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SUMMARY

This Report describes a method of identifying the short pericd longiiu-
dinal transfer function, and impulse response of the Hunter Mk.12 from cata
recorded in flight. The method uses cross-correlstion and power spectral
techniques. The input was a pilot induced psuedo-random binary seguence on
the elevator via the control column, and the output the pitch rate response-
of the aircraft as measured by a rate gyro., Digital compuler programmes were
used to calculate the relevant auto and cross-correlation functions, and the
power spectra. The results, Bode plots and time responses are compared with

theoretacal results and give good agreement,

* Replaces R.A.E. Technical Report 69156 - A.R.C. 31750.
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1 INTRODUGTION

The need to identify the ‘parameters of a system transfer function fre-
quently arises in-the design of control 'systems, in this case a manoecuvre-

1,7 for the

demand, electrically signalled, pilot input control system
Hunter Mk.12, Although the aerodynamic derivatives of the aircraft have

been reasonably well established, (from wind tunnel tests and estimates

based on previous knowledge), it was thought necessary to confirm these

values in flight prior to fitting the control system. A further and more long
term object of the experiment was to assess the merits of the method used,

and compare with other types of identification.

There are numerous methods of i1dentification of which a few are model
matehing, correlation techniques, Shinbrot9 and maximum llkellh00é10- Each
tend to produce answers in a slightly different form, e.g. 'Shinbrot!
identifies the coefficients of the basic equations of motzon where as the
'maximum likelihood' method 1dentafies the ccefficients of the Z~transform
of the system. The cross correlation method is described in this note,
although the other three have been investigated and will be reported in
other notes, A comparison of the above four methods will be made at a later
date, although this Report does compare some results obtained via cross-

correlation and the model-matching method2.

Freguency response methods of determining system dynamic characterastics
from sinusoidal inputs are lengthy, unwieldy and expensive, especially from
the aircraft point of view and the number of flying hours involved. Using
the method of cross-correlation, the f?equency response is essentially calcu-
lated over all freguencies (in practice a limited bandwidth of frequencies)
in one run. The essence of the method 1s that a random signal, x(t) 1s
applied as excitation to #he system, and the cross-correlation function between
this signal and the resulting output y(t) zs calculated. The cross power
spectrum 1s then obtained by taking the Fourier transform of the cross-
correlation function, and hence the frequency response by dividing the cross-
spectrum by the input spectrum. This technique has the advantages of one,
the experiment may be performed while the system 1s functioning in its
normal mode, and two, measurements are immune from extraneous noise, pro-
vided that this noise 1s not correlated with the input noise x{t). To
obtain an accurate cross-correlation function would adeally take an infinite
length of time; however, inputs taking the form of periodic chain code noise

give good estamates of the correlation functions, by integrating over one



complete period of the noise. One such chain code 1s the so-called P.R.B.S.,
psuedo-random binary sequence, the logic and properties of which are briefly
described in Appendix B. The particular code used in this experiment was of
127 bits long with a clock frequency of 2 ¢/s, i.e. one complete sequence of
the random noise was 63.5 sec. A visual display of this P.R.B.S. was pre-
sented to the pilot, and he was asked to move the control column in phase
with a light system as dictated by the input noise signal. Laboratory tests
indicated that the frequency of 2 c¢/s was about the fastest a pilot could
follow for a minute. Since the clock frequency governs the bandwidth of the
input noise, no i1dentification is possible of modes with frequencies greater
than 2 ¢/s, The frequency range of the basic aircraft longitudinal short

peraod motion 1s approximately from 1-0.25 ¢/s.

The elevator movement and rate of pitch were recorded in flight on
magnetic tape in frequency-modulated form. Later the results were converted
to analogue, passed through some data logging equipment, and sampled at 10
times a second onto paper tape. The data was then processed through a digi-
tal computer to finally obtain the frequency response. The data-logging

equipnent had some quite severe limitations which effectively put noise into

the system. The use of Avionics Department's new hybrid computer system would

eliminate most of these sampling and rate of sampling errcrs.

Comparisons are made with theoretical transfer functions, and also

with results obtained by a model matching technique.

2 DESCRIPTICK OF METHQD

Ore method of determining empirically the dynamic characteristics or

frequency response of a system 1s by cross-correlating the input with the

output.

x(t) —>— F(in) —>— (%)

It can be shown (Appendix A) that 1f the input is 'white' noise, the
crogs-correlation function of output/input is proportional to the systen
(F(aw)) impulse response. The Fourier transform of the correlation func-
tion is described as the power gpectrum. Two important formulae used in

thas Report, the first of which is derived in Appendix A are:-
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where F(aw) transfer function of system

Sxy(lw) = ocross power spectrum of input/output
Syy(w) = power specffum of output
Sxx(m) = power spectrum of input.

It should be noted that Sxy(iw) js complex end not symmetrical., Tt
can be shown (Appendix A) ‘hat:

o0

5(2) = [9(%) eon @) v+ [ 6 (%) cos (w2 e

. j_[jj?¢xy(q) sin (wt) 4t - ]?¢yx(T) sin {wt) dr:l . (3

This formula has been uscd to calculate tne cross-spectra SXY(lw)'
The power spectra of both irput and output Sxx{w) and Syy(w) are real

and symietricar and are defined as:

Sxx(w) = 2.[ ¢xx(1) cos (wT) 4T (%)
0
Syylw) = 2 f $yy(T) cos (1) dr (5)

it

where ¢Xx(1) autocorrelation function of input

¢yy(¢) = autocorrelation functzon of output
¢xy(1) = cross-correlation function of input/output
¢yx(1) = cross-correlation function of output/anput.

(defined in Appendix A)

The input x(t)} 4in this series of experiments was a P.R.B.S. (psuedo-

random binary sequence) which approximates to 'white! noise over a limited



bandwidth and is exactly repeatable (see Appendix B). The pilot was asked to
move the elevator in phase with the P.R.B.S. input. The elevator movement and
resulting rate of pitch were recorded in F/M form on a magnetic tape recorder.
These tapes were subsequently fed through a data processer, the final answers
being produced in the form of paper tape in sampled data form, at a time inter-

val of 0.1 second.

Digital computer programmes were written to calculate the auto and
cross-correlation functions and hence by Fourier transform the power spectra.
Clearly, any digital discrete calculation involving Fourier transforms can
only be an approximation, since i1t involves integrating from plus to minus
infainity. Several weighting or 'window' functions are available, which give
1mproved estimates of the vower spectra. These tend to overcome the erroers
due to 'aliasing' or folding and due to the truncation of the correlation
function., A short invegtigation into various 'window' fumciions was carried

out (Appendix A), the so-called 'Hamming' filter being eventually used,

3 FLIGHT TRIALS

The airecraft, a Huater Mk.12 was flown at four different flight

conditions. 1.e.

Flight case | Mach No, | Height | No. of runs
1 0.3 €000 £t 3
1800 m
2 0.6 6000 ft 1
1800 m
3 0.9 5000 % 2
1500 m
b 0.9 |H0000 £t 2
12000 m

At each flight condition, the pilot was asked to fly straight and level
in a trimmed condition, and then perform the P.R.B.S. manoeuvre, holding speed
constant. This manoeuvre required that he moved the stick in phase with a
director system of lights controlled by the P.R.B.S., and attempting to keep
the amplatude constant. The output of the P.R.B.S., generator is a series of
pulses on and off, e.g. on/push, off/pull, the length of time of 'push' and

'pull' being indicated by the number of lights on at any particular instant.

156
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push

pull

A photograph of the light system displayed to the pilot 1s shown in Fig.1.

Tests were carried out on a simulator prior to the flight trials to
determine the maximum frequency of the clock rate of the P.R.B.3. and for how
long the pilot could hold his concentration on this mangeuvre. These turned
out to be approximately 2 ¢/s and one minute. These figures governed the
characteristics of the P.R.B.S., i.e. clock frequency 2 ¢/s, number of bits
127 (27 - 1), i.e. duration of complete cycle 63.5 seconds. Since the clock
frequency governs the bandwidth of the input noise spectra, and 1t was known
that the aircraft's natural freguency was in the 0.25-1.0 ¢/s range, 1t was
thought the bandwidth of the input was only just sufficiently wade enocugh to
Justify the experiment. Clearly, for the identification of modes of higher
frequency, a faster clock rate would be necessary, and the input would have

to by-pass the pilot and be fed darectly to the elevator,

The 127 bit sequence of the P.R.B.S. contained at least one 6 bit 'push
or pull', and 1t was so arranged that the long duration pushes or pulls came at
the end of the sequence., This was an attempt to keep speed errors as small as

possible.

The amplitude of the stick input was decided by the pilot after trial
runs, the secornd pilot attempting to keep it constant over the run. The extent
of his success can be seen in Fig.17, which shows an analogue trace of the

elevator movement.

+

This particular aircraf't has a 'flying' tail and, although, the pilots
were asked to fax the tail, both elevator and tailplane movement were measured

separately, i.e.

1 _
M = mn+ kﬂT
Nn' = effective control movement
m = elevator
Mp = tailplane

k = constant, depending on Mach number and altitude.



The respective values of k for the four flight conditions are:- 1.76,
2,22, 3.40, and 2.32.

Some stick jerks (and the corresponding pitch rate responses) were also

recorded in flight to obtain 'ampulse' responses.

b ANALYSIS OF RESULTS

Fig.2 shows the autocorrelation function and power spectrum of the
input stick movement, i.e. the psuedo-random binary sequence. Both agree
reasonably well with the theoretical results as described in Appendix B and as
shown in the diagram. The autocorrelation function 1s pulse-like, and the
power spectra exhibits the required characterastics. Good agreement 1s shown
between the two extremes of the flight envelope, indicating the accuracy with
which the pilots performed their task of moving the stick in phase with the
P.R.B.5. light dasplay.

Theoretical transfer functions substantiated by model-matching
technlquesz, were obtained for each of the fowr flight conditions. They all
had the form of:-

om = als + b)/(s2 +c8 +d)
Flight case | Mech No. | Altitude a b c d
1 0.3 6000 fH| L.46 | 0.56 142 2.79
1800 m
2 G.6 6000 ft}i5.8 [1.23]3.84] 8.51
1800 m
3 C.9 5000 £t |18.0 | 1.4 | 5.45124.4
1500 m
4 0.9 LOOOO ft (10,3 {0.61]1.98] 3.93
12000 m

Flight case 1 M = 0.3, 6000 ft

Three separate runs were achieved at this flight condition. Fig.?
shows a typical cross-correlation function, i.e. an approximation to the air-
craft's impulse response. Comparison of the actual aircraft's response to a
stick jerk, with the cross-correlation function is made for flight case 4,

M = 0.9, 40000 £t (12000 m), Appendix A shows how the system transfer function
in terms of amplitude and phase can be calculated from the cross power spectrum

and the input power spectrum.
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Fliw) = Sxy(iw)/sxx(w) .
In addition the amplitude can also be derived from
m(w)]® = s ()5 (@) .
vy XX

Fig.h shows the amplitude and phase of the axrcraft's short period transfer

function for the three separate runs at this flaght condaition.

rood agreement between runs 1s shown for the amplitude, and exceptional
agreement flor the phase calculations., The amplitude plot gives a peak at
0.3 q/s, l.e, airéraft's short period of approximately 3.3 second. The phase
plot 1ndaicates that the system transfer function has a farst crder zero, indi-
cated by the phase lead between O and 0.25 ¢/s and second order pole. This

agrees with the theoretical transfer function which has the form--
2
a(s + 0)/(s" +cs +4d) .

Accuracy of the results rapidly tails off after about 1.3 cps, due to the
fact that the input‘spectrum is small above this value (see F1g.2). The cui-off
freguency of the input spectrum is determined by the clock frequency of the
P.R.B.S. (i.e. 2 ¢/s). ¥ig.5 shows the amplitude versus frequency, as obtained
from the second methcd, and compared with theoretical values. The theoretical
transfer function agreed well with that obtained from a model-matching
technlquez. In general, the values of |F(iw)| obtained from the second
method are slightly more consistent within themselves and agree better with
the theoretical values than those derived from the cross-spectra. This
merely means that the calculation of § (w) is more accurate than the

complex calculation of Sxy(iw) (equation (A-12)).

Fig.6 shows an alternative method of presentation of the transfer func-

tion 1n the form of a Nyquist diagram.

‘Flaght case 2 M = 0.6, 6000 £t (1800 m)

Fag.7 shows the aircraft's impulse response for this flight condition
as deraived from ¢Xy(T), the cross-correlation function. Actually the digi-
tal programme calculated the individual values of the cross-correlation
coefficients; the difference in scaling (between correlation function and
coefficients) being indicated in Appendix A. The diagram shows that the
aircraft 1s lightly damped with a natural period of about 1.5 scconds.
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F1g.8 shows the amplitude and phase of the aircraft's transfer function
as derived from Sxy(im)/sxx(w)' Only one run was obtained at thais flight
condition, The comparison between the flight test amplitude/frequency results
and the theoretical values is shown in Fig.9. In all of ihese (amplitule/
frequency) diagrams, the natural frequency of the system is not at the peak,

due to the effect of the phase advance of the zero in the transfer function.

Flight case 3 M = 0.9, sea level

Fig.10 gives the impulse response (¢xy(r)) showing a fairly well damped

mode with a period of about 1.4 second.

Figs.11 and 12 demonstrate the transfer function characteristics as
derived from the two methods and a comparison with the theoretical results.

Reasonably good agreement is shown between runs.

Flight case & M = 0.9, L0000 ft (12000 m)

Fig.13 snows the 1mpulse response derived via the cross-correlation func-
tion, and an analogue response of an actual airborne stick jerk. This response

was shifted in time and scaled, but the agreement shown is very good.

Fig.iL4 shows the amplitude and phase of the aircraft transfer function
for the three separate runs. It can be seen that there 1s a large discrepancy
between run 1 and runs 2 and 3. The theoretical value of the amplitude also
agreed fairly well with the first run (see Fig.15). The impulse response of
run 2 was plotted (Fig.16) and 1t also showed a large difference from run 1
(F1g.13). It was not until the analogue recordings of the input, pitch rate
and airspeed were produced that the reason for the discrepancy was found.

These analogue recordings are shown in Faig.17. The first trace is the P.R,B.S.
input, the second, a pitch rate response of a theoretical model (from an
analogue computer model of the theoretical transfer function), the third trace
is the pitch rate response of run 1, and the fourth trace the airspeed varia-
tions during the run., The final two fraces are the pitch rate response and
airspeed for run 2. (The input for run 2 1s not shown, but 1t was practically
identical to that of run 1.). It can be seen that the pitch rate response of
run 1 agrees very well with the pitch rate response of the model, with the
airspeed remaining fairly constant. The pitch rate response of run 2 does

not agree witn the model response, egpecially at the end of the run. The fre-
quency appears higher and the damping less, The airspeed has gradually
increased over the whole run by some 20 kts (10.3 m/sec). It is known that some

aerodynamic derivatives change rapidly at this Mach number, especially m

156
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the main contribution to the frequency, so that the results obtained from the
power spectra are not strictly valid due to the speed change, 1.e. 1t 1s
essential to the method that the coefficients of the transfer function do not

change radically throughout the P.R,B.3. run.
5 CONCLUSIONS

Different identification techniques give their final results in different
form, The method used in this Report produccs impulse responsec, and fregaency

response 1n Bode-plot form.

The principle of using psuedo-random binary sequences as random noise
inputs seems sound, although the described system had several limitations;
(1) the bandwid®th of the input noise could have been preferably wider, i.e.

clock frequency higher, (2) the data sampling equipment was noisy and limited

to a maximum rate of 10 per second.

The results obtained agree well with those obtained from a 'model-

matching' technique and also with theoretical values of transfer functions.
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Appendix A
SUMMARY OF MATHEMATICS OF METHOD

Definitions
T .
¢ () = Lim a x(t) x(t - 7) dt, autocorrelation function (A-1) )
xx T=> oo et
-7
T
¢ (t) = Lim a y(t) x(t - 1) dt, cross-correlation function  (A-2)
Xy T oo 2T |
-T
o0
Sxx(w) = % [ ¢xx(T) e ar, porer spectrum (4~3)
N oal
oo
Sxy(im) = ~% j- ¢xy(T) e T dvt, cross power spectrum (Arh)
O

[

If w(t) is the impulse response of system F(iw) then by superposition
integral;

y(t) = [ w(t) x(t - 1) ar (4-5)

-3

substituting (A-5) 1into (A-2) gives

b (T1) = f w(t) dt [;Limoo-;-T— fT x(t - ©) x(t - 1,) dt]
00 -T
= 7 w(t) ¢_(v - 1,)dar . (A-6) :

-0

i
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Appendix A 13
Now if the input is 'white' noise, i.e. ¢x1£1) is a delta function then,

6. (74) = cw(zy) *
X ! (4-7)

(¢ = constant)

i.e. the cross-correlation function ¢xy(T) is proportional to the impulse

response w(7T).

Formulae used in Report

Fliw) = Sxy(iw)/sn(w) (A-8)
P(a)]® = 5, (10)/5(0) (4-9)
B o= Isg(w)l¥/s (@), s,() . (a=10)

Equation (A-10) defines the coherency function, which should approach one from

below for coherent results.

Derivation of F(iw) = Sxy(lm)/sxx(ﬂ”)‘

By definition:-

T
x(t) y(t + 1) = L_Jﬁ-‘ f x(t) y(+ + ) 4t

T-)DO

()

-T

oo

‘[ w(t,) x(t) x(t + © - 7,) av, usang super-position
o

[=20]

];(11) ¢xx(1 - 11) dt,

0
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Now, co

/]
Al
—_—
RS
Lama
L
g
!
=
fu
=

sﬂ( w)

—

-iw(fr-'r,l )
e

_im11 oo
= = fw(11) e at, [ gbxx('r - 7) dr
-0

o0

. oo
2 w(T,) e-‘lm:dl ar ¢ (t) st gt
T 1 1 xx
-0

0

H

= F(iw) sxx(iw) (A-11)

therefore,

Fliw) = Sﬂ(im)/sm(w) .

Equatron (A-9) 1s derived by Lanning and Ba“ttenlF and numerous other typical

texts.

Numerical calculation of cross-power spectrum

Al

o0
Sxy(im) = [ ¢xy(fr:) e % ar ignoring scaling factor
-l

xy
= quw(r)el“’""auqu (-v) & ar
o} o]
= f b (7) e ar qu (1) & ac
o] o]

s1nce
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Resolving into sine and cosine components:

Sxy(im) = j' ¢Xy(T) cos(we) AT + j ¢yx(T)'COS(wT) at

- i j'¢xy(m) sin(wt) dz - jgyx(T) sin(fwt) dt | . (Aa-12)

Digital computer programmes have Deen written to calculate the above formula,

Digital computer calculation of power spectra

In order to obtain better estimates of power spectra derived digitally
from the correlation function, it is usual to apply a smoothing or 'window'

f11ter6 to the correlation function prior to Fourier transformation,

B1.(5) = o(m) ¢, (o)

where G{T) is the 'window' filter.

Four dafferent filters were traed, to obtain estimates of the power spectra;
they were:

(1) TImpulse = 4, |zf < T
0, |l >0

1]

(2) Bartlett 1 - |<]|/7, |[=] <
{3) Hanning 0.5 + 0.54 cos (mt/T)

(4) Hamming 0.54 + 0.46 cos (wT/T)

where T = N At
- T = n At
N = total number of delays or lags.

The Hamming filter was eventually used for the calculation of the

results in this Report.

Correlation coefficients

The previous theory applies to the correlation function, but correlation

coefficients were calculated in the digatal programme.
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Now
’ T 95 i
S Xy(:.m) = 0, 9, f v, Uy e dt i
-
but, 3

p1(7) = ¢ (0o, oy

was actually calculated in digital programme, therefore

Sxy(im) = 0,9, S}'W(iw) .
Similariy,
Sxx(w) = Gﬁ S;x(w)
therefore,

Sw(iw)/sm(w) = O'y/cfx S;W(iw)/s;m(w)

i.e. conversion factor between calculated and theoretical values is G&ﬁfx

where G§ = variance of output z
U% = variance of input.

iw)

Flight case| o | © Gfﬁyx

x ¥
1 3.516.3| 1.8
2 2,316.9| 3.0
3 1. 71461 2.7
lI- 2!3 5.5 2.11-

-

{n



156 17

AEEendix B

LOGIC AND PROPERTIES OF MAXIMUM LENGTH
BINARY SEQUENCES

Maximum length binary sequences6’8 (P.R.B.S.) provide a simple way to
obtain periodic noise. The sequence is generated by an n-stage shift regaster
which has the output of two or more of its stages, fed back through a modulo-
two gate to the input of i1ts first stage. There are (Zn - 1) digits in any

sequence, all zeros being non-valid. ‘

t1t

!OI e

Example of part of P.R,B.S., i.e. 010011001110 where &4t is time interval or

inverse of clock f1ejusncy.

[+ D' o° o

1 ! 2 3 4 S L3 7

Diagram of 7-shift register P.R.B.S. generator

where @B represents modulo-twe adaition, see following table.

/
The characteristic equation of the above generator can be written

thus:
7 1 o
D oD = o0 (B-1)

or

1 e} ;
'@ ' = D (B-2)
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where D
D?

Period of

Appendix B

unit delay operator

output of shift-register 7.

o

maximum length sequence = 2° -1 = 127 units of 4&t.

Some properties of P.R.B.Ss are:=-

(1)
(2)
(3)

(4.

Easily produced, reliable and repeatable.
Mean zero, known variance,
Bandwidth proportional to clock frequency.

Exhibits the 'shift-and-add' property, i.e. delayed versions of the

same seqguence readily obtainable,

(5)
(6)
(7)

Pulse-like autocorrelation function.
Flat power spectrum within lamits,

Binary output permits logical or analogue multiplication by simple

switching.

Some of these properties are amplified below.

¢, -a%/N

f . \ S
<20t> —F / |
< — Nt - —

Autocorrelation function of P.R.B.S.

156
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>
o 2n/30t 2n/bt w rad

Power spectrum of P.R.B.S. (actually a multiple of line spectra spaced at
4/(2% = 1). At intervals

’

s [(®) = (

v 1 ZAt [-sin T3/ N 2
T a | TN
e

a? = $. o)

__aQ/N = ¢Xx(1)ﬁ o; 1+ o,

Shaf t-and-add properiy

Term by term modulo-two addition of a maximun-length shift register

sequence Ja. ] and a delayed sequence fa. .} yields another lelayed
! a‘k 14kt ¥

sequence {ai+m} ; ctherwise i1dentzcel, 'This property can be very useful

when caliculating cross-correlation functions on a analogue computer, i.e.

T

[x(t + 1) y(t) at .

0

(I3

T
q5xy('|.') = fx(‘t) y(t - ) dt
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PRBS System _ /

i F (s) -

]
Delay T, > Mult bxy (T1)
X

| Delay T, D Mult Pxy (T2)
I |
| !
l “—
L Delay T Muit | D by (T)

Now from (B-1), (B-2),

therefore,
0 - @
D’ = D5®D2
D';B = D7éD6 -0 @ °@ o° :
Dl“* -0°@®0 - ’O 0 @1 - P@r°

therefore;

D.15 = D3® DJI
06 - %@ 1% ete.

i.e. any delayed version of the sequence can be obtained by modulo-two addition
of the available shift-register outputs. Davies gives a method for generating

any particular delayed sequence by long division, e,g. the delay by 16 intervals,

[[3
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’ ® p° ® 1
a p’ @ @D p° |p®
p'¢ @ 50 @ p?
P D1O® D9
p10@ p* @ 0’
0’ ® @ o’
n’ ® »° @ r°

Remainder gives expression for delay 16, i.e.
16 © 0 2
p'® -t @0

(see previous derivation).
= mnodulo~two sum of output of
4th and 2nd register.

L]
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SYMBOLS
a, b, c, d coefficients of transfer function
B coherency function
D unit delay operator
D7 delay 7
M Mach number
1! elevator angle
N tailplane angle
Gi variance of x-
¢XX(T) autocorrelation function of x
¢Xy(1) cross~correlation function of x and y
q aircraft's pitch rate
Sxx(w) power spectrum of input
Sxy(iw) power spectrun of input/output

w(t) impulse response
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Fig.1. Pilot's psuedo-random binary sequence display



Fig.2 Autocorrelation and power spectrum of input PRBS
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Fig. 3 Impulse response,q, flight case |
M=0-3,6000ft (1800m)
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Fig. 5 aab Amplitude of transfer funct:on,q/q derived from Syy(w)/Sxx(uo)
Flrght case | M=0-3, 6000ft (1800 m)
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Fig. 7 Impulse response
Flight case 2, M= 0O -6, 60001t (1800m) pitch rate
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Fig IO Impulse response,q, flight case 3
M=0-9,sea level
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Fig. I2aab Amplitude of transfer function, q/n derived from syy(w)/sxx(w)
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; spectral techniques,
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