, z) due to a
length V1 + m2 dt of the source at (+ , nt, 0} ie then

V1 + 0 t &

G = mmmmemecac——— e

[(x = £)2 ~ 2{(y - mt)2 + 2°}]2

for points inside the iiach come of the poant (t , nt, O),and dp = O
for points outside this Mach ccones

It follows that the velocity potential due to the whole line

gource is
( ) ¥ L m2 t dat )
¥ » = - amd XX 1
S L [(x - 202 = {(y ~ me)2 + 22}

for points inside the Mach cone of the origine Here %4 , the upper
linit of integration,is given by

2
(x = 5)% = 2?{z% 4 (y -~ m %)%} -
Evaluation of the integral in (1) gives the result

X =~ mnzy X o= mn2 y
¢ = D {/ﬂ{z - n2(y2 + 22) = meemew 5 7 arcosh ..-(2)
n

nf(mx ~ y)? + 22(1 - oPn?))

where D 1is a constant the value of which does not concern us.

The/



The velocity comporents derived by differentiating (2) are

;‘_: - D{‘_A.:::.E:.E arcosh 8 + m(mx - y) £(x, y, z) TI
3 m nl
- - D Y arcosh 6 ~ (mx = y) £(x, y, z)
%f = Dz(t - wn?) #x, 3, )
vhere p o O
X - nn®y
° = n[(m - y)2 + 22(14 - oPn2)]%
and
H(xya) = it 0 ) '
[(mx ~ )2 + 22(1 ~ 2Pn?)]

Each of the velocity components in (3) is of i
(x, ¥, 2) and so the values are independent of T = V€ + y< + z¢ ,
iecs, the flow is conieal as required.

Also,as the Mach oconc of the arigin is approached
£{x, y, z)=>0 and 6.»1, so that all the velocity components vanish
there as required.
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Fig. 3.
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= body thickness -~ratio in streamwise direction (see figure I).

2t
C
005
4 E L‘
T | 2 2g0
) < 1 |
o1 02 t_.j/:o 0-3
-gros|
f ™ y
& ] $ra
=1 g L
008 5 o .g
[~ ]
L
e 7
2L . '
0 <" 0l | | l
&) 0-2 "J/:x: o3
=005
A
0-10F8
9 '}
o &
[ =
[~
005
-z
4
pl
= =015
0 C ! L l
ol 02 g/x 0-3
=005
L L I I J
() 0, p-2 03 0-4
CP scale

The Pressures on bodies of semi-apex angle 30° and different thicknesses
in a stream of Mach numberv? .




Fic. 7.

Notation for line source formulae .
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