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SUMMARY

Calculations by an integral method assuming small cross-flow, and by a
finite-difference method assuming the flow to be quasi-conical, are compared
with measurements made available by Hummel (Technical University, Brunswick)

on a highly swept delta wing at high incidence,

It is found that the small-cross-flow method gives a rough general
pioture of the flow but is inaccurate in the details, especially velocity
profiles. For this problem the quasi-conical method is more accurate over
most of the flow field and gives a mich better representation of the velocity

profiles.

* Replaces R.A.E. Technical Report 67227 - AR.C. 29747.
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1 INTRODUCT ION

Hunme11 has mede a series of boundary layer measurements on a triangular

plate of aspect ratio 1.0 at an angle of incidence of 20.5o and a Reynolds
number based on maximum choyd of 9.105. At this high incidence the flow
separates from the leading edges, forming the familiar colled vortex sheets,
and the flow reattaches along the centre line of the upper surface, spreads
outwards and separates again along a secondary separation line. The flow
was laminar and the Mach number low enough for the flow to be considered to
be incampressible. In the calculations to be discussed here attention was
concentrated on the upper surface,

At such a high incijence one might have expected the extermal flow to
be conical, but in fact it was not so; though it did appear from the measure-~
ments that the external streamlines crossed each radius vector from the apex
at a nearly constent angle, the velocity decreased almost linearly along them.
There waa thus an "unfavourable" pressure gradient along the rays. On the
other hand, for most of the surface until just befare the secondary separa-
tion line, the velocity increased as one moved outwards across the span, and
thus the pressure distribution in this direction was "favourable® in the
sense of Maskell and Weberz. Just before separation this became unfavourable

but it was a quite sudden change,

Originally it was expected that the flow would be nearly conical and
the intention was to apply the calculation method of Ref,3 to these experi-
ments for purposes of compariscne On receipt of the measurements, however,
it was seen that the method could not be directly applied, though the
possibility of assuming the flow to be locally conical might be borne in
mind. The method first used was that of Ref.}, which is a momentum-integral
method assuming small cross-flow. Here the maximum cross-flow angle is over
20° and 80 the method is being stretched beyond its region of velidity, which
is often believed to be for a cross-flow of not more than 150. The calcula-
tions were performed using the measured pressure distribution and external
flow direction as input data,

The main test used to asseass the method of calculation was the examina-
tion of the angle Bw between the limiting streamlines and the centre line.
It was found that the two curves far By (caloulated and measured) run more
or less parallel to each other, with an almost constant difference of 50.
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Attempts were also made to compare the velocity profiles at two stations, but
momentum~integral methods by their very nature camnot be expected to give
good results for velocity profiles. In addition the measurements were such
that there were very few points available near to the wall. Agreement was

poor.

The conclusion from this teat iz that the method of Ref.l may be
possible far a quick asseszsment of the mein properties but that it is
inadequate for a detailed accurate calculation.

On the other hand, the assumption of locally conical flow leads to
better results over moat of the region, and the velocity profiles agreed
with the measurements fairly closely.

2 THE MEASURED DATA

The coordinate system used is Cartesian, x being measured fram the
apex along the centre line and y normal to this line on the surface; z is
normal to the plane of the wing. All are non-dimensionalized by the maximum
chord ¢_. In addition if s(x) is the non-dimensicnal semi-span at any x
station then we use the coordinate mn = y/s(x) instead of y. For a
trianguler wing we have s(x) = Kx where K is a constant. The wing in
question had aspect ratic 1 ao that K = % in this case, and each radius
vectar is such that 1 is constant along it with 1 = 1 at the leading
edges. The angle of sweep is 76°,

2e1 Extermal flow streamlines

From the measurements the angle Be between the external direction of
flow and the centre line was plotted as shown in Fig.1, from which it will
be seen that the points fall on a single curve except for some scatter in
the region 0.5 <M < Os7s  Socatter is likely in places where x is small
owing to the difficulties of measurement, and a mean curve was drawn through
the points; in the range of T Jjust mentioned those for the larger values

of x were considered more reliable.

From the measurements the equation of the external streamlines can be
calculated as in Appendix A, Those actually used in the calculations are
drawn in Pig.2.



2.2 Pressure distribution

Two means of finding the pressure were available from the measurements.
One was by the velocaty an the external stream as given by Humnel1, and the
other by the pressure coefficient as determined from pressure holes on the
surface. If the pressure across the boundary layer is constant there should
be no dafference between the pressures obtainable by the two methods.
Unfortunately they did not agree so it was decided to use the pressure
obtained from the pressure holes as likely to be more reliable, Some of the
measurements are shown in Fig.3. It will be seen that there 1s some scatter.
It was necessary to do some smoothing and to meke extrapolat:ions towards
X = 0a. The latter were rather arbitrary but 1t is not believed that this
will meke much difference to the boundary layer results downstream. The
final adopted pressure distribution is shown plotted in two different ways
in Figs.4 and 5.

3 THE CAICULATION METHOD

3.1 Small cross-flow

This was fully described in Ref.} and will only be summarised here,
The calculation follows streamlines and the first operation is to calculate
these, as described in Appendix A.

Streamline coordinates are used with lanes § constant representing
streamlines and ¢ = constant their orthogonal trajectories. ¢ is not
necessarily a velocity potential or V a stream function. The line element

ds is given by

2 2
2 d d
ds = ¢v2 + ‘Ez 3 ('1)
P1 e Pz ve

where Ve is the resultant velocity in the external flow, and Py and p, are
functions to be determined from the shape of the external streamlines,

The profiles af u' and v', the components of velocity along and
perpendicular to the external streamlines,are taken to be
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P = 00291].6 + 0.0223A
(10)

The angle Yy between external streamlines and limiting stresmlines is
given by

L5871 + M
tany = 2 ZLOEE (11)

Equation (7) is solved by a quadrature, whilst (8), in virtue of (9) is
8 linear equation in 621 orfl,

For convenience the equations are all expressed in terms of x and mn
and the details are given in Appendix B.

3.2 Quasi-conical flow

In the problem considered the flow is such that all external stream—
lines cross & given radius vector at & constant angle but the magnitude of
the external velocity is not constant along a radius vector, &8s Figs.3 and 4
show; and so the flow is not conical. We shall assume that the flow is
"locally" conical, and give the name "quasi-conical" to calculations made.

We are implying that changes along a radius vector are small compared
with those normal to it, and for the small aspect retio wing under considera-
tion this is equivelent to the assumption of slenderness. We are not
caloulating the external flow on this assumption (we are using measured
values) but in assuming that the flow is locally conical we are making use of
the fact that the wing is slender.

The method of Ref.3 may now be used directly since the terms an the
main equations of Ref.3 which depend on the external flow sre K and M,
where

v
e 2 &k
K"u’ M..K-t-de

and U, and Ve are the mainatream velocity components along and perpendicular

t0 a radius vector.



K 4is plotted in Fig.11 as & function of Mm(= 4 tan 6). The curve of
K-0.85m = K = 3.4 tan 9 was plotted and approximated by suitable poly=-
nomials in 6 for three contiguous regions (chosen to have contimuocus
derivatives at their junctions) which fitted the curve very well, The
finite difference method was then run through the camputer exactly as in

Ref, 3-
L RESULTS
e Small cross-flow

A family of external streamlines was selected, nemely those of Fig.2,
depending on the constant C of Appendix A and the integration was carried
through to separation if it ocourred, or to the trailing edge if it did not.
The mein result plotted was the angle between limiting streamlines and the
centre line. This did not vaxry much for a given m over the wide range of
streamlines chosen and all of the results for different streamlines were
plotted in one figure. The result is seen in Fig.6. The apparent scatter
represents the variation between different external streamlines. For a given
one of these the points form a smooth curve and the scatter represeuts a
number of slightly different smooth curves. Also shown in the figure are
Hummel'!s measurements by means of an oil flow technique., Over most of the
range the calculated value of ﬂw is too high by about 50. Nevertheleass the
aprroximate method gives a fair qualitative picture of the flow.

An attenmpt was mede to see if the caloulation could be made to agree
more closely with the experiment by starting at the point M = 0.1 taking the
measured value of f_ at this point, so that the starting value of I jin
equation (8) was to be that given by experiment. Thus at x = 0.1 we started
at the point A in Fig.6 instead of the point B, This made little
differences In one or two steps the new curve through A rejoined the
curve through B and then contimied to follow it.

Same measured and calculated velocity profiles are shown in Figs.7 and
8. 1t will be seen that the measurements do not go down very deeply into
the boundary layer, but that in any case the agreement is very poor. In
Figs.9 and 10 are shown the values of the angle £ between streamlines and
the centre line at different levels in the boundary layer.

As regards the determination of the separation line, given by Hummel
as being at n = 0,68, Fig.6 shows that the calculation is leading to the same



neighbourhood. However in order to cbtain the position more accurately
smaller steps would be required; the flow is here very sensitive to the
external preasure distribution which is changing very rapidly. There is not
sufficient experimental data given in this region to obtain more accurate
results by reducing the step asize.

la2 Quasi-conical flow

The engle B for this method is also shown in Pig.6 and the values of
Q/qwe and B for the same two selected stations as those aof Figs.7, 8, 9 and
10 are also included in these figures. Once more, and for the same reason
as slready given, we cannot determine the separation line very accurately,
but it can be seen that the calculations are leading to the measured position.

This calculation gives results closer to those of experiment, especially
as regards velocity profiles,

5 CONCLUSIONS

It will be seen thet the small cross-flow momentum=-integral method
cannot be considered to be very satisfactory in this case where the oross-
flow component is large; though it gives some idea of the overall picture,
the details are poorly represented. It appears that a fully three-
dimensional calculation is needed, in general.

However, for cases such as these, where the direction of extermal flow
is nearly constant along rays and the wing is slender, it would seem that a
quasi-canical calculatiom by finite difference methods may give useful results.
It gives a better surface flow picture and a very much better representation
of the velocity profiles.

Methods are now being developed for meking a full three-dimensiomal
calculation5 « Theae are as yet in an early stage and the sterting problem
needs further warke. However, in due course, this series of experiments may
serve as a basis for meking a further comparison.
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Appendix A
IHE DETERMINATION OF THE STREAMLINES

If the velocity components ‘of the external flow along and perpendicular
to a ray are u, and Ve then the polar equation of the streamlines is

v
4 _ e _
ri; T 5 = £(6} (12)

where £(6) is a function of 6 only as explained in section 2,1.

We write
X = rcos
y:rsinﬂ.—.Kx'n
i.eo
X = rcos 6
= -1-1:9116
n =X

and so (12) may be written

1=K
x X anZ)_dn
£{1 + K" 7 )

In the case under consideration K = § and so

& _ ——,"—-—fn—dn . (13)

x £(16 + n)
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f(n) is plotted in Fig.11 and we see that the initial slope of the line
is 0,85 and initially £ = 0,85 m.

We find on separating out the singular part in (13)

Qx_ 5‘1‘[3) + holt £ _’f_‘] = 13,6
X (3014-71 dn .

3P (16 + 11
Hence we have

log x = -‘l-l-;logn-l-i-oonstant,

where

dn .

=
I

N
j 16(£/M) + holifm « 13,6
3e4£(16 + 1°)

Q

Hence we have
Bo oI(m)

where A is a constant., Different streamlines are obtained by giving
different values to A, I(m) was evaluated numerically.

We have

cxde b 3ol I(m) _ cx*¥ B(m) .

B(n) was expressed as a polynomial of the Lth degree in T and the
value of 7 for a given x was found by iteration with first approximation
n=cc'¥,  Thie converged rapidly. This was necessary because it was
found most convenient to solve the equations taking equal steps of x, the
independent varisble chosen, following a streamline.

The polynamial for B used was

3

B(n) = 1+ 5.5937° = 6,247 .
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Appendix B
THE EQUATIONS IN TERMS GF x and 7

If we use polar coordinate r, © (r being non-dimensionalized by co)
with the apex as origin and the centre line as initial line, and if u, and
v, are the radial and transverse velocity camponents of the external flow and
Ve their resultant then we have

<

e 2 2 2
= = £(8), Vg = u +v_ .

[+ ]

The streamlines ¥ = constant are given by

a6 Ve
I‘dr—_—u—=f
e

and we write

The orthogonal trajectories ¢ = constant are given by

H
|
1
]
H
-

and we write

p = logr+/fd6 .

~frdd and so

1l

Now when ¢ = constant we have dr
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The line element, equation (1), becomes when ¢ = comstant
2

o2 (as)

;. wp | (o) @

= 2
Pa p2 ve

oo

where 8 is now non-dimensionalized by co.
But

2 2 2 .2

ds dr” + r 40

H

2(1 + £2) a6?

4}

along the line ¢ = conatant, and so

2
+ £
szi = 2.2 3
c_ " r
)
which determines Poe
Again when ¥ = ocanstant we have dr = rd8/f and so

ap = Farae

]
/;;\
+
s
N’
8

and in a way aimilar to the above we find

V2 - 1+f2
P4 Ve 22!
o F
whiohdeteminesp1.
Also
A= pfov Te af Te
P1 %38 = 2% as ’
cor(1+f)

B
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the differentiation being along a streamline,

But along a streamline

Hence

o 1
A = (rVv._+£V..) .
> r(1+f2)% er eb

v}

A similar calculation leads to

v o
d(o’ 6 f2 3) S.OBGrf
v 2% | = o

FC 1,41 (1 +£9)

and if we write V_ =V q, L =0 Vo/co r, where V_ is a representative
velocity, we have

5.3
ag | % 2 T = RS
i +f (1 +£9)

differentiation being along a streamline.

Equation (8) becames

a 21/2 321 qi f2 r5/2 _ 9, fryz
dae 1+ f2 - 21/2(1 +f2)1f2

[ + M (0.067A - 0,669)]
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differentiation being along a streamline.

It is convenient to recast these equations in terms of 1 and x;
we are differentiating along a streamline which is known, and we may treat
either x ar 7 as th: independent variable since either is known as a
function of the other, Of these we shall choose X.

We write

s(x) = Kx, n = y/kx = (1/K) tan 6,

where K = 4 in the particular problem considered here.

We have
2 2
r = x2+y2 = x2(1+K2‘n) .
Along a streamline
ox X
dx = az‘clr-l-e'ede

u

cos e-"-g—e--rsinede

xd
= 5 [1 = Knt] R
where f 1s lknown as a function of 1,

Hence finally the equations to be solved are

—

1482 T (1+89Y2 (1 - kne) ()

_g_[z qg 2 x3(1 . K2 T]2)3/2 5,08 qg xz(1 + K2 ,qz)}/z #2
ax

3/2 &2 )b
2f2x5/2(1+K2 2)5/‘*] = Hrr’ (14K )
1% " sV2(4 4 2)V2(4 L kme)

4 r.1/2
=277 8

[T + M(0.,0674 - 0.669)] (15)
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where 1l is related to 6,, by equation (9).

A aend M are now given by

Kx g (1 - KEm) + £ o (14 k2 1)
z
(1 + £2)%

A = ,

(1 + K2 nz)qen - Kx qax(f + K'n)
K(1 + £2)2

M = Z

In these equations m is known as a function of x by Appendix A,
The first equation determines I and once this is known A and M are
known, and then the second equation determines 621 or I, When these are
solved the velocity profiles, skin friction etc, are known, See Refole

The main diffaculty in the solution is the singular point at the start.
Thus if we write £ = 0.85mh(m) in equation (13) and m = Cx°>*¥* B(n), where h
and B are "well-behaved" the equation becomes

5008 qz x8'8(1 + K2 112)3‘/2 B°

(1 + f2)1/2(1 - Knf)

6
Z
i_ 1_:3:_2_ nZ g2 198 (4 , k2 n2)3/2] _

¢® and (0.85)2 cancel.

This may be written

é‘.’._: (ex9.8) = axB.B

where e and a are "well-behaved", and e is to be found., Standard
methods like Simpson's rule are unsuitable here owing to the high powers of

X involved,

th

If we take dx = h and integrate from the (m -~ 1) to the a'h step we

may write this equation, with an obvious notation
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mh -a
em(mh)9°8 - em_1[(m- 1)h]9'8 = [ 08 [am_1 + _a'm_hn_:l (x - xm__l)]dx
(m=1)h

and thus e can be found when e is known.
m m="

A basically similar technique is used for equation (15), a little more
camplicated because the equation is of the form

%(639'5) = (bd+c)x'3,

where 4 is to be found.

o
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f(e)a f('rl)

f(‘:)s 3(&): h(?é)
K
K

M

s(x)

X,¥, 2

D@ 3 M <4 ™

<D

21

80 <« B >

Pq2 Pa

-
L9
¥

profiles given by (4) and (5)
tan (semi-angle at vortex ) = 0.25
(in section 3.2) ve/ue

(in section 3.2) (1/u°)(av e/ae)

given by (10)

given by (10)

non-dimensional resultant velocity

velocity compenents along and perpendicular to radius
vector

velocity components along and perpendicular to external
streamlines

polar coordinate - distance from apex

semi-apan

Cartesian coordinates. Origin apex, x-axis along centre
line, z—axis normal to plane

angle between streamline end centre line

angle between external asnd limiting streamlines

given by ¢ 2z = (crv)%?.f

y/8(x)

polar coordinate ~ angle from centre line
given by (9)

given by (2) and (6)

given by (3) and (6)

kinematic viacosity

given by (3)

functions in the surface line element in streamline
coordinates

quantity related to boundary layer thiokness

function related to velocity potentinl

function related to stream function

Subscript e refers to values in the external flow
Subscript w refers to values at the wall
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Calculations by an Integral method assuming small cross-flow, and by a
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finite=difference method assuming the flow to be quasi-confcal, are compered

on & highly swept delta wing at high inci{dence,

It 1g found that the small-cross-flow method glves a rough general plcture

with measurements made available by Hummel (Technical University, Brunswick)

of the flow but is inaccurate In the detalls, espeelally velocity profiles.
For this problem the guasi=-conical method is more accurate over most of the
flow fi1eld and glves 2 much better representation of the velocity profiles.
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